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Abstract. This is the companion technical report of the paper “Synthe-
sizing Parsing Expression Grammars via Analysis-based Pruning”, which
presents SynPEG, the first tool to automatically synthesize general PEGs
from input-output examples. To keep the main paper concise, several de-
tailed definitions and all proofs are omitted from it and instead provided
in this report. We first recall the syntax and semantics of PEGs and for-
malize the synthesis problem with its top-down enumeration algorithm.
We then present the full definitions of the grammar analysis and the ex-
ample analysis, including the abstract machine for PEGs, together with
the complete proofs of all theorems stated in the main paper. Finally, we
report an additional experiment comparing SynPEG against a reasoning
LLM, which extends the evaluation of RQ1 in the main paper.

1 Parsing Expression Grammars (PEGs)

A parsing expression grammar [3] (PEG) is a formalism for describing recursive-
descent parsers. This section defines the syntax and semantics of PEGs.

1.1 Syntax

A PEG P = (VN , VT , R, es) is a 4-tuple consisting of:

– a finite set of nonterminal symbols VN

– a finite set of terminal symbols VT

– a finite set of parsing rules R : VN → E
– a start expression es ∈ E that is the entry point of the grammar

where A ← e (or R(A) = e) denotes the parsing rule for a nonterminal symbol
A ∈ VN defined in R. A parsing expression e ∈ E is one of: an empty string ε, a
terminal a, the any-terminal ., a nonterminal A, a sequence e1 e2, a prioritized
choice e1/e2, a not-predicate !e, an and-predicate &e, a repetition e* or e+, or
an optional e?:

E ∋ e ::= ε | a | . | A | e e | e/e | e* | e+ | e? | !e | &e



1.2 Semantics

The big-step operational semantics of PEGs is defined as:

(ϵ, x) ⇓ x (a, ax) ⇓ x

∄y. x = ay

(a, x) ⇓ f

R(A) = e (e, x) ⇓ o

(A, x) ⇓ o

(e1, x) ⇓ y (e2, y) ⇓ o

(e1 e2, x) ⇓ o

(e1, x) ⇓ f

(e1 e2, x) ⇓ f

(e1, x) ⇓ y (e2, y) ⇓ f

(e1 e2, x) ⇓ f

(e1, x) ⇓ o

(e1/e2, x) ⇓ o

(e1, x) ⇓ f (e2, x) ⇓ o

(e1/e2, x) ⇓ o

(e1, x) ⇓ f (e2, x) ⇓ f

(e1/e2, x) ⇓ f

(e, x) ⇓ y (e*, y) ⇓ o

(e*, x) ⇓ o

(e, x) ⇓ f

(e*, x) ⇓ x

(e, x) ⇓ f

(!e, x) ⇓ x

(e, x) ⇓ y

(!e, x) ⇓ f

DJ.K = a1/a2/ . . . /an DJe+K = e e* DJe?K = e/ε DJ&eK = !!e

where (e, x) ⇓ o denotes the evaluation relation and DJeK denotes the desugaring
rule. Given an input string x = yz, a parsing expression e either succeeds by
consuming a prefix y and returning the remaining suffix z (i.e., (e, yz) ⇓ z), or
fails (i.e., (e, x) ⇓ f). Note that the original paper [3] defines the result of a
successful parse as the prefix consumed by the parsing expression, but we define
it as the remaining suffix for easier analysis during synthesis. However, they are
semantically equivalent as the consumed prefix can be obtained by subtracting
the remaining suffix from the original input string.

2 Synthesis of PEGs Using Top-Down Enumeration

This section formalizes the synthesis process of PEGs using a top-down enumer-
ation algorithm for a given set of input-output examples.

2.1 Normal Form of PEGs

Since the same PEG may have multiple syntactic representations, we define a
normal form of PEGs and use it for enumeration to avoid redundant searches.

P = (VN , VT , R, βstart)
e ::= β ⊕ β | ⊖β
β ::= ε | a | . | A |

⊕ ::= · | /
⊖ ::= * | ? | ! | &

A parsing expression is either a binary (⊕) or a unary (⊖) operation applied
to base expressions (β), i.e., expressions without nested operators. The start
expression βstart is also defined as a base expression. We desugar all one-or-more
repetitions (e+) for simplicity. The size of a PEG is defined as the number of
operators, and it is equal to the number of non-terminal symbols in its normal
form. We use ∥P∥ to denote the size of PEGs.



Algorithm 1: Top-Down Enumeration Algorithm
Input: A synthesis problem S = (VT , E)
Output: A solution P ∈ solution(S)

1 W ← {Pι} where Pι = (∅, VT ,∅, ) is the most-general partial PEG
2 while W ̸= ∅ do
3 P ← argmaxP ′∈W score(P ′) // Pick the most promising PEG
4 W ←W \ {P} // Remove from worklist
5 if P ↛ then
6 if P ∈ solution(S) then
7 return P // Check if it is a solution

8 else
9 W ←W ∪ {P ′ | P → P ′ ∧ ¬prune(P ′)} // Add non-pruned PEGs

2.2 Synthesis Problem

The synthesis problem for PEGs is defined as S = (VT , E), where VT is a set
of terminal symbols and E ⊆ S × (S ⊎ {f}) is a set of input-output examples.
Here, S = V ∗T denotes the set of all strings over VT . Each example (x, o) consists
of an input string x and an output o, which is either a remaining string or a
failure f . A PEG P satisfies an example (x, o) if parsing x with P produces o
(i.e., (βstart, x) ⇓ o). The synthesis problem S is to find a PEG P that satisfies
all examples in E . Such a PEG is called a solution to the synthesis problem S:

