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Recall ’VNPLRG

® Partial Orders and Lattices
® Partial Orders
Complete Partial Orders (CPOs)
Lattices
Posets vs. CPOs vs. Lattices

e Fixpoint Theory

Monotone and Continuous Functions
Fixpoints

Tarski's Fixpoint Theorem

Kleene's Fixpoint Theorem

while Statements in IMP

while Statements in NIMP
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From Small-Step Semantics to Trace Semantics  AVPLRG

The small-step operational semantics describes how a program evolves one
step at a time — but it only exposes a single execution path, not the
full space of possible behaviors.

o) —> 01 —> 09—+ —>0p

Trace semantics lifts this to a set of all possible execution traces,
sequences of states a program may pass through.

Why do we need this?
® Reason about all possible runs, not just one.
¢ Foundation for safety and liveness properties.
® Bridge toward abstract interpretation and program analysis.

Key concept: We model program execution as a transition system and
define trace semantics over it.
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1. Trace Semantics
Transition Systems
Traces
Finite Trace Semantics
Infinite Trace Semantics
Compositionality

2. Example

Non-Deterministic Imperative Language — NIMP
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Transition Systems ’VPLRG

Definition (Transition System)

A transition system is a tuple 7 = (S, —) where:
® S is a set of states
e C S x S is a transition relation

Note that states might be infinite.

A transition system is deterministic if a state has at most one successor:
Voo, 01,09 €S. (09 — 01 Aoy — 02) = 01 = 09

It is often non-deterministic, allowing multiple possible next states:

dog, 01,09 € S. (0’0 — 01 N\ og —)O’Q)/\O'l # 09
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Initial, Final, and Blocking States ’MPLRG

We often define transition systems with explicit initial and final states:

T = (S¢_>aSI7S]:)

e S; C S is the set of initial states representing program entry points

® Sy C S is the set of final states representing normal termination

We call a state o a blocking state if it has no successors:
/ /
#o'eS. o0

All final states are blocking, but not all blocking states are final (e.g.,
runtime errors).
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Traces 7VNPLRG

Definition (Traces)

For a given transition system 7 = (S, —),
e 7= (0g,01,...,0,) is a finite trace
® 7= (09,01,...) is an infinite trace

We write:

e S* for the set of all finite traces
e S¥ for the set of all infinite traces

e S =S*USY for the set of finite and infinite traces
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Operators on Traces ’NPLRG

Definition (Concatenation of Traces)

The concatenation of traces is defined as follows:

(00,...,00) - {(oh,...,00) = (00,...,00,0h,...,00)
(00, .. 00) - (ah, 00, ...y = (00,...,00,00,0%,...)
(00,01,...) -7 £ (0g,01,...)

The length of a trace 7 is defined as follows:

€] 20
o0, om)l £ nt1
|<Uo,0’1,...>| = W

where € is the empty trace and w represents an infinite length.
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Operators on Traces ’NPLRG

Definition (Prefix Order on Traces)

The prefix order on traces is defined as follows:

(00y..y0n) 2(00,y...,00) <= n<mAVYi<n.o;,=o,

(00,01,...) X (04,01,-..) — Vi>0.0,=0]

(00y...,0n) 3 {(0},01,...) <= n<mAVi<n.o;=o0]
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Finite Trace Semantics ’VNPLRG

Definition (Finite Trace Semantics)

The finite trace semantics of a transition system 7 = (S, —) is the set
of all finite traces:

[[7_]]* = {(0’(),...,0'n> e S* ’VZ <n.o; _>0'i+1}

T = (abedh {(@b), (ba), (b,0), (d,)}) € i

The finite trace semantics of 7 is:

[T ={
€, <C>7
(a,b,...,a,b), (b,a,...,b,a),
(a,b,...,a,b,a), (b,a,...,b,a,b),
(a,b,...,a,b,a,c), (ba,...,ba,b,c),
(d) (d, )

}
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Finite Trace Semantics ’VNPLRG
In 7T =(S,—,Sz,SF), a trace 7 = (0¢,...,0p) € [T]* is:
® a initial trace if it starts from an initial state:
00 € St
¢ a final trace if it ends in a final state:
on € Sr
® a blocking trace if it ends in a blocking state:
vi'eS* . 17 = =17

® 3 maximal trace if it is both initial and final
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Finite Trace Semantics ’VNPLRG

Let's redefine the finite trace semantics using Kleene's fixpoint theorem:

Let T = {e} U{(0) | o € S} and F be the function:

F.: PS*) — P(S)
X — ZU{(00,...,0n,0") | (00,...,0n) € X Nop, = 0’}

Then, the least fixpoint of Fy is the finite trace semantics of T :

[T = lip(F: U F(

neE”L

e (P(S*),C) is a complete partial order (CPO).

