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Recall ’VNPLRG

e Evaluation Contexts
e Lambda Calculus
® a-Equivalence
® 3-Reduction
® Call by-Value (CBV) vs. Call by-Name (CBN)
® Substitution
® De Bruijn Indices
e Definitional Translation
® Church Encoding
® Pairs and Let Bindings
® |aziness
® Adequacy
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Contents ’VNPLRG

1. Denotational Semantics
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Semantics ’NPLRG

Three approaches to formal semantics:
e Operational cke=wv

® How is a program executed?
® Useful for implementation of compilers and interpreters.

Felénl F62:>TL2

Fel+ey=ni+no

¢ Denotational Ie]

® What is the mathematical object for a program?
® Useful for theoretical foundations.

[er + e2] = [e1] + [e2]
® Axiomatic F{¢} e {¢'}

® Which properties does a program satisfy?
® Useful for proving program properties and correctness.

F{lz<nAy<m}z=z+y{z<n+m}
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Simple Imperative Language — IMP ’VPLRG

Let's redefine the semantics of IMP using denotational semantics.

Expressions e :=n|z|e+e|e*e|e<e|true|false
Statements s ::= skip

|z :=e¢

| 555

| if e then s else s
| while e do s
Values v == n | true | false

where n € Z, and z € X.

We will define two forms of denotational semantics for IMP:

|Ele]: 2 —~V] [S[s]: %3]

where 0 : X — V.
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Notational Conventions 7VNPLRG

There are two notational conventions for denotational semantics:

e Convention 1: Define f : A — B as sets of pairs:

S[..]={(e,0") | ...}

e Convention 2: Define f : A — B point-wise:

S[...J(e)=7d"if ...

We will use the second convention in most cases, but the first convention
is often more intuitive and easier to read.
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Expressions VPLRG

It is a partial function because it is not defined for all environments:
® 1 + true is not defined for any environment.
e 1 is defined only for environments that map x to some value.
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Expressions VPLRG

It is a partial function because it is not defined for all environments:
® 1 + true is not defined for any environment.
e 1 is defined only for environments that map x to some value.

E[n](o) £ n
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Expressions VPLRG

It is a partial function because it is not defined for all environments:
® 1 + true is not defined for any environment.
e 1 is defined only for environments that map x to some value.

E[n](o) £ n

E[z] (o) £ o(x) if z € dom(o)
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Expressions VPLRG

It is a partial function because it is not defined for all environments:
® 1 + true is not defined for any environment.
e 1 is defined only for environments that map x to some value.

E[n](o) £ n
E[z] (o) £ o(x) if z € dom(o)
Eler + e2](0) £ Eles](0) + Ele2] ()

Bler * e2(0) & Eled](0) x Ele2](0)
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Expressions VPLRG

It is a partial function because it is not defined for all environments:
® 1 + true is not defined for any environment.
e 1 is defined only for environments that map x to some value.

E[n](o) £ n
Elx] (o)
E[[61 + GQH(U)

Efe; * ex](0)

o(z) if z € dom(o)
Elei](o) + E[e2] (o)
Elei](c) x E[e2] ()

true if Ele1](0) < Elez] (o)
Eler < e2(0) £ ( false if Ele1](o) > Elez] (o)
undefined otherwise
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Expressions VPLRG

It is a partial function because it is not defined for all environments:
® 1 + true is not defined for any environment.
e 1 is defined only for environments that map x to some value.

Eln](o) = n

Elz](0) 2 o() if 2 € dom(o)
Eley + e2](0) = Eler](0) + Ee2] (o)

Eley * e2](0) Elei](0) x E[es](0)

true if Ele1](0) < Elez] (o)
Eler < e2(0) £ ( false if Ele1](o) > Elez] (o)
undefined otherwise

(1>

E[true](o) true

>

E[false](o) false
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Statements ’NPLRG

It is a partial function for a given environment o when:
® the statement does not terminate, or

® the statement throws an error in expressions
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Statements ’NPLRG

It is a partial function for a given environment o when:
® the statement does not terminate, or

® the statement throws an error in expressions

S[skip](c) 2 o
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Statements ’NPLRG

It is a partial function for a given environment o when:
® the statement does not terminate, or