P ∈ solution(S) ⇐⇒ ∀(x, o) ∈ E . (βstart, x) ⇓ o

2.3 Top-Down Enumeration Algorithm

Algorithm 1 presents a top-down enumeration algorithm for a synthesis problem
S. It maintains a worklist W of PEGs to be processed and begins with the most
general partial PEG, Pι = (∅, VT ,∅, ). For each iteration, it selects the most
promising PEG P from W based on a scoring function score(P ). If the selected
PEG is complete (P ̸→), the algorithm evaluates it on all examples in E to check
whether it is a solution. Otherwise, it applies the hole-filling relation P → P ′

defined in Figure 1, which generates PEGs P ′ by filling a single hole in P . The
resulting PEGs are then added to the worklist W only if they do not satisfy the
pruning condition (prune). Although the basic algorithm uses only the size of
PEGs as the scoring function (i.e., score(P ) = −∥P∥) and performs no pruning
(i.e., prune(P ) = #f), we introduce analysis-based pruning techniques (§3 and
§4) to accelerate the synthesis process. The potential score-guided search and
further optimization techniques are described in the main paper.

3 Grammar Analysis

We first introduce a grammar analysis to structurally evaluate and prune partial
PEGs. Our grammar analysis detects two classes of undesirable partial PEGs:



A ̸∈ dom(R)

(R, )→ (R[A 7→ ⊕ ], A)

A ̸∈ dom(R)

(R, )→ (R[A 7→ ⊖ ], A)

A ∈ dom(R)

(R, )→ (R,A)

(R, )→ (R, ε) (R, )→ (R, a) (R, )→ (R, .)

(R, )→ (R′, β)

(R,⊖ )→ (R′,⊖β)
(R, )→ (R′, β1)

(R, ⊕ )→ (R′, β1 ⊕ )

β1 ̸= (R, )→ (R′, β2)

(R, β1 ⊕ )→ (R′, β1 ⊕ β2)

(R, )→ (R′, β)

(VN , VT , R, )→ (dom(R′), VT , R
′, β)

β ̸= (A← e) ∈ R e contains (R, e)→ (R′, e′)

(VN , VT , R, β)→ (dom(R′), VT , R
′[A 7→ e′], β)

Fig. 1: Hole-Filling Rules →⊆ P× P for PEGs

1) reducible (§3.1) and 2) ill-formed (§3.2). We formalize these analyses based
on the abstract interpretation framework [1, 2] to systematically analyze the
structure of partial PEGs in a unified manner. For each analysis, we define:

1. an abstract domain D̂,
2. an initial abstract element d̂ι ∈ D̂,
3. a join operator ⊔ between two abstract elements, and
4. the abstract semantics ̂JA← eK : D̂ → D̂ of a rule (A← e) ∈ R.

Then, we compute the least fixed point of the abstract transfer function F̂ :
D̂ → D̂, defined with the initial abstract element d̂ι and the abstract semantics
̂JA← eK of the rules, as follows:

ĴP K = lfpF̂ = lim
n→∞

F̂n(⊥) where F̂ (d̂) = d̂ι ⊔

 ⊔
(A←e)∈R

̂JA← eK(d̂)


3.1 Reducible Expressions

A PEG is considered reducible if it contains subexpressions that can be simplified
without altering the overall semantics of the PEG. For example, the following
PEG is reducible because the left branch of the prioritized choice always suc-
ceeds, rendering the right branch strictly unreachable:

P1 : A← * / (∵ * / is reducible to *)

Conversely, if the left branch of a choice is guaranteed to fail, the expression
can be safely reduced to its right branch. One such case is a self-sequentially
reachable nonterminal, which reaches itself solely through a chain of sequence
operators for any input string. Lacking a successful base case, it inevitably fails



̂JA← eKpf(d̂) = (Xp, Xf ) where



Xp =

{
{A} if p = #t

∅ otherwise

Xf =

{
{A} if f = #t ∨A ∈ ĴP Kreach(A)

∅ otherwise
ĴeKpf(d̂) = (p, f)

̂Jβ1 β2Kpf(d̂) = (p1 ∧ p2, f1 ∨ f2) ̂Jβ1 / β2Kpf(d̂) = (p1 ∨ p2, f1 ∧ f2)

Ĵ_*Kpf(d̂) = Ĵ_?Kpf(d̂) = (#t, #f) Ĵ!β1Kpf(d̂) = (f1, p1) Ĵ&β1Kpf(d̂) = (p1, f1)

Ĵβ1Kpf(d̂) =


(A ∈ Xp, A ∈ Xf ) if β1 = A

(#t, #f) if β1 = ε

(#f, #f) otherwise
where


(p1, f1) = Ĵβ1Kpf(d̂)

(p2, f2) = Ĵβ2Kpf(d̂)

(Xp, Xf ) = d̂

(a) Must-pass/fail analysis with D̂ = P(VN )× P(VN ), d̂ι = (∅,∅), ⊔ = ∪, and Ĵ−Kpf.

ĴeKreach(d̂) =

{
Ĵβ1Kreach(d̂) ∪ Ĵβ2Kreach(d̂) if e = β1 β2

∅ otherwise

̂JA← eKreach(d̂) = {A 7→ ĴeKreach(d̂)} ĴβKreach(d̂) =

{
d̂(A) ∪ {A} if β = A

∅ otherwise

(b) Sequential-reachability with D̂ = VN → P(VN ), d̂ι = λA.∅, ⊔ = ∪̇, and Ĵ−Kreach.

Fig. 2: Grammar analysis to detect reducible expressions in PEGs.

on finite inputs. For example, in the following PEG, B is self-sequentially reach-
able and thus must fail:

A← B / B ← a B (∵ B / is reducible to )

To systematically detect such reducible expressions, we formalize a must-pass/fail
analysis alongside a sequential-reachability analysis, as detailed in Figure 2.

