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1. The following sentences explain basic concepts of programming languages. Fill in the blanks
with the following terms (2 points per blank):

ad-hoc continuation intersection recursive subtype
algebraic dynamic let sound type inference
complete first-class parametric static union
e A type system is said to be if it guarantees that a well-typed program

will never cause a type error at run-time.

e The algorithm automatically infers the types of expressions in a program

without explicit type annotations.

e In a type system, polymorphism helps to use a single entity to represent different types. For example,

polymorphism allows a value of a subtype to be used in place of a

value of a supertype. On the other hand, polymorphism introduces

type parameters that can be instantiated with given type arguments.

o A(n) is a representation of the remaining computation to be performed

after a given computation and used to represent control flows, such as exceptions, generators, and
coroutines.

2. |15 points | Consider a language KFAE defined with the following syntax and small-step operational semantics.
It supports first-class functions and first-class continuations.

Expressions Eseu=nle+elexe|x]|lr.e|ele)]|veccu; e
Values Vowvu=n|{zeo)| (k] s)

Continuations K> ku=0|(cke) k| (+) k| (X)) k]| (Q) K
Environments o e Xy

Value Stacks S>> su:=BR|v:s

((0Fmn)=klls) K

((0Fer+e)nm]ls) (0 er) (ot eg) (+) k] s)
(+) =k || naing s) K
((ckFe *e2) k|| s) (ocker)(okeg) = (Xx)k]ls)
(X)) k|| ngngs)
((ckFx):k]| s)

((cF Az.e) k|| s)
((0Feifez)) k|| 5) (0 e1) (o e2) (@) k] s)
((Q) s k|| va:: (Axee,0) it s) (

(@) ik || vy (K] &) i s)
((

N A A e

obveccx;e)kl|ls)
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The desugaring function D[—] is defined as follows, and recursive cases are omitted.

Dlval & = es; o] = (AeDfea])(Dles])

a) |10 points | Consider the following KFAE expression.

{vecex; 2(x(3)) } +5

What is the evaluation result of the given expression?

The following reduction steps show the evaluation process of the given expression. Complete the
remaining reduction steps by filling out the following boxes until the final evaluation result.

( (@ { vee x; 2(x(3)) } +5) =
— (O Fveex; 2(x(3))) (T ED) = (4) =
— (00 2(x(3))) = (B F5) = (+) =
— ((o0F2) (o0 Fx(3)) = (@) : (@ F5) =2 (+) =

O (| m
O (| m
O (| m

)
)
)
O ffm)

where oy =

(b) Write the evaluation result of the following KFAE expression:

val f = { vec x; x };

val g = {
vee y;

val z = f(y) * 3;

val x = z * 11; Result:

y(x*2) +
%
g(Ax.x)(5) * 7
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3. Assume that we revised one of typing rules in TFAE from the left to the right:

I'eq:num ' e : num ' eq : num

I'keg + ey :num I'Fe + ey :num

Is the revised type system still type sound? If it is, explain why. If not, give a TFAE expression as a
counterexample that passes the type-checking process but causes a run-time type error.

4. Fill in the blanks in the type derivation (proof tree) according to the typing rules of TRFAE.

@ I def f(x:bool):num = if(x) 42 else f(x); £(1<2) *x5:

You can use I'g = [f : bool — num| and I'y = T'y[x : bool] in the type derivation.
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5. |10 pF)ints Write.down the eyaluation results and types of the following ATFAE expressions according to
the given semantics and typing rules of the language.

¢ You should write evaluation results of expressions even if they are not well-typed.
o If the evaluation results in a run-time error, write error.

o If the evaluation result is a function value, write closure.

o If the given expression is not well-typed, write no type.

e You can get a score only if both evaluation results and types are correct.

Result:
s
Type:
enum A {
case B(num);
case C(num — num);
b
B(5) match {
case C(f) => f;
case B(n) => A(x:num).{ x +n };
}
Result:
8
Type:
enum X { case X(num); };
def f(x:X):num = x match {
case X(n) => n;
case X(m) =>m + 1;
};
£(X(3))
Result:
©
Type:

enum Color { case Orange(num); };
enum Fruit { case Orange(num); };
def f(color : Color) : num = color match { case Orange(y) =>y * 2; };

f(Orange(7))
Result:
@
Type:

val x = {
enum A { case B(num); };
val £ = A(a:A).{
amatch { case B(n) => n; }

} £(B(2))

e’num A { case B(num — num); };

B(A(m: num).{ m * 3 }) match {
case B(f) => £(5) + x;

}
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6. STFAE supports subtype polymorphism with the subtype relation (<:) between types.