® the statement throws an error in expressions
S[skip](c) 2 o

Sz :=e€](o)

olx — v if Efe](o) =v
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Statements ’NPLRG

It is a partial function for a given environment o when:
® the statement does not terminate, or

® the statement throws an error in expressions
S[skip](c) 2 o

Sz :=e€](o)

olx — v if Efe](o) =v

S[s1;s2] S[s2] o S[s1]
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Statements ’NPLRG

It is a partial function for a given environment o when:
® the statement does not terminate, or

® the statement throws an error in expressions
S[skip](c) 2 o

Sz :=e€](o)

olx — v if Efe](o) =v

S[s1;s2] S[s2] o S[s1]

S[s1](c) if E[e](o) = true
S[if e then s; else s3](0) = < S[so](0) if E[e](o) = false
undefined otherwise
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while Statement ’NPLRG

How do we define the semantics of while statement?

S[while e do s](o) =
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while Statement ’NPLRG

How do we define the semantics of while statement?

o if EJe](0) = false
S[while e do s](c) £ { S[while e do s](S[s](c)) if E[e](c) = true
undefined otherwise

Is it a valid definition?
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while Statement ’NPLRG

How do we define the semantics of while statement?

o if EJe](0) = false
S[while e do s](c) £ { S[while e do s](S[s](c)) if E[e](c) = true
undefined otherwise

Is it a valid definition? No, because it is recursive equation not a
definition.
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while Statement ’NPLRG

How do we define the semantics of while statement?

o if EJe](0) = false
S[while e do s](c) £ { S[while e do s](S[s](c)) if E[e](c) = true
undefined otherwise

Is it a valid definition? No, because it is recursive equation not a
definition.

We need to prove that:
® there exists a solution for the equation, and

® the solution is unique.
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while Statement ’NPLRG

How do we define the semantics of while statement?

o if EJe](0) = false
S[while e do s](c) £ { S[while e do s](S[s](c)) if E[e](c) = true
undefined otherwise

Is it a valid definition? No, because it is recursive equation not a
definition.

We need to prove that:
® there exists a solution for the equation, and
® the solution is unique.

Let's try to find a solution for the equation using fixed-point theory.
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Solving Recursive Equations 7NPLRG

Solve the following recursive equations on natural number functions:

0 ifx =0
flz) = {f(:v —1)+2x—1 otherwise
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Solving Recursive Equations 7NPLRG

Solve the following recursive equations on natural number functions:

ifx =0
(x—1)4+ 2z —1 otherwise
22
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Solving Recursive Equations 7NPLRG

Solve the following recursive equations on natural number functions:

ifx =0
(x—1)4+ 2z —1 otherwise
22

(x)+1

<
—~
3
S~—
|
)
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Solving Recursive Equations 7NPLRG

Solve the following recursive equations on natural number functions:

ifx =0
(x—1)4+ 2z —1 otherwise
22

g(x) =g(x)+1
g(z) = (no solution)
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Solving Recursive Equations 7NPLRG

Solve the following recursive equations on natural number functions:

@) :{ ifz=0

(x—1)4+ 2z —1 otherwise

flz) =

g(x) =g(z)+1
g(z) = (no solution)
h =2-h(z—-1)

(z)
hz) =
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Solving Recursive Equations 7NPLRG

Solve the following recursive equations on natural number functions:

@) :{ ifz=0

(x—1)4+2x —1 otherwise

flz) =
g(x) =g(z)+1
g(z) = (no solution)

h(z) =2-h(zx—1)
h(z) =k-2" for some k (infinitely many solutions)
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Solving Recursive Equations 7NPLRG

Solve the following recursive equations on natural number functions:

@) :{ ifz=0

(x—1)4+2x —1 otherwise

flz) =
g(x) =g(z)+1
g(z) = (no solution)

h(z) =2-h(zx—1)
h(z) =k-2" for some k (infinitely many solutions)

Only the first equation has a unique solution, which is f(x) = z2.
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Solving Recursive Equations 7NPLRG

Solve the following recursive equations on natural number functions:

@) :{ ifz=0

(x—1)4+2x —1 otherwise

flz) =
o) = glz)+1
g(z) = (no solution)

h(z) =2-h(zx—1)
h(z) =k-2" for some k (infinitely many solutions)
Only the first equation has a unique solution, which is f(x) = z2.