Must-Pass/Fail Analysis This analysis determines whether a given expression
is guaranteed to succeed (must-pass) or fail (must-fail), as formally defined in
Figure 2a. Its abstract domain, D̂ = P(VN ) × P(VN ), maintains a pair of sets
tracking the must-pass and must-fail nonterminals, respectively. As established,
if a nonterminal A is self-sequentially reachable (i.e., A ∈ ĴP Kreach(A)), it is
marked as must-fail. Finally, ĴβKpf returns a pair of boolean values indicating
whether the base expression β is must-pass and must-fail, respectively.

Sequential-Reachability Analysis We say a nonterminal A is sequentially
reachable from another nonterminal B if A is reached from B through a chain
of sequence operators. This analysis computes all the sequential reachability



nonterminals from each nonterminal, as formally defined in Figure 2b using the
abstract domain D̂ = VN → P(VN ).

Building upon these analyses, we formally define reducible expressions as
follows, including not only purely syntactic patterns but also semantic reductions
derived from the must-pass/fail analysis.

Definition 1 (Reducible Expressions). An expression e in a partial PEG P
is reducible if there exists a smaller expression e′ such that e ≡ e′ under the
following equivalence relations:

– If β is must-pass (i.e., ĴβKpf(ĴP Kpf) = (#t,_)), the following equivalences
always hold:

β/β′ ≡ β β? ≡ β &β ≡ ε

– If β is must-fail (i.e., ĴβKpf(ĴP Kpf) = (_, #t)), the following equivalences
always hold:

β/β′ ≡ β′/β ≡ β′ β β′ ≡ β′ β ≡ β β* ≡ β? ≡ !β ≡ ε &β ≡ β

– Other rules for reducible expressions, including rules defined in [3]:

β/β ≡ β β1/β2/β1 ≡ β1/β2 β/ε ≡ β? ε β ≡ β ε ≡ β

!&β ≡ &!β ≡ !β !!β ≡ &&β ≡ &β (&β)? ≡ (!β)? ≡ ε

!(β1 β2)β1 ≡ β1 !β2 (β1 β3)/(β2 β3) ≡ (β1/β2) β3

Theorem 1 (Soundness of Reducible Expression Pruning). For a PEG
P = (VN , VT , R, βstart), if prunered(P ) holds, every instantiation of P is reducible:

prunered(P ) = P contains any reducible expressions defined in Definition 1

Proof. We first show that a base expression β is must-pass (or must-fail) if
ĴβKpf(ĴP Kpf) yields (#t,_) (or (_, #t)); that is, parsing β on any input x ∈ S al-

ways succeeds (or fails). The abstract semantics Ĵ−Kpf defines such base cases and
propagates them through nonterminals. In particular, a self-sequentially reach-
able nonterminal is must-fail : if A is reachable from itself through sequencing,
the parser may consume unbounded input without a backtracking mark, and
thus cannot succeed on any finite input. The reachability semantics Ĵ−Kreach pre-
cisely captures such sequential reachability, starting from sequence expressions
and propagating through nonterminals. We now prove the two cases separately:

– Case 1 (must-pass). If β is must-pass, the right operand β′ of the ordered
choice β/β′ is unreachable, making the whole expression equivalent to β.
Likewise, β? is equivalent to β. Since β always succeeds, &β also succeeds
without consuming input and is therefore equivalent to ε.

– Case 2 (must-fail). If β is must-fail, the alternative β′ in β′/β or β/β′ is
always selected, so both are equivalent to β′. Regardless of β′, both ββ′ and
β′β fail since β always fails, hence they are equivalent to β. Similarly, β*, β?,
and !β always succeed without consuming input, making them equivalent
to ε. Finally, &β always fails and is thus equivalent to β.



3.2 Ill-Formed Expressions

A PEG is ill-formed [3] if it contains constructs that can cause non-termination
during parsing. We can detect such ill-formed PEGs by checking whether they
contain any direct or indirect left-recursive rules. For example, any instantiation
of the following partial PEG is always ill-formed because of direct left recursion:

P2 : A← A (∵ direct left recursion in A)

Since the nonterminal A immediately invokes itself without consuming any input
symbols, it repeatedly applies A to the same input string and thus diverges (fails
to terminate) on certain inputs.

However, we must also consider indirect left recursion caused by nullable
expressions, which succeed without consuming input symbols for at least one
input.

A← a? A (∵ indirect left recursion in A because a? is nullable)

For input bb, a? succeeds without consuming any input, causing the nonterminal
A to be invoked again on the same input bb. On the other hand, the following
partial PEG contains an implicit form of left recursion: a repetition operator on
a nullable expression.

A← (a?)* (∵ repetition applied to nullable expression a?)

Similarly, for input bb, the inner nullable expression a? succeeds without con-
sumption, causing infinite repetitions of the inner expression on the same input
bb. To detect such ill-formed expressions, we define 1) left recursion analysis and
2) nullable expression analysis.

Left Recursion Analysis This analysis collects reachable nonterminals with-
out consuming any symbols from each nonterminal in the abstract domain
D̂ = VN → P(VN ), as defined in Figure 3a. Direct and indirect left recur-
sion are identified by checking whether a nonterminal A can reach itself without
consuming any input symbols (i.e., A ∈ ĴP Klr(A)). Note that it utilizes the nul-
lable expression analysis to determine whether the first expression in a sequence
is nullable.

Nullable Expression Analysis Figure 3b defines this analysis, which col-
lects nullable nonterminals in the domain D̂ = P(VN ) and identifies nullable
expressions. Using this analysis, we can detect implicit left recursion caused by
repetition expressions whose internal expression is nullable.