(a) Fill in the blanks with <:, :>, or X according to the subtyping rules of STFAE. Note that
X means that they do not have a subtype relation. (1 point per blank)

{a:num, b:num } {a:num} num — num T — num

{a:T, b:num} {b:num, a:num} num — (num — num) L =(T—=T)

{a:T, b:num} { a:nunm} (L—>T)—> 1L (num — num) — num
{a:(oum—T) »>num } - {c: T} {a: (T —-num) > T } - {Db:num c:num}

(b) Using the subtype relation (<:) in STFAE, we can define a join (V) operation between two
types satisfying the following properties for any types 7 and 7':
e T<:(TVT)
o 7' (TVT)
e V" eT. (r<:)N(T' <:7")= (rVvT) < 7"
In other words, 7V 7’ is the least upper bound of 7 and 7/ in the subtype relation. Fill in the blanks

with the result of the join operation satisfying the above properties. If there is no possible result, write
X to indicate that the join operation is undefined. (1 point per blank)

num V bool -
({ a: num, b:num }) V ({ a:bool }) -
(num — num) V (bool — bool) -
((num — T) — bool) V ((L = bool) — num) =
({a:T, b:bool }) — num) V (({ 2 :num }) — bool) =

(c) The following subsumption rule in STFAE is a key typing rule for supporting subtype
polymorphism. It allows a value of a subtype to be used in place of a value of a supertype.

I'te:r <7
Tke: 7

However, it makes type system non-algorithmic because it does not syntax-directed. In this question,
you need to revise the typing rule of conditional expressions (if-else) to make the following
expression well-typed without the subsumption rule. (Hint: You can use the join (V) operation.)

val f = \(x: bool). {
if(x) {a=1, b= true }
else{a=2; }

b

f(true).a *x f(false).a
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7. 10.points ATFAE supports algel?raic data types, recursive sum types of product types. The following
typing rule defines the type-checking of algebraic data types:

I"=T[t= (711 Timy) F oo (Tt - s Tmn )] t ¢ Domain(I") I R I Tr,mn
Uzy : (Tias s Timy) = byee s Tn t (Tnds oo o s Timy) =t F e T 'k~
I'-enum ¢ { case z1(T1,1,...,Ti,m1); ---; case Tp(Tn i, -, Tnmn,) 15 €57

(a) |4 points| Revise the above typing rule to forbid recursive data type definitions, and explain why
the revised rule can prevent recursive data type definitions.

For example, the following expression should be ill-typed with the revised rule:

enum List { case Nil(); case Cons(num,List); }; 42

(b) FAE is an untyped version of TFAE without type annotations. The following untyped
FAE expression defines the mkRec function, which constructs a recursive function using a fixed point
combinator.

val mkRec = Af.{
val g = Ax.{
val h = Av.x(x)(v); £(h)
}; gle)
};

val sum = mkRec(Asum.A\n.{ if(n < 1) 0 else n + sum(n + -1) }); sum(10)

Using recursive data types, you can define its typed version. Fill in the blanks in the following ATFAE
expression to make it well-typed and produce the same result as the above FAE expression:

enum T { b

val mkRec = A(f : )q

val g = A(x: )4

val h = \(v: ). ;

£(h)
i
g( )

%

val sum = mkRec(\(sum : num — num).A(n : num).{ if(n < 1) 0 else n + sum(n + -1) }); sum(10)
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8. |10 points | The following language is a typed language defined with lists (i.e., nil and ::) and list
operations (i.e., head and tail) and supports type inference without type annotations. Note that the

notation (7)) represents the type of lists with elements of type .

Expressions E> ex=nle+te|lexe|valxz=¢; e| x| Av.e]e(e)
| nil | e:: e | e.head | e.tail

Types Ts>7u=num|7—=7|al ()

Type Environments I exr

Solutions v e =X, fin, (Tw{e})

The following is an excerpt of the Scala implementation of the type checker for the above language.

enum Expr:

case App(fexpr: Expr, aexpr: Expr)
case Nil
case Cons(head: Expr, tail: Expr)
case Head(list: Expr)
case Tail(list: Expr)
enum Type:
case NumT
case ArrowT(pty: Type, rty: Type)
case VarT(k: Int)
case ListT(elem: Type)
type TypeEnv = Map[String, Typel
type Solution = Map[Int, Option[Typel]
// Unification algorithm
def unify(lty: Type, rty: Type, sol: Solution): Solution = ...
// Generate a new type variable
def newTypeVar(sol: Solution): (Type, Solution) = ...
// Type-checking procedure
def typeCheck(
expr: Expr,
tenv: TypeEnv,
sol: Solution,
): (Type, Solution) = expr match

case App(f, a) =>
val (fty, soll)

typeCheck(f, tenv, sol)
val (aty, sol2) = typeCheck(a, tenv, soll)
val (rty, sol3) = newTypeVar(sol2)
val sol4 = unify(ArrowT(aty, rty), fty, sol3)
(rty, sol4d)

case Nil =>

val (ety, soll) = newTypeVar(sol)
(ListT(ety), soll)

case Cons(h, t) =>
val (hty, soll) = typeCheck(h, tenv, sol)
val (tty, sol2) = typeCheck(t, tenv, soll)
val sol3 = unify(ListT(hty), tty, sol2)
(tty, sol3)

case Head(1l) => ...

case Tail(l) => ...
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The typing rules of this language are defined in the following way. For example, the typing rule for function
applications e(e) (i.e., App) is defined as follows:

Cyke:r,¢

Fawl_ef :vawf Fv"/}fl_ea CTasYa Qe Q:L'l/}a unifY(Ta_)arvTﬁwa[arH.]) :wl
I ef(eq) : o, Y

where unify : (T x T x U) — ¥ is a function that unifies two types and updates a given solution, and it
corresponds to the unify function in the Scala implementation.