How do we find the solution for the first equation?
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Solving Recursive Equations 7NPLRG

0 ifz=0
flz) = {f(x —1)+2x—1 otherwise

Consider the following sequence of partial functions:

fo £ o
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Solving Recursive Equations

0 ifz=0
flz) = {f(x —1)+2x—1 otherwise

Consider the following sequence of partial functions:

fo £ g
bil £

’VNPLRG

March 19, 2026
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Solving Recursive Equations 7NPLRG

0 ifz=0
flz) = {f(x —1)+2x—1 otherwise

Consider the following sequence of partial functions:

fo £ g
fl £ {(070)}
o) a 0 ifx =0

filx =1)+2z -1 ifz—1¢€dom(f1)
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Solving Recursive Equations 7NPLRG

0 ifz=0
flz) = {f(x —1)+2x —1 otherwise

Consider the following sequence of partial functions:

fo £ g
fl £ {(070)}
o) a 0 ifx =0

filx =1)+2z -1 ifz—1¢€dom(f1)

ful@) 2 0 ifz=0
" N\ faci@ =D +22 -1 ifz—1¢edom(f_1)
={(0,0),(1,1),(2,4),...,(n —1,(n —1)?)}
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Solving Recursive Equations 7NPLRG

0 ifz=0
flz) = {f(x —1)+2x —1 otherwise

Consider the following sequence of partial functions:

fo £ g
fl £ {(070)}
o) a 0 ifx =0

filx =1)+2z -1 ifz—1¢€dom(f1)
= {(030)7(171)}

0 ifz =0
foci(x—=1)4+22 -1 ifz—1€dom(fn_1)
={(0,0),(1,1),(2,4),...,(n —1,(n —1)?)}

If we continue this process, we can find the solution for the equation.
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Solving Recursive Equations 'V PLRG
We can redefine this sequence of partial functions using the n-th
application of the transfer function F': (N — N) — (N — N):

Vn e N. f, = F"(2)

0 if x =0
where F(g)(z) 2 n
glx—1)+2x—1 ifzx—1¢&dom(g)
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Solving Recursive Equations 7NPLRG

We can redefine this sequence of partial functions using the n-th
application of the transfer function F': (N — N) — (N — N):

VneN. f,, = F"(2)
0 ifz=0
where F(g)(z) 2 n
glx—1)+2x—1 ifzx—1¢&dom(g)
We can define the solution as follows:

f=fuUufiufou...
=FY(2)UFY(2)UF}2)u...
= Un>o F"(9)
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Fixed-Points ’VNPLRG

Definition (Fixed-Points)

An element = € dom(F)) is a fixed-point of F' if F(x) = x.
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Fixed-Points ’VNPLRG

Definition (Fixed-Points)

An element = € dom(F)) is a fixed-point of F' if F(x) = x.

The following is a fixed-point of F"

f=U F(o)
n>0
. [0 if 2 = 0
where F(g)(x) = {g(m —1)4+2x—1 ifz—1¢€dom(g)
because F(f) = F(Up>o F™(9)) = Unso F**'(2) = f.

AAA551 @ Korea University Lecture 5 — Denotational Semantics March 19, 2026



Fixed-Points ’VNPLRG

Definition (Fixed-Points)

An element = € dom(F)) is a fixed-point of F if F'(x) =

The following is a fixed-point of F"

f-U e
n>0
L ifx=0
where F(g)(x) = {g(m —1)4+2x—1 ifz—1¢€dom(g)
because F(f) = F(Upso F"(9)) = Upo F"'(2) = f.

We can generalize this idea to solve the recursive equation by finding the
least fixed-point of the transfer function F.

