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Recall

e Denotational Semantics
e Simple Imperative Language — IMP
® Expressions
® Statements
Solving Recursive Equations
while Statement Revisited
Explicit Errors

® Non-Deterministic Imperative Language — NIMP

® Expressions
® Statements
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while Statement ’NPLRG

S[while e do s] = Ifp(F U F'(o
nez
where
o if Efe](o) = false

F(f)(0) =4 £(STsl(0)) if Elel(0) = true

undefined otherwise
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Partial Orders ’NPLRG

Definition (Partial Orders)

A partial order is a binary relation C on a set S that is:
o reflexive: Vx € S,z C =

¢ antisymmetric: Vz,y € S, (z CyAyLCz) = x =y
® transitive: Vz,y,2 € S,(c CyAyCz) = zC 2
We call the pair (S,C) a partially ordered set (or poset).

We use the notation z Cy 2 (z Cy Az £ 3).
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Partial Orders ’NPLRG

Definition (Partial Orders)

A partial order is a binary relation C on a set S that is:

o reflexive: Vx € S,z C =
¢ antisymmetric: Vz,y € S, (z CyAyLCz) = x =y
® transitive: Vz,y,2 € S,(c CyAyCz) = zC 2

We call the pair (S,C) a partially ordered set (or poset).

We use the notation z Cy 2 (z Cy Az £ 3).

(P(X), Q) is a poset for any set X.

¢ reflexive: VACZ, ACA
¢ antisymmetric: VA, BCZ,(ACBABCA) — A=B1B
e transitive: VA, B,C CZ,(ACBABCC) = ACC
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Partial Orders — Hasse Diagrams ’VPLRG

We often use Hasse diagrams to visually represent posets.

A poset (S, C) is defined as follows:

P A( L) Hasse diagram of (S,C):
e 5= {$0,$1,$2,$3,$4}
X
® [ is the smallest partial order !

on S such that:

X
xo L 2y 3

xo & 29
x1 C a3
ro a3

z1 x2

x3 E x4 20
By definition of reflexivity, z; C x; for all 0 < i < 4.
By definition of transitivity,
* 19 C 3 (. xo E oy C 3)

L (. x2 Cxg T ay)
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Total Orders ’NPLRG

Definition (Total Orders)

A total order is a partial order C on a set S such that:
® total: Vx,y € S, (z CyVyLC x)
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Total Orders ’NPLRG

Definition (Total Orders)

A total order is a partial order C on a set S such that:
® total: Vx,y € S, (z CyVyLC x)

(Z,<) is a total order.

reflexive: Vn € Z,n <n

antisymmetric: Vm,n € Z,(im <nAn<m) = m=n
transitive: Vm,n,p € Z,(m <nAn<p) = m<p
total: Ym,n € Z,(m <nvn <m)
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Total Orders ’NPLRG

Definition (Total Orders)

A total order is a partial order C on a set S such that:
® total: Vx,y € S, (z CyVyLC x)

(Z,<) is a total order.

reflexive: Vn € Z,n <n

antisymmetric: Vm,n € Z,(im <nAn<m) = m=n
transitive: Vm,n,p € Z,(m <nAn<p) = m<p
total: Vm,n € Z,(m <nvn <m)

(P(S),C) is a poset but not total.

e {x} and {y} are incomparable if x # y and z,y € S.
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Minimum and Maximum Elements ’MPLRG

Definition (Minimum and Maximum Elements)
Let (S,C) be a poset and z € S. Then, z is:
® the maximum element of S if Vy € S,y C x

® the minimum element of S ifVy € S,z C y
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Minimum and Maximum Elements ’MPLRG

Definition (Minimum and Maximum Elements)

Let (S,C) be a poset and z € S. Then, z is:
® the maximum element of S if Vy € S,y C x
® the minimum element of S ifVy € S,z C y

We often use the following notations:
e T (“top”) to denote the maximum element
e | (“bottom”) to denote the minimum element
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Minimum and Maximum Elements ’MPLRG

Definition (Minimum and Maximum Elements)

Let (S,C) be a poset and z € S. Then, z is:
® the maximum element of S if Vy € S,y C x
® the minimum element of S ifVy € S,z C y

We often use the following notations:
e T (“top”) to denote the maximum element
e | (“bottom”) to denote the minimum element

The following poset does not have the minimum or maximum element.