We already learned that the powerset poset is a CPO in the previous
lecture.
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Finite Trace Semantics ’VNPLRG
e F, is a continuous function on (P(S*), C).

Let X be any non-empty subset of P(S*). Then:

Fi(Uxex X)

=ZU{{(o0,...,0n,0") | (00,...,00) € Uxcx X Non — 0’}
=ZU{{o0,...,0n,0") | IX € X. (00,...,00) € X Noyy = 0}
=ZU Uxex{{00,...,0n,0") | (00,...,0n) € X Noyy = 0'})
=Uxexr ZU{(00,...,0n,0") | (00,...,0n) € X Aoy = 0'})
:UXeXF*(X)

It means that this is true for any non-empty chain X, so Fj is
continuous.

e By Kleene's fixpoint theorem, the least fixpoint of I, exists:

Ifp(F.) = | Fl'(
nez
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Finite Trace Semantics ’VNPLRG
e [T]* is equal to Ifp(F).
We will prove it by induction on n:
Vk < n. {(og,...,0k) € F}' (&) < (00,...,0%) € [T]*
® Base case: n = 0. Trivially true since:
FY(2)=@
® Base case: n = 1. Trivially true since:

F.(2) =T ={e}U{(o) |0 €S}

® |nductive case: n > 0.

(00,...,0,0") € FI'(2)

<~ (00,...,0%) € FJ (D) No, — 0’

<~ (00,...,0k) E[T]* Ao =o' (by LH.)
<~ (00,...,0k,0) €[T]*
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Finite Trace Semantics

For example, consider the transition system:

’VNPLRG

a b c d
T = ({a,b,¢,d}, {(a,b), (b, a), (b,c), (d,c)}) O*’“—'
Then, the iteration of F, on & is:
FY (@) = o
Fl(@) = {e{a),(b),(c), (d)}
Ff(@) = Fj(@) U {{a,b), (b,a), (b,c),{d,c)}
F}(@) = FX(@)U{(a,b,a),{a,b,c),(ba,b)}
FX@) = F3@)u{{a,b,a,b), (b a,b,a),(ba,b,c)}
FE(Q) = Ff(@) U {<a7 b’ a? b7 a>7 <a7 b? a’? b? C>7 <b7 a’ b? a’? b>}
The traces of [T]* of length n appear in FJ'(9).
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Infinite Trace Semantics ’VNPLRG

Is it possible to represent non terminating behaviors using finite trace
semantics?

No. For example, consider the transition system:

T=(abed) {(@b). (.0, (o), (@) r et

Then, the infinite trace semantics of 7 exists:
(a,b,a,b,a,b,...) €S

However, it cannot be represented in the finite trace semantics of 7 since
it is not a finite trace.

Let's define the infinite trace semantics of 7.
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Infinite Trace Semantics ’VNPLRG

Definition (Infinite Trace Semantics)

The infinite trace semantics of a transition system 7 = (S, —) is the set
of all infinite traces:

[[7—]]w = {(O’(),O‘l, .. > e s | Vi > 0.0, — Ui+1}

The finite and infinite trace semantics of 7 is:
[T1* =171 w [T]*
For example, the infinite trace semantics of the following system T is:
a b c d
T = ({a,b,c,d}, {(a,b), (b,a), (b,c), (d,c)}) O""—'

[71° =A
(a,b,a,b,a,b,...),
(b,a,b,a,b,a,...)
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Infinite Trace Semantics ’VNPLRG

Similar to [T]*, we can also define [T]“ using Kleene's fixpoint theorem.

Let T = {{(o) | 0 € S} and F,, be the function:

F,: PS¥) — P(S¥)
X —  {(¢/,00,01,...) | {(00,01,...) € X No' = 0¢}

Then, the greatest fixpoint of F,, is the infinite trace semantics of T :

[T] = efp(F,) = () Fi(S¥)

neEL

We need to use dual version with N-continuous functions and gfp.
® (P(S¥),C) is a complete partial order (CPO).

We already learned that the powerset poset is a CPO in the previous
lecture.
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Infinite Trace Semantics ’VNPLRG
® F,, is a N-continuous function on (P(S¥), C).