Ifp(F) £ | F'(2

n>0
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while Statement Revisited 7VNPLRG

Similarly, let’s define the semantics of while statement using the least
fixed-point of the transfer function F': (¥ = X) —» (¥ = X):

S[while e do s] = Ifp(F U F'(@
n>0
where
o if Efe](c) = false

F(f)(0) = { f(S[s](e)) if E[e](0) = true

undefined otherwise
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while Statement Revisited 7VNPLRG

Similarly, let’s define the semantics of while statement using the least
fixed-point of the transfer function F': (¥ = X) —» (¥ = X):

S[while e do s] = Ifp(F U F'(@
n>0
where
o if Efe](c) = false

F(f)(0) = { f(S[s](e)) if E[e](0) = true

undefined otherwise

We will learn why it is the least fixed-point in the next lecture with the
fixed-point theory.
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Explicit Errors ’NPLRG

|Ele]: 2 —~V] [S[s]:% 3]

The statement semantics is a partial function and not defined if:
® the statement does not terminate, or
® the statement throws an error in expressions
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Explicit Errors ’NPLRG

|Ele]: 2 —~V] [S[s]:% 3]
The statement semantics is a partial function and not defined if:
® the statement does not terminate, or
® the statement throws an error in expressions
To explicitly distinguish between error and non-termination, we can
redefine the semantics with the error value L:
‘Eﬂeﬂ:EL—)VL‘ ’S[[S]]:EJ_AEJ_

where X | & X U {1} for any set X.
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Explicit Errors ’NPLRG

|Ele]: 2 —~V] [S[s]:% 3]
The statement semantics is a partial function and not defined if:
® the statement does not terminate, or
® the statement throws an error in expressions

To explicitly distinguish between error and non-termination, we can
redefine the semantics with the error value L:

‘E[[eﬂ:EL—)VJ_‘ ’S[[S]]:EJ_AEJ_

where X | & X U {1} for any set X.

The expression semantics is total but the statement semantics is partial;
if it throws an error, it returns _L; if it does not terminate, it is undefined.
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Explicit Errors ’NPLRG

|Ele]: 2 —~V] [S[s]:% 3]

The statement semantics is a partial function and not defined if:

® the statement does not terminate, or

® the statement throws an error in expressions
To explicitly distinguish between error and non-termination, we can
redefine the semantics with the error value L:

‘E[[eﬂ:EL—)VJ_‘ ’S[[S]]:EJ_AEJ_

where X | & X U {1} for any set X.

The expression semantics is total but the statement semantics is partial;
if it throws an error, it returns _L; if it does not terminate, it is undefined.

The following represents the error propagation:
Ve. Efe](L) = L and Vs. S[s](L) =L
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Explicit Errors ’NPLRG
‘E[[e]] IEJ_ —>VJ_‘

o(x) if x € dom(o)

FE 4L

@) L otherwise

Eer + e2](0) 2 ni +ny if Ele1](0) =n1 € ZA Efes](0) =nqs € Z
T 1 otherwise
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Explicit Errors ’NPLRG
‘E[[e]] :ZJ_ —>VJ_‘

o(x) if x € dom(o)

FE 4L

() L otherwise

E[[e +e ]](O') é n1+n2 |fE[[61H(O-):n1 GZ/\E[[GQ]](O’):TLQGZ
T 1 otherwise

‘S[[S]]:EJ_AEJ_‘

Sl <= el(o) s {i f Elel(o) = L

olx +— E[e](o)] otherwise
S[s1](o) if Efe](o) = true
S[if e then s; else s3](0) = < S[so](0) if E[e](0) = false

1 otherwise
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Contents ’VNPLRG

3. Non-Deterministic Imperative Language — NIMP
Expressions
Statements
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Non-Deterministic Imperative Language — NIMP  /)PLRG

Let's define the semantics of NIMP, which is a non-deterministic extension
of IMP with the following syntax:

Expressions e ::= ... | [cg,c1]
Statements s 1= ...
Values Vo= ...

where n € Z, ¢g € ZU {—o0}, ¢1 € ZU {40}, and z € X.

The expression [cg, ¢1] non-deterministically returns an integer between ¢
and ¢ (inclusive).

We will define two forms of denotational semantics for NIMP:

E[e]: S — P(V) S[s] € P(2) — P(D)

where o : X = V.
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Expressions ’NPLRG
|Ele] : 3 = P(V)|

E[n](o) = {n}
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Expressions ’NPLRG
|Ele] : 3 = P(V)|

(1>

E[n](o) {n}

{{U(x)} if 2 € dom(o)

(1>

E[x](o)

(%) otherwise
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Expressions ’NPLRG
|Ele] : 3 = P(V)|

(1>

E[n](o) {n}

{{U(x)} if 2 € dom(o)

(1>

E[x](o)

Eflco, er]](0)