L2 x3

Al

o I
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Bounds ’VNPLRG

Definition (Bounds)
Let (S,C) be a poset and T'C S. Then, z € S is:
® an upper bound of T if:

VieT,tCx

® the least upper bound (lub or join) of T if:

VteT,tCaxAVyeS,(VteT,tCy) = 2Ly

Dually, we define lower bounds and greatest lower bounds (glb or meet).
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Bounds ’VNPLRG

Definition (Bounds)

Let (S,C) be a poset and T'C S. Then, z € S is:
® an upper bound of T if:

VieT,tCx
e the least upper bound (lub or join) of T if:

VteT,tCaxAVyeS,(VteT,tCy) = 2Ly

Dually, we define lower bounds and greatest lower bounds (glb or meet).

Not all subsets have lubs or glbs.

If T has the lub (or glb), it is unique and we denote it as | | T (or [ |T).
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Bounds ’VNPLRG

Definition (Bounds)

Let (S,C) be a poset and T'C S. Then, z € S is:
® an upper bound of T if:

VieT,tCx
e the least upper bound (lub or join) of T if:

VteT,tCaxAVyeS,(VteT,tCy) = 2Ly

Dually, we define lower bounds and greatest lower bounds (glb or meet).
Not all subsets have lubs or glbs.

If T has the lub (or glb), it is unique and we denote it as | | T (or [ |T).
We use the notations z LIy = | [{z,y} and z My = [{z,y}.
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Chains ’VNPLRG

Definition (Chains)

Let (S,C) be a poset. A subset C' C S is a chain if (C,C) is a total, i.e.,

Ve, ye C,(x CyVyLC x)
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Chains ’VNPLRG

Definition (Chains)

Let (S,C) be a poset. A subset C' C S is a chain if (C,C) is a total, i.e.,

Ve, ye C,(x CyVyLC x)

In the poset (P(N), C), the following subset C' C P(N) is an infinite chain:

C={ci|icN}whereVieN,¢; ={2|0<j<i}

{20,21722}i
{20721}!
{QO}i
\/

6]
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Complete Partial Orders 7NPLRG

Definition (Complete Partial Orders)

A complete partial order (CPO) is a poset (S, C) if every chain C' C S has
the lub | | C.
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Complete Partial Orders 7NPLRG

Definition (Complete Partial Orders)

A complete partial order (CPO) is a poset (S, C) if every chain C' C S has
the lub | | C.

Let (S,C) be a CPO. Then, S has the minimum element L.
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Complete Partial Orders 7NPLRG

Definition (Complete Partial Orders)

A complete partial order (CPO) is a poset (S, C) if every chain C' C S has
the lub | | C.

Let (S,C) be a CPO. Then, S has the minimum element L.

The empty set @ is a chain because it is vacuously total.

Since the lub of & is the minimum element L (i.e., | |@ = 1), S has the
minimum element L.
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Lattices ’VNPLRG

Definition (Lattices)

A lattice (S,C,LI,M) is a poset such that:

Ve,y € S,z Uy and x My exist in S

All finite subsets T' C S have lubs and glbs because we can compute them
by iteratively applying LI and M to the elements of T'.
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Lattices ’VNPLRG

Definition (Lattices)

A lattice (S,C,LI,M) is a poset such that:

Ve,y € S,z Uy and x My exist in S

All finite subsets T' C S have lubs and glbs because we can compute them
by iteratively applying LI and 1 to the elements of 7.

Definition (Complete Lattices)

A complete lattice (S,C, LI, M, T, L) is a poset such that:

VT C S,|_|T and |—|T exist in S

Every complete lattice:
® has the maximum T = | |S =[]|@ and minimum L =[]S5 =|]@.
® js lattice because every pair is a subset.
¢ is a CPO because every chain is a subset.
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Posets vs. CPOs and Posets vs. Lattices 7V PLRG

Not all posets are CPOs or lattices.

(N, <) is a poset where <5 is defined as follows:

Ve, yeN. 2<oy = (2<y)A(zr=y (mod?2))

but it is neither a CPO nor a lattice.
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Posets vs. CPOs and Posets vs. Lattices 7V PLRG

Not all posets are CPOs or lattices.