Theorem 2 (Soundness of Ill-formed Expression Pruning). For an irre-
ducible PEG P = (VN , VT , R, βstart), if pruneill(P ) holds, then every instantiation
of P does not terminate on at least one input:

pruneill(P ) =

{
(∃A ∈ VN . A ∈ ĴP Klr(A)) ∨ (explicit left recursion)
(∃(A← β*) ∈ R. ĴβKnull(ĴP Knull) = #t) (implicit left recursion)



̂JA← eKlr(d̂) = {A 7→ ĴeKlr(d̂)} ĴAKlr(d̂) = d̂(A) ∪ {A} Ĵ⊖βKlr(d̂) = ĴβKlr(d̂)

ĴεKlr(d̂) = ĴaKlr(d̂) = Ĵ.Klr(d̂) = Ĵ Klr(d̂) = ∅ ̂Jβ1 / β2Klr(d̂) = Ĵβ1Klr(d̂) ∪ Ĵβ2Klr(d̂)

Ĵβ1β2Klr(d̂) =

{
Ĵβ1Klr(d̂) ∪ Ĵβ2Klr(d̂) if Ĵβ1Knull(d̂) = #t (i.e., β1 is nullable)
Ĵβ1Klr(d̂) otherwise

(a) Left recursion analysis with D̂ = VN → P(VN ), d̂ι = λA.∅, ⊔ = ∪, and Ĵ−Klr.

̂JA← eKnull(d̂) =

{
{A} if ĴeKnull(d̂) = #t

∅ otherwise
ĴAKnull(d̂) = A ∈ d̂

ĴaKnull(d̂) = Ĵ.Knull(d̂) = Ĵ Knull(d̂) = #f ĴεKnull(d̂) = Ĵ⊖βKnull(d̂) = #t

Ĵβ1β2Knull(d̂) = Ĵβ1Knull(d̂) ∧ Ĵβ2Knull(d̂)
̂Jβ1/β2Knull(d̂) = Ĵβ1Knull(d̂) ∨ Ĵβ2Knull(d̂)

(b) Nullable expression analysis with D̂ = P(VN ), d̂ι = ∅, ⊔ = ∪ and Ĵ−Knull.

Fig. 3: Grammar analysis to detect ill-formed expressions in PEGs.

Proof. The abstract semantics Ĵ−Knull determines whether an expression is nul-
lable, that is whether there exists at least one input string that can be parsed
successfully without consuming any symbols. It begins from base cases (e.g., ε
is nullable, whereas a is not) and propagates nullable information through non-
terminals. As a must-analysis ensuring the existence of at least one such input,
holes are conservatively treated as non-nullable. The semantics also tracks all
nonterminals reachable without consuming symbols. If β is nullable in β/β′,
then β′ becomes reachable without consuming input. From this information, we
detect (1) left recursion when a nonterminal is reachable from itself without
consuming symbols, and (2) infinite loops when a nullable expression appears as
the operand of a repetition operator. Therefore, if pruneill(P ) holds, there exists
at least one input string that causes the parsing process of P to diverge.

4 Example Analysis

The second component of our synthesis algorithm is example analysis. Unlike
the static grammar analysis (§3), this dynamic analysis evaluates partial PEGs
against each input string, produces possible outputs, and prunes candidates that
contradict the expected outputs. To execute partial PEGs, we design an abstract
machine that simulates the parsing process and captures the intermediate pars-
ing state exactly when a hole is encountered. We leverage the execution results
from this abstract machine to prune partial PEGs that are either: 1) invalid
for a single example, or 2) inconsistent across multiple examples. The funda-
mental insight behind both pruning strategies is to explicitly capture and utilize
continuations within the intermediate parsing states produced by the abstract
machine. This section first introduces the abstract machine for PEGs (§4.1), for-



malizes the computation of possible outputs and state equivalence (§4.2), and
then presents the two example-based pruning techniques (§4.3 and §4.4).

4.1 Abstract Machine for PEGs

Since partial PEGs may contain hole expressions with undetermined behaviors,
the parsing process must be suspended upon encountering a hole. The example
analysis utilizes the intermediate parsing state at this exact moment of suspen-
sion, which captures the continuation of the parse, to infer the set of possible
outputs and check the equivalence of states across examples. However, the big-
step operational semantics defined in §1.2 is unsuitable for representing such
continuations, as it relates input strings directly to final results without expos-
ing intermediate states. To address this limitation, we define an abstract machine
that explicitly represents continuations and models the parsing process as a se-
quence of state transitions.

States A state σ ∈ Σ represents the current configuration, including the input
string, continuation, consumed/seen indices, and pass/fail flag.

States σ ∈ Σ ::= S×K× Iconsume × Iseen × Φ
Continuations κ ∈ K = C× Iinput × I?mark ×K?

Control Points c ∈ C = ▶S | S◀ | ▶AL | AL◀ | ▶AR | AR◀
Indices i ∈ I = N
Flags ϕ ∈ Φ ::= p | f

A continuation κ ∈ K consists of the current control point, input index, optional
mark index, and optional further continuation. A control point c ∈ C specifies the
machine’s current execution point within the PEG. It is either a pre-evaluation
(▶−) or post-evaluation (−◀) point of: 1) the start expression (S), or 2) the left
(AL) or right (AR) subexpression within the right-hand side of a nonterminal
A’s rule. If the rule for A is unary, only AL is used. An index i ∈ I represents a
position in the input string, serving one of four distinct roles:

– A consumed index ic ∈ Iconsume indicates the position up to which the input
string has been successfully consumed.

– A seen index is ∈ Iseen indicates the rightmost position accessed in the input
string during parsing.

– An input index ii ∈ Iinput indicates the position in the input string where the
evaluation of the current nonterminal began.

– A mark index im ∈ Imark indicates a position to backtrack to when a choice
expression fails or a predicate expression succeeds/fails.