Let X' be any subset of P(S¥). Then:

Fw(mXeXX)

{(o',00,01,...) | (00,01,...) € Nxex X No' = 00}

= {{o’,00,01,...) | VX € X. (00,01,...) € X No' — 0¢}
= Nxex{(d’,00,01,...) | (00,01,...) € X Ao’ — 00}
:mXeXFoJ(X)

It means that this is true for any non-universe chain X, so F,, is
M-continuous.

e By dual version of Kleene's fixpoint theorem, the greatest fixpoint
of I, exists:

gfp(F, ﬂ E5(S¥)
neZ
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Infinite Trace Semantics MPLRG
e [T]“ is equal to gfp(F,).
We will prove it by induction on n:
(00, On,y...) € FI(SY) <= (00,...,0n,...) €[T]*
® Base case: n = 0. Trivially true since:
Fo(s¥) =sv

® |nductive case: n > 0.

—

0'0,0'1,...,0’7“...> S F:}—i—l(gw)

<~ <O'1,...,0'n,...> EFLL(SW)/\O'Q—)O'l

— <O'1,...,O'n,...>€[[T]]w/\O'Q—)O'l (by |H)
—

<O—030—17'-'70n""> € [I']'Ilw
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Infinite Trace Semantics ’VPLRG
For example, consider the transition system:
T= ({a> b, c, d}’ {(aa b)> (bv LL), (ba C): (d7 C)}) O*’“—'

Then, the iteration of F, on S¥ is

) = 5

Fl(S¥) = {a,b)-S (b ay-SYU(b,c)-SYU(d,c) -S¥
F2(s¥) = (a,b, > <a b,c)-S*U(b,a,b) S¥

F3(8*) = (a, b a,by - S* U (b,a,b,a) S U (b,a,b,c)-S¥
Fis¥) = (a b,a,b,a)-SYU(a,b,a,b,c)-S*U(b,a,b,a,b) S

At each iteration n, F}(S¥) contains all infinite traces satisfying the
transition relation for the first n steps (09 — 01 — -+ — Op—1 — 0p).
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Compositionality 7NPLRG

The trace semantics is global in the sense that it describes the behavior of
the entire system.

However, we often want to reason about the behavior of individual
components and how they compose together.

Compositionality is the principle that the semantics of a composite
system can be derived from the semantics of its components.

Definition (Compositionality)

A semantics [-] is compositional if is can be defined as a function of the
semantics of its components:

Vi =Clmy,..., 7). [7] = Fo([ml], - - -, [7a])

where 71, ..., T, are the components of 7.
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Contents ’VNPLRG

2. Example
Non-Deterministic Imperative Language — NIMP
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Non-Deterministic Imperative Language — NIMP  /)PLRG

Let's define the trace semantics of NIMP.

Expressions e :=n|[co,c1] |z |e+e|e*e|e<e]true|false
Statements s = [ :skip [

|(:x:=el

| [:s;0:s(

| £ :if e then {/: s} else {[:s} [
| £ :while edo {/:s} [
Values v = n|true | false
where n € Z, co € ZU{—o0}, c1 € ZU{+o0}, and z € X.
We use labels to simplify the states in the transition system.

We will define two forms of semantics for NIMP:

Ble]: 2= PW)|  [(£,m) = ([,m)]

where a state (/,m) € S consists of a label / and a memory m : X — V.,
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Non-Deterministic Imperative Language — NIMP  /)PLRG

We defined the semantics of expressions Ee] in the previous lecture.

Let's define the small-step operational semantics of statements as a
transition relation — on states (£, m):

® [:skip [’
({,m) — (';m)
e [:x:=el
(L,m) — ([',m[x — v]) if v e Efe](m)
® [:51 ;[ 59 ("

The transition relations are defined in the statements s; and ss.
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Non-Deterministic Imperative Language — NIMP  /)PLRG
® [:if e then {f : 51} else {h:s2} [’

({,m) — (h,m) if true € Ee](m)
({[,m) — (h,m) if false € E[e](m)

® [:while edo {f :s} [’

({,m) — (h,m) if true € Efe](m)
({;m) — ([',m) if false € E[e](m)

We can define transition system 7 = (S, —) for NIMP using the above
small-step evaluation steps as the transition relation.

Then, we can define the denotational semantics of NIMP as

[NIMP] = [T]* = [T]" W [T]*
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Non-Deterministic Imperative Language — NIMP  /)PLRG

We can directly define the finite trace semantics of NIMP in a
compositional way without defining the small-step evaluation steps —.

[s1 582]" = [s1]* U [s2]* U ([s1]* pa [s2]*)

[if e then s; else so]* 2 ({{[,m) | true € Efe](m)} < [s1]*) U
({(f,m) | false € E[e](m)} v [s2]*)

[while e do s]* 2 1Ifp(F)
where
F(X) 2 ({{f,;m) | true € Efe](m)} = X) U
({(f,m) | false € E[e](m)})
(o,...,0Ya(d',....0") & (o,...,0,...,0")
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Next Lecture

® Trace Properties
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