(N, <) is a poset where <5 is defined as follows:

Ve, yeN. 2<oy = (2<y)A(zr=y (mod?2))

but it is neither a CPO nor a lattice.

It is not a CPO:

e ¢ ={0,2,4,...} is a chain because it is a total order.
® ( does not have the lub in N.
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Posets vs. CPOs and Posets vs. Lattices 7V PLRG

Not all posets are CPOs or lattices.

(N, <) is a poset where <5 is defined as follows:

Ve, yeN. 2<oy = (2<y)A(zr=y (mod?2))

but it is neither a CPO nor a lattice.

It is not a CPO:
e ¢ ={0,2,4,...} is a chain because it is a total order.
e (' does not have the lub in N.
It is not a lattice:
® (0 and 1 do not have the lub in N.
® 0 and 1 do not have the glb in N.
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CPOs vs. Lattices ’NPLRG

Not all CPOs are lattices.

(X — Y, ) for partial functions from X to Y is a CPO where f C g if:

dom(f) C dom(g) A V€ dom(f), f(z) = g()

for all f,g € X =Y, but it is not a lattice.

The minimum element L is the empty function .
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CPOs vs. Lattices ’NPLRG

Not all CPOs are lattices.

(X — Y, ) for partial functions from X to Y is a CPO where f C g if:

dom(f) C dom(g) A V€ dom(f), f(z) = g()

for all f,g € X =Y, but it is not a lattice.

The minimum element L is the empty function .
It is a CPO because we can define lub of any chain C as follows:

(UC)(x):{f(x) if 3f € C. z € dom(f)

undefined otherwise
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CPOs vs. Lattices ’NPLRG

Not all CPOs are lattices.

(X — Y, ) for partial functions from X to Y is a CPO where f C g if:

dom(f) C dom(g) A V€ dom(f), f(z) = g()

for all f,g € X =Y, but it is not a lattice.

The minimum element L is the empty function .

It is a CPO because we can define lub of any chain C as follows:
f(zx) if 3f € C. z € dom(f)

o) @) = : .

undefined otherwise

It is not a lattice because f and g do not have lub in X — Y

f=A@y)} and g={(z,9)}
where x € X and y,y’ € Y such that y # v/.
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Lattices vs. CPOs

’VNPLRG
Not all lattices are CPOs.

(Z*,]) is a lattice where | is the divisibility relation defined as

YmneZt. m|n 2

FkeZ . n=m-k
but it is not a CPO.

The minimum element | is 1 because 1| n for all n € Z*.

AAA551 @ Korea University

Lecture 6 — Fixed-Point Theory

March 24, 2026



Lattices vs. CPOs

’VNPLRG
Not all lattices are CPOs.

(Z*,]) is a lattice where | is the divisibility relation defined as:

Vm,neZt. m|n & 3keZ .n=m-k

but it is not a CPO.

The minimum element | is 1 because 1 | n for all n € Z*

It is a lattice because we can define:

* mUn = Ilem(m,n) (least common multiple)

* mMn=ged(m,n) (greatest common divisor)
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Lattices vs. CPOs ’NPLRG

Not all lattices are CPOs.

(Z*,]) is a lattice where | is the divisibility relation defined as:

Vm,neZt. m|n & 3keZ .n=m-k

but it is not a CPO.

The minimum element | is 1 because 1| n for all n € Z*.

It is a lattice because we can define:
* mUn = Ilem(m,n) (least common multiple)
* mMn=ged(m,n) (greatest common divisor)
It is not a CPO because the following chain C does not have the lub in Z™:

C={2'|ieN}
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Summary ’VPLRG

The following Hasse diagram summarizes the implications between
different classes of posets:

Poset
(e.g. (N, <2))

CPO
(eg., (X =Y, 0))

Lattice
(eg. (Z7.])