The indices ic, ii, and im range from 0 to |x|, whereas the seen index is can extend
up to |x| + 1 to indicate whether the end-of-string (EOS) has been inspected.
For example, when parsing aa with a*, the final seen index is 3, reflecting that
the EOS has been inspected. Finally, a flag ϕ ∈ Φ indicates whether the current
state is a pass (p) or fail (f) state.



A; A← B / a; B ← a c

(a) Normalized form of the PEG ac/a.

(▶S,
S
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c
|
s
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S
|
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| |
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S
|
AL
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s
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S
|a|
c
b|
s
c,p)

(b) Parsing process of the PEG ac/a with input string abc.

Fig. 4: An example of the parsing process in the abstract machine.

Example Consider the PEG in Figure 4a and its parsing process on the input
string abc. It first attempts the left branch of the choice in A, namely B ← ac,
but fails when c does not match the second input symbol b. It then backtracks
and tries the right branch a, which succeeds. After B fails, the PEG reaches the
sixth state in Figure 4b, which is shown below:

⟨abc, (BR◀, 0,⊥, (▶AL, 0, 0, (▶S, 0,⊥,⊥))), 2, 2, f⟩ ≡ (BR◀,
S
|
AL
| |
m

BR
| ab|

c
|
s
c, f)

The right side illustrates a more readable notation for representing these states.
Labels m, c, and s placed below the bar represent the mark, consumed, and
seen indices, respectively. Labels S, AL, and BR placed above the bar denote the
control points and their corresponding input indices within the continuation.
We omit the pre/post markers in this visual notation because continuations
inherently capture pre-evaluation (▶−) points. The mark index 0 associated
with AL indicates that the machine backtracks to position 0 upon the failure of
B. Thus, in the eighth state, the consumed index reverts to 0 and the pass/fail
flag is flipped to p:

⟨abc, (▶AR, 0,⊥, (▶S, 0,⊥,⊥)), 0, 2,p⟩ ≡ (▶AR,
S
|
AR
| |
c
ab|
s
c,p)

Finally, the machine succeeds by parsing the right branch a of the choice expres-
sion in A, but the seen index remains 2:

⟨abc, (S◀, 0,⊥,⊥), 1, 2,p⟩ ≡ (S◀,
S
|a|
c
b|
s
c,p)

State Transition Relation To model the parsing process as a sequence of
state transitions, we define a state transition relation ⇝ that maps one state to
the next.



JAL◀Kc(σ) =



σ.next if R(A) = _ ·_ ∧ ϕ = p

σ.exit if R(A) = _ ·_ ∧ ϕ = f

σ.remove.exit if R(A) = _/_ ∧ ϕ = p

σ.revert.flip.next if R(A) = _/_ ∧ ϕ = f

σ.remove.entry if R(A) = _* ∧ ϕ = p

σ.revert.flip.exit if R(A) = _* ∧ ϕ = f

σ.remove.exit if R(A) = _? ∧ ϕ = p

σ.revert.flip.exit if R(A) = _? ∧ ϕ = f

σ.revert.flip.exit if R(A) = !_
σ.revert.exit if R(A) = &_

J▶ALKc(σ) =


JβKβ(σ) if R(A) = β ·_
JβKβ(σ.mark) if R(A) = β / _
JβKβ(σ.mark) if R(A) = ⊖ β

J▶SKc(σ) = JβstartKc(σ)

J▶ARKc(σ) =

{
JβKβ(σ) if R(A) = _⊕ β

σ.next if R(A) = ⊖_
JAR◀Kc(σ) = σ.return

JεKβ(σ) = σ.next

JaKβ(σ) =

{
σ′.next if a = b
σ′.flip.next otherwise

where σ.read = (σ′, b)

J.Kβ(σ) =

{
σ′.next if ⊥ ̸= b
σ′.flip.next otherwise

where σ.read = (σ′, b)
JAKβ(σ) = σ.call(A)

Fig. 5: The semantics J−Kc of control points c ∈ C and J−Kβ of base expressions
β ∈ B for a PEG P = (VN , VT , R, βstart) where σ = ⟨x, κ, ic, is, ϕ⟩ and κ =
(c, i, im, κ′).

Definition 2 (State Transition Relation). The abstract machine for a
partial PEG is governed by a state transition relation ⇝⊆ Σ ×Σ:

σ ⇝ σ′ ⇐⇒ σ = ⟨_, (c,_,_,_),_,_,_⟩ ∧ σ′ = JcKc(σ)

where the transition logic is defined by the semantics of control points J−Kc and
base expressions J−Kβ, as detailed in Figure 5.

The helper functions in Figure 6 manipulate specific components of a state.
For brevity, we use the notation X[Y = Z] to denote updating the component
Y in X with the new value Z. The read operation reads a symbol from the
input string at the current consumed index, updating both the consumed and
seen indices accordingly. Note that when inspecting the end-of-string (EOS) for
the first time, only the seen index increases, while the consumed index remains
unchanged. The operations entry, next, and exit describe how the continuation
advances when moving to the entry, next, or exit points of the start expression
(S) or the right-hand side of a nonterminal A’s rule. To support backtracking
over the consumed input, we introduce mark, remove, and revert, which manage
the mark index. The entry to and exit from nonterminals are explicitly handled
by the call and return operations. Finally, the flip operation updates the pass/fail
flag of a state to reflect the outcome of the current computation.