(%) otherwise

(1>

{neZ|lcw<n<e}

AAA551 @ Korea University Lecture 5 — Denotational Semantics March 19, 2026



Expressions ’NPLRG
|Ele] : 3 = P(V)|

{n}
{{U(x)} if 2 € dom(o)

(%) otherwise

(1>

E[n](o)

(1>

E[x](o)
Eflco, er]](0)

Eley + e2](0) £ {n1+n2|m € E[e1](0) Any € Eez](0)}

(1>

{neZle<n<c}

Ele; * ex](0) £ {ng xna | ny € Efe1](0) Ang € Elea](0)}
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Expressions

Elnle) 2
Elal(c) 2

(1>

Eflco, er]](0)

Efe; + ex](0)

Ele; * ex](0) =

Efe; < e](0)

’VNPLRG

|Ele] : 3 = P(V)|
{n}

{o(z)} if z € dom(o)
1%} otherwise
{neZle<n<c}

{n1+na | n1 € Efe1](c) Ang € Efe2](0)}
{n1 x ng | n1 € Efe1] (o) Ang € Eez] (o)}

{true | In; € Efe1](0). Ing € Efez](0). n1 <mna} U
{false | In; € Efe1](0). Ins € Efes](0). n1 > no}

AAA551 @ Korea University
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Expressions

Elnle) 2
Elal(c) 2

(1>

Eflco, er]](0)

Efe; + ex](0)

Ele; * ex](0) =

Efe; < e](0)

(1>

E[true](o)

lI>

Effalse](o)

AAA551 @ Korea University

’VNPLRG

|Ele] : 3 = P(V)|
{n}

{o(z)} if z € dom(o)
1%} otherwise
{neZle<n<c}

{n1+na | n1 € Efe1](c) Ang € Efe2](0)}
{n1 x ng | n1 € Efe1] (o) Ang € Eez] (o)}

{true | In; € Efe1](0). Ing € Efez](0). n1 <mna} U
{false | In; € Efe1](0). Ins € Efes](0). n1 > no}

{true}

{false}
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Statements ’NPLRG
S[s] € P(3) = P(3)]

S[skip](X) £ X
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Statements ’NPLRG
S[s] € P(3) = P(3)]

S[skip](X) £ X

Sz :=e](X) £ {o[x =] |0 € X AveE[e](o)}
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Statements ’NPLRG
S[s] € P(3) = P(3)]

S[skip](X) £ X
Sz :=e](X) £ {o[x =] |0 € X AveE[e](o)}
S[s1;s2] £ S[sa] o S[s1]
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Statements ’NPLRG
S[s] € P(3) = P(3)]

S[skip](X) £ X

>

Sz :=e](X) {olx—=v]|oceXAveE[e](o)}

1>

S[s1; 2] S[sa] o S[s1]

S[if e then s; else s3](X) = S[s1]({o € X | true € E[e](o)}) U
S[s2]({o € X | false € E[e](0)})
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Statements

’VNPLRG

S[s] € P(3) = P(3)]

S[skip](X) 2

>

Sz :=e](X)

1>

S[s1; 2]

S[if e then s; else so](X) =

[I>

S[while e do $]

where

(1>

F(g)(X)

X
{olx—=v]|oceXAveE[e](o)}
S[sz2] o S[s1]

S[s1]({o € X | true € Efe](o)}) U
S[s2]({o € X | false € E[e](0)})

Ifp(F)

9(S[s]({c € X | true € E[e](0)})) U

{o € X | false € E[¢](0)}
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Statements ’NPLRG
S[s] € P(3) = P(3)]

S[skip](X) £ X

(>

Sz :=e](X) {olx—=v]|oceXAveE[e](o)}

1>

S[s1; 2] S[sa] o S[s1]

S[if e then s; else s3](X) = S[s1]({o € X | true € E[e](o)}) U
S[s2]({o € X | false € E[e](0)})

[I>

S[while e do $] Ifp(F)

where

(1>

F(g)(X) 9(S[s]({o € X | true € Efe](0)})) U

{o € X | false € E[¢](0)}

We will talk about why the least fixed-point of F' exists in the next lecture
with the fixed-point theory.
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Next Lecture ’VNPLRG

® Fixed-Point Theory

Jihyeok Park
jihyeok _park@korea.ac.kr
https://plrg.korea.ac.kr
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