Total Order
(eg., (Z,<))

Complete Lattice
(e.g., (P(N),9))

Complete Total Order
(e.g., (ZU{—o0,+x},<))
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2. Fixpoint Theory
Monotone and Continuous Functions
Fixpoints
Tarski's Fixpoint Theorem
Kleene's Fixpoint Theorem
while Statements in IMP
while Statements in NIMP

March 24, 2026

AAA551 @ Korea University Lecture 6 — Fixed-Point Theory



Monotone Functions ’VNPLRG

Definition (Monotone Functions)
Let (S,C) be a poset. A function f : S — S is monotone if:

Ve,ye S,z Cy = f(z) C f(y)

x f(z)
In I
y——f)

March 24, 2026
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Monotone Functions ’VNPLRG

Definition (Monotone Functions)
Let (S,C) be a poset. A function f : S — S is monotone if:

Ve,ye S,z Cy = f(z) C f(y)
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Continuous Functions ’VNPLRG

Definition (Continuous Functions)

Let (S,C) be a poset. A function f:.S — S is (Scott) continuous if:

YC C S. C'is a non-empty chain — f(|_| C) = |_|f(C)

c = LI(C)

! jf
£(C) L) = fUC)
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Continuous Functions ’VNPLRG

Definition (Continuous Functions)

Let (S,C) be a poset. A function f: .S — S is (Scott) continuous if:

YC C S. C'is a non-empty chain — f(|_| C) = |_|f(C)

Previously defined monotone functions on (P(N), C) are also continuous,
but the following function is not continuous:

@ if Ais finite
A) =
f(4) {A otherwise
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Monotone vs. Continuous Functions ’MPLRG

Function composition preserves monotonicity and continuity:

f and g are monotone = f o g is monotone

Vf,g:S — 8. {

f and g are continuous = f o g is continuous

Forallz,ye S, 2Cy — g(x) Cgly) = [fl9(x)) E f9(y)).
Similarly, for all non-empty chains C C S,

(Foa)L|C) = fla(| ]O)) = £( ]9(C) =] | f9(C) =] |(f o 9)(C)
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Monotone vs. Continuous Functions ’MPLRG

Function composition preserves monotonicity and continuity:

f and g are monotone = f o g is monotone

Vf,g:S — 8. {

f and g are continuous = f o g is continuous

Forallz,ye S, 2Cy — g(x) Cgly) = [fl9(x)) E f9(y)).
Similarly, for all non-empty chains C C S,

(Foa)L|C) = fla(| ]O)) = £( ]9(C) =] | f9(C) =] |(f o 9)(C)

Every continuous function f : S — S on a poset (S,C) is monotone.

Every pair z,y € S such that  C y forms a chain {z,y}.

Thus, f(z) E (f(z)U f(y) =L f{z,9}) = f(L=z,v}) = fw).
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Monotone vs. Continuous Functions ’MPLRG

In a monotone function f : S — S on a poset (S,C), if all chains are
finite, then it is also continuous.

Let C =c¢cyC ¢ C...LE ¢, be anon-empty finite chain in S.
Then, f(co) C f(c1) ... C f(cn) because f is monotone.

Thus, f(LIC) = f(ca) = U f(O).
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Monotone vs. Continuous Functions ’MPLRG

In a monotone function f : S — S on a poset (S,C), if all chains are
finite, then it is also continuous.

Let C =c¢cyC ¢ C...LE ¢, be anon-empty finite chain in S.
Then, f(co) C f(c1) ... C f(cn) because f is monotone.

Thus, f(LIC) = f(ca) = U f(O).

-1 0 1

NI/

finite height
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Monotone vs. Continuous Functions ’MPLRG

In a monotone function f : S — S on a poset (S,C), if all chains are
finite, then it is also continuous.

Let C =c¢cyC ¢ C...LE ¢, be anon-empty finite chain in S.
Then, f(co) C f(c1) ... C f(cn) because f is monotone.

Thus, f(LIC) = f(ca) = U f(O).

(3,3)
\
(2,2) (2,3
\ \
- =10 1 -- (1,1)  (1,2) (1,3)
\ \ \
\\ // (0,00 _(0,1) (0,2) (0,3) _---
finite height infinite height but all chains are finite
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Fixpoints VPLRG

Definition (Fixpoints)

Let (S,C) be a poset and f : S — S be a function. Then,
® a fixpoint of f is an element = € S such that f(z) =«
® a pre-fixpoint of f is an element x € S such that f(z) C =
® a post-fixpoint of f is an element x € S such that z C f(x)

® the least fixpoint of f is the minimum among fixpoints

® the greatest fixpoint of f is the maximum among fixpoints

We use the notations Ifp(f) and gfp(f) to denote the least and greatest
fixpoints of f, respectively, if they exist.