σ.read =

{
(σ[ic = ic + 1][is = is0], x[i

c]) if ic < ∥x∥
(σ[ic = ic][is = is0],⊥) otherwise

where is0 =

{
is + 1 if ic = is

is otherwise

σ.entry = σ[c = ▶AL] where c = AL◀

σ.next =


σ[c = S◀] if c = ▶S
σ[c = AL◀] if c = ▶AL

σ[c = ▶AR] if c = AL◀

σ[c = AR◀] if c = ▶AR

σ.exit = σ[c = AR◀] where c = AL◀

σ.mark = σ[κ = κ[im = ic]]
σ.remove = σ[κ = κ[im = ⊥]]
σ.revert = σ[ic = im].remove
σ.call(A) = σ[κ = (▶AL, i

c,⊥, κ)]
σ.return = σ[κ = κ′].next
σ.flip = σ[ϕ = ¬ϕ]

Fig. 6: Helper functions for states Σ of the abstract machine where σ =
⟨x, κ, ic, is, ϕ⟩ and κ = (c, i, im, κ′).

Theorem 3 (Correctness of the Abstract Machine). For a partial PEG
P = (VN , VT , R, βstart) and an input string x ∈ V ∗T , the parsing result produced
by the abstract machine is equivalent to the result derived from the big-step op-
erational semantics defined in §1.2:

⟨x, (▶S, 0,⊥,⊥), 0, 0,p⟩⇝∗ ⟨x, (S◀, 0,⊥,⊥), ic, is,p⟩ ⇐⇒ (βstart, x) ⇓ x[ic :]

⟨x, (▶S, 0,⊥,⊥), 0, 0,p⟩⇝∗ ⟨x, (S◀, 0,⊥,⊥), ic, is, f⟩ ⇐⇒ (βstart, x) ⇓ f

where ⇝∗ is the reflexive and transitive closure of ⇝, and x[ic :] is the suffix of
x starting from the index ic.

Proof. The abstract machine mimics the parsing process described in the eval-
uation relation of PEGs defined in §1.2. The normal form makes all non-base
expressions to be defined as separate rules and the abstract machine captures the
state of the machine when a nonterminal is called. In addition, the seen index is

simply captures the furthest index reached during the parsing process according
to the definition of the evaluation relation. Thus, the proof can be done by ap-
plying structural induction on the evaluation relation and case analysis on the
structure of the normalized PEG P .

4.2 Possible Outputs and State Equivalence

The abstract machine halts when no further transitions are possible from the
current state. This occurs either when the PEG encounters a hole expression
or when it reaches the post-evaluation point of the start expression (S◀). We
define the auxiliary function halt(P, x) to denote this halting state of the abstract
machine when parsing an input string x with a PEG P :

halt(P, x) = σ such that ⟨x, (▶S, 0,⊥,⊥), 0, 0,p⟩⇝∗ σ ⇝̸

Building on this definition, we first formalize the computation of possible outputs
from a halted state, and then establish a formal equivalence relation between
states based on their continuations.



propagate(P, κ, ô) =

{
ô if κ = ⊥
propagate(P, κ′, ô′) otherwise

ô′ =



ô ⊔ ([im,+∞],⊤) if c = ▶AL ∧R(A) = _/_ ∧ f̂ = ⊤ ∧ im ̸= ⊥
(̂i↑ ⊔ [im, im],⊥) if c = ▶AL ∧R(A) = _* ∧ f̂ = ⊤ ∧ im ̸= ⊥
(̂i↑,⊥) if c = ▶AL ∧R(A) = _* ∧ f̂ = ⊥ ∧ im ̸= ⊥
(̂i ⊔ [im, im],⊥) if c = ▶AL ∧R(A) = _? ∧ f̂ = ⊤ ∧ im ̸= ⊥
(̂i,⊥) if c = ▶AL ∧R(A) = _? ∧ f̂ = ⊥ ∧ im ̸= ⊥
([im, im],⊥) if c = ▶AL ∧R(A) = !_ ∧ f̂ = ⊤ ∧ im ̸= ⊥ ∧ î = ⊥
([im, im],⊤) if c = ▶AL ∧R(A) = !_ ∧ f̂ = ⊤ ∧ im ̸= ⊥ ∧ î ̸= ⊥
(⊥,⊥) if c = ▶AL ∧R(A) = !_ ∧ f̂ = ⊥ ∧ im ̸= ⊥ ∧ î = ⊥
(⊥,⊤) if c = ▶AL ∧R(A) = !_ ∧ f̂ = ⊥ ∧ im ̸= ⊥ ∧ î ̸= ⊥
(⊥, f̂) if c = ▶AL ∧R(A) = &_ ∧ im ̸= ⊥ ∧ î = ⊥
([im, im], f̂) if c = ▶AL ∧R(A) = &_ ∧ im ̸= ⊥ ∧ î ̸= ⊥
(̂i↑,⊤) if c = ▶AL ∧R(A) = _ ·_
ô otherwise

Fig. 7: The propagate function, which propagates the abstract output ô = (̂i, f̂)
backward through the continuation κ = (c,_, im, κ′).

Possible Outputs If the PEG does not encounter a hole, it produces a unique
output. Otherwise, the PEG halts at a hole expression and can potentially pro-
duce multiple outputs depending on how the hole is instantiated. However, be-
cause the remaining parsing process is strictly governed by the continuation of
the halting state, some outputs can never be produced regardless of how the hole
is instantiated.

We represent these possible outputs using abstract outputs, which consist of
an abstract index range and an abstract fail flag:

Abstract Outputs ô ∈ Ô = Î× F̂
Abstract Index Ranges î ∈ Î = {⊥} ⊎ I× (I ⊎ {+∞})
Abstract Fails f̂ ∈ F̂ = {⊥,⊤}

Operations on abstract outputs, such as partial order (⊑), join (⊔), and meet (⊓),
are defined in the standard way. The lifting operator î↑ extends the upper bound
of the index range to +∞ when î ̸= ⊥ (e.g., [0, 1]↑ = [0,+∞]), while preserving
⊥. The size operator |ô|x denotes the number of concrete outputs represented
by the abstract output ô for an input string x (e.g., |([0,+∞],⊤)|abc = 5).

Definition 3 (Possible Outputs). For a partial PEG P and a string x ∈ S,
its possible outputs output(P, x) ∈ Ô is defined as:

output(P, x) =


([ic, ic],⊥) if c = S◀ ∧ ϕ = p

(⊥,⊤) if c = S◀ ∧ ϕ = f

propagate(P, κ, ([ic,+∞],⊤)) otherwise



where halt(P, x) = (_, κ = (c,_,_,_), ic,_, ϕ).

For example, output(a , aab) = ([1,+∞],⊤) indicates that any instantiation
either fails or succeeds while consuming at least 1 symbol from aab. Similarly,
output(a(b & )?, abab) = ([1, 2],⊥) guarantees that any instantiation succeeds
while consuming either 1 or 2 symbols from abab.

Equivalence of States During the parsing process, different input strings can
reach states that guarantee the same final outcome, regardless of how a hole is
instantiated. Specifically, the parsing result is entirely determined by the reach-
able portion of the input string and the remaining parsing operations captured
by the continuation. The reachable string is the suffix of the input starting from
the leftmost mark index in the continuation, or from the current consumed index
if no mark exists.

Definition 4 (Reachable String). For a state σ = (x, κ, ic,_,_) ∈ Σ where
the continuation κ = (_,_, im, κ′), the reachable string reach(σ) is defined as:

reach(σ) =

{
x[ic :] if lm(κ) = ⊥
x[lm(κ) :] otherwise

where lm(κ) =


⊥ if κ = ⊥
im if lm(κ′) = ⊥
lm(κ′) if lm(κ′) ̸= ⊥

For example, consider the PEG on the left, which contains a hole in the right-
hand side of C. When parsing the input string abcd, the PEG halts at the hole,
resulting in the state shown on the right:

A; A← a B; B ← C / ; C ← b (▶CR,
S
|
AR
| a

BL
| |
m

CR
| b|
c
|
s
cd, f)

Here, the reachable string is bcd (highlighted in gray). This corresponds to the
suffix of the input string starting from the mark index 1, which was established
by the choice expression in B after consuming a in A.

We establish the equivalence of two states based on their continuations and
reachable strings. If two states possess identical control stacks and equal reach-
able strings, they will undergo the exact same parsing process regardless of how
the hole is instantiated. Since PEG parsing is inherently deterministic, this im-
plies that they will yield identical parsing results. Consequently, this equivalence
can be leveraged to prune candidate PEGs that exhibit inconsistent parsing re-
sults across different examples that halt at equivalent states.

Definition 5 (Equivalence of States). Two continuations κ1 = (c1,_,_, κ′1)
and κ2 = (c2,_,_, κ′2) are weakly equivalent (≈c) if their control stacks are
identical:

κ1 ≈c κ2 ⇐⇒ (κ′1 = κ′2 = ⊥) ∨ (c1 = c2 ∧ κ′1 ≈c κ
′
2)

Two states σ1 = (_, κ1,_,_,_) and σ2 = (_, κ2,_,_,_) are equivalent (≡)
if their continuations are weakly equivalent and their reachable strings are equal:

σ1 ≡ σ2 ⇐⇒ κ1 ≈c κ2 ∧ reach(σ1) = reach(σ2)



4.3 Invalid via Single Example

As previously described, the abstract machine determines the possible outputs of
a partial PEG. If these possible outputs contradict an example’s expected result,
the PEG is invalid, as no hole instantiation can satisfy the example.

For instance, the partial PEG P3 always produces the output b for the input
ab without reaching the hole. This contradicts the expected result f :

P3 : A← a / (ab, f) ∈ E output(P3, ab) = ([1, 1],⊥)

A more interesting case arises when a partial PEG halts at a hole expression.
For example, consider the partial PEG P ′3 halting at the hole for the input aaab:

P ′3 : A← a (aaab, aaab) ∈ E output(P ′3, aaab) = ([1,+∞],⊤)

As indicated by the abstract output ([1,+∞],⊤), the set of possible concrete
outputs of P ′3 for this input is {aab, ab, b, ϵ, f}. This means the PEG will either
consume at least 1 symbol or fail entirely, depending on how the hole is instanti-
ated. However, this set of possible outputs does not contain the expected result
aaab, rendering P ′3 invalid with respect to this example.

Theorem 4 (Soundness of Validity-Based Pruning). For a partial PEG
P and a set of examples E, if pruneex(P ) holds, then every instantiation of P
violates at least one example:

pruneex(P ) = ∃(x, o) ∈ E . o /∈ output(P, x)

Proof. Suppose a partial PEG P is invalid with respect to an example (x, o) ∈ E .
By Theorem 4 for validity, the abstract machine produces a parsing result o′ ̸= o
when parsing x. By Theorem 3, every instantiation of P yields the same result
o′, which also differs from o. Consequently, no instantiation of P can satisfy the
example set E .

4.4 Inconsistent via Multiple Examples

If two states are equivalent within the same PEG, they will always produce the
same parsing result for any instantiation of the hole. However, two examples
may reach equivalent states with different expected outputs. This contradicts
the inherently deterministic property of PEGs and indicates that no single in-
stantiation of the hole can satisfy both examples simultaneously.

For example, consider the partial PEG P4 below. For inputs ab and bb, it
halts at the hole with the following states:

P4 : A← .
{
(ab, f)
(bb, ϵ)

}
∈ E


(▶S,

S
||
c
|
s
ab,p) ⇝∗ (▶AR,

S
|a

AR
| |
c
|
s
b,p) ⇝̸

(▶S,
S
||
c
|
s
bb,p) ⇝∗ (▶AR,

S
|b

AR
| |
c
|
s
b,p) ⇝̸



After ignoring the unreachable prefixes of the input strings (i.e., a in the first
example and the first b in the second), both states share the same reachable
string b and identical remaining controls (i.e., ▶S and ▶AR). Thus, they are
equivalent and must produce the same parsing result for any instantiation of
the hole. However, their expected outputs differ (f ̸= ϵ), indicating that no
instantiation of P4 can satisfy both examples simultaneously. We can therefore
safely prune P4 based on this inconsistency across examples.