We use the notation fix(f) to denote the set of all fixpoints of f:

fix(f) ={z € 5| f(x) = x}
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Tarski's Fixpoint Theorem 7VPLRG

Theorem (Tarski's Fixpoint Theorem)

Let (S,C) be a complete lattice and f : S — S be a monotone function.
Then, the following hold:

o Ifp(f) =[xz €S| f(x) C x} is the least fixpoint of f

o ofp(f) =|{z €S|z C f(x)} is the greatest fixpoint of f
e fix(f) is a complete lattice
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Tarski's Fixpoint Theorem 7VPLRG

Theorem (Tarski's Fixpoint Theorem)

Let (S,C) be a complete lattice and f : S — S be a monotone function.
Then, the following hold:

o Ifp(f) =[xz € S| f(x) C z} is the least fixpoint of f
° gfp(f) =l{x € S|« C f(x)} is the greatest fixpoint of f
e fix(f) is a complete lattice

However, it has two limitations:

® |t is not constructive. It does not provide how to compute the least
or greatest fixpoint.

® \We cannot apply it to posets that are not complete lattices.
For example, (X — Y,C) is a CPO but not a complete lattice.
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Kleene's Fixpoint Theorem 7VPLRG

Theorem (Kleene's Fixpoint Theorem)
Let (S,C) bea CPO and f : S — S be a continuous function. Then,

Itp(f) = || f*(L)

neN
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Kleene's Fixpoint Theorem 7VPLRG

Theorem (Kleene's Fixpoint Theorem)
Let (S,C) bea CPO and f : S — S be a continuous function. Then,

Itp(f) = || f*(L)

neN

® | |,en fM(L) exists in S.

Since f is continuous, it is monotone.

Thus, {f"(L) | n € N} is a chain because:
LCf(L) = fIHEFWL = FALEFWL = ...

Since (S,C) is a CPO, | |,en f™(L) exists in S.
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Kleene's Fixpoint Theorem 7VPLRG
® | |,en fM(L) is a fixpoint.
fUnen f*"(L)) = Unen fF(f"(L)) (.- f is continuous)

I_lneN fn+1<_]_) ( fn+1 — f o fn)
= L Ullenf"H (L) (.- L is the minimum)

= I—lnEN fn(J—)
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Kleene's Fixpoint Theorem 7VPLRG
® | |,en fM(L) is a fixpoint.
fUnen fM(L) = Unen f(f"(L)) (.- f is continuous)
Uner f*(L) (ot =fof")
= L Ullenf"H (L) (.- L is the minimum)
= Len /(L)

® |,en f7(L) is the least fixpoint.

Let x € S be a fixpoint of f. Then, L C x because L is the minimum.
Thus, f(L) C f(x) = = because f is monotone.
By induction on n, we can show that f™(L) C z for all n € N.

Thus, x is an upper bound of {f™(L) | n € N}, and hence
Unen f"(L) E .
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while Statements in IMP ’VNPLRG

S[while e do s] = lfp(F U F'(o
neN
where
o if Efe](o) = false

F(1)(0) = { F(Ss1(@) if Blel(0) = true
undefined otherwise
The poset (X — X,C) is a CPO. We need to show that
F: (X —3%)— (X — %) is continuous to apply Kleene's fixpoint theorem.

Since function composition preserves continuity, it suffices to show that
the following functions are continuous:

® Ele] : ¥ —=Vand S[s] : X —~ %
o if —e(o)

® MfXo.< f(s(o)) ife(o) forsomee:¥ —=Vands:¥ =%
undefined otherwise
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while Statements in NIMP ’VNPLRG

S[while e do s] = lfp(F U F'(o
neN

where

F(g)(X) = g(S[s]({o € X | true € Efe](0)})) U
{0 € X | false € E[e](0)}

To apply Kleene's fixpoint theorem, we need to show that (¥ — P(X), <€)
isaCPO and F: (X — P(X)) — (X — P(X)) is continuous.

Similar to IMP, it suffices to show that the following functions are
continuous:

® Ele] : ¥ —P(V) and S[s] : ¥ = P(X)
® MAX.f(s({o € X |true € e(0)})) U{o € X | false € e(0)}
for somee: X — P(V) and s : ¥ — P(X)
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Next Lecture

® Trace Semantics
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