Theorem 5 (Soundness of Consistency-Based Pruning). For a partial
PEG P and a set of examples E, if pruneinc(P ) holds, then every instantiation
of P produces inconsistent parsing results for at least one pair of examples in E:

pruneinc(P ) = ∃(x, o), (x′, o′) ∈ E . halt(P, x) ≡ halt(P, x′) ∧ o ̸= o′

Proof. Suppose a partial PEG P yields inconsistent parsing results for two ex-
amples (x1, o1), (x2, o2) ∈ E such that o1 ̸= o2. By Theorem 5 for consistency,
the abstract machine reaches identical remaining controls and reachable strings
for both examples. By the definition of the abstract machine, any instantiation
of P produces the same parsing result whenever these two components coin-
cide. Therefore, all instantiations of P must yield the same output for (x1, x2),
which contradicts the expected outputs o1 ̸= o2. Hence, no instantiation of P
can satisfy the example set E .

5 Evaluation

This section reports an additional experiment that extends the evaluation of
RQ1 in §8 of the main paper, which asks whether SynPEG can synthesize PEGs
for our benchmarks and compares it against LLMs. While the main paper com-
pares SynPEG against a no-reasoning LLM baseline, here we further compare
it against a reasoning LLM to examine whether stronger reasoning ability is
sufficient to solve our benchmarks.

5.1 Comparison with a Reasoning LLM

We evaluate a reasoning LLM (GPT-5.4 with the highest reasoning effort) under
the same experimental settings as the main paper, including the prompts, five
independent runs per benchmark, and a 5-minute timeout. Table 1 reports the
per-benchmark results.

The reasoning model solves 13 of 15 benchmarks, a substantial improve-
ment over the no-reasoning baseline, but it still fails on the two hardest ones
(Benchmark 5 and Benchmark 14). On Benchmark 5 (a2

n

), all five runs in the
LLMEx setting reach 99.9% accuracy yet do not actually solve it, as they overfit
the examples and cannot express a2

n

for all n. The remaining configurations,
Benchmark 5 in the LLMEx+Desc setting and Benchmark 14 in both settings, time
out in all runs while searching for a generalized solution.



Table 1: Performance of a reasoning LLM (GPT-5.4 with the highest reasoning
effort) under the LLMEx and LLMEx+Desc settings, compared with SynPEG, with
accuracy (acc), execution time (t), and generated PEG size (∥P∥). The ± values
indicate the standard deviation across multiple runs.

LLMEx LLMEx+Desc SynPEG

No. acc (%) t (s) ∥P∥ acc (%) t (s) ∥P∥ acc (%) t (s) ∥P∥

1 100.0±0.0 28.83±8.55 4.2±0.4 100.0±0.0 19.34±11.24 4.0±0.0 100.0 0.44 5.0
2 100.0±0.0 36.00±16.57 5.0±0.0 100.0±0.0 44.93±41.41 5.2±0.4 100.0 0.02 4.0
3 100.0±0.0 39.77±44.24 4.0±0.0 100.0±0.0 30.00±26.00 3.8±0.4 100.0 0.01 3.0
4 100.0±0.0 152.28±34.39 5.6±0.5 100.0±0.0 170.10±44.47 5.3±0.5 100.0 0.62 5.0
5 99.9±0.0 256.66±35.18 21.0±17.0 TO TO TO 100.0 1.08 5.0
6 100.0±0.0 145.83±49.61 6.0±0.0 100.0±0.0 147.11±38.16 5.8±0.4 100.0 0.08 4.0
7 100.0±0.0 27.96±22.40 9.0±2.7 100.0±0.0 12.57±7.47 10.0±2.2 100.0 0.03 5.0
8 100.0±0.0 26.86±15.21 10.0±0.0 100.0±0.0 28.42±8.59 10.0±0.0 100.0 0.13 6.0
9 100.0±0.0 46.87±34.05 7.6±1.9 100.0±0.0 36.09±17.33 7.0±1.2 100.0 0.75 6.0
10 100.0±0.0 35.95±11.72 6.4±0.9 100.0±0.0 52.93±20.93 6.0±0.0 100.0 0.58 5.0
11 100.0±0.0 74.44±46.65 9.6±0.9 100.0±0.0 90.70±42.77 9.0±1.4 100.0 0.40 5.0
12 100.0±0.0 59.75±32.27 4.0±0.0 100.0±0.0 39.76±21.40 4.0±0.0 100.0 0.06 4.0
13 100.0±0.0 38.17±6.32 4.0±0.0 100.0±0.0 39.18±20.33 4.0±0.0 100.0 0.57 6.0
14 TO TO TO TO TO TO 100.0 0.83 5.0
15 100.0±0.0 29.78±9.80 5.0±0.0 100.0±0.0 107.69±22.83 8.0±0.0 100.0 0.90 5.0

Avg. 93.3 66.61 7.2 81.2 54.59 6.3 100.0 0.43 4.9

Sol. 13.00/15 13.00/15 15.00/15

Moreover, the reasoning model is slow and cost-ineffective even when it suc-
ceeds, taking about one minute and 2.1K output tokens (roughly $0.36) per task
on average. In contrast, SynPEG is deterministic and synthesizes correct PEGs
for all benchmarks in under one second on average.

In conclusion, even a reasoning LLM cannot reliably solve our benchmarks, as
it fails on the hardest tasks and remains slow and cost-ineffective, which further
supports the answer to RQ1 that example-based PEG synthesis is a non-trivial
task unsuitable for general-purpose models.
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