(a) Define the typing rules for the list expressions nil (i.e., Nil) and e :: e (i.e., Cons) according
to the given Scala implementation. (2 points per rule)

(b) Define the typing rules for the list operations e.head (i.e., Head) and e.tail (i.e., Tail).
Note that there is no given Scala implementation for these operations. (2 points per rule)

You need to define the typing rules to support the type inference of these operations to make the
following expression well-typed.
val f = Ax. {
val y = x.head(42);
val z = x.tail;
z.head(y)
1

f

(c) Write the type of the following well-typed expression according to the typing rules you
defined. (Note that you need to replace all type variables with their solutions in the final type.)

Type:
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9. |10 points | This question extends STFAE into BP-STFAE to support not only subtype polymorphism but
also bounded parametric polymorphism, which is a variant of parametric polymorphism with bounded
quantification based on the subtype relation.

Expressions E> eun=...|V[a<:7].e|e[T]
Types Ts7u=...la|Va<:7.T
Type Variables a € X,

Syntax is extended with the bounded type abstraction (V[a <:7].e) and type application (e[7])
expressions. Types are extended with type variables « and bounded polymorphic types (V[a <: 7].7).

Type Environments I' € (X fin, T) x (Xo fin, T)

The type environment ' is extended with another mapping X, BT from type variables to types to
store the upper bounds of introduced type variables. You can use I'[a <: 7] to update the upper bound of
a type variable, € Domain(I") to check if a type variable exists, and I'(a) or a <: 7 € T" to look up the
upper bound of a type variable in the type environment.

Values and operational semantic rules are extended as follows.

Values V3o u=...| (V[ <: 7].e,0)

ote= (V[ja<:7].e,0) ke =
oFVa <:1l.e = (Vo <:7].e,0) okelr]=wv
The goal of this question is to complete the type system of BP-STFAE. You need to fill in the blanks to
make the following BP-STFAE expression well-typed:
valf=Vja<:{a:T }|]Ax:a){xal;
val x = f[{ a:num — num, b:bool }[({ a=A(z:num).{ z+ 1}, b =true });

valy=f[{ a:nun }|({a=2});
val g = A(z : V[o <: num|.ac — num).z[num
gVa<:Tl{ Az:a)z})

but the following expressions should be ill-typed in the completed type system of BP-STFAE:

o \x:V[a<:pfla)x o Va<:pj]42
e \(x:V[a <:num].a).x[f] e V[ <:num].V[a <:num|.42
e \Nx:{a:a})x o val f = \(x:V[a <: T|l.num).x; £(V[e <: num|.42)

(a) Complete the well-formedness rules of types for record types.

'kT7 r+7 a<:Tel
I'F num I' - bool T'Fr—>71 '«

CHA{xy:7,...,2y: Tn} I'Va<:7]7

(b) Complete the subtype relation for type variables and bounded polymorphic types.
(Note that it is defined with a type environment I'.)

FFa<:r ' (Vo <)) < (Vo <:71].75)
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(c) Complete the typing rules for type abstraction and type application.

F'FVYa<:T]e:

I'te[r]:

10. Church encoding is a way to represent data structures and operations in the A-calculus. For

example, we can represent a pair data structure with two values and first/second operations to extract
each value in the untyped language FAE:

val pair = Ax.A\y.{ Mf{ £(x)(y) } };
val fst = A\p.p(Ax.\y.x);

val snd = Ap.p(Ax.\y.y);

val p = pair(1)(Ax.{ x <2 });

val a = fst(p);

val b = snd(p);

b(a)

In this question, you need to define the above Church encoding in the typed language PTFAE using the
parametric polymorphism feature. Fill in the blanks to make the following PTFAE expression well-typed
according to the typing rules of PTFAE.

val pair = Va.VB.A(x:a) A(y:8).{| @ IS

val fst =Va.ViAp:| ® )| © |(Ax:a).\(y:8).x);
val snd = Va.VB8Ap:| ® || O |(Ax:a)Ay:0).y);
val p = pair[num|[num — bool](1)(A(x:num).{ x < 2 });

val a = fst[num|[num — bool](p);
val b = snd[num|[num — bool](p);
b(a)

() =

(B) =

€ =

D) =

This is the last page.
I hope that your tests went well!







Appendix

‘TFAE — Typed Functions and Arithmetic Conditional Expressions‘

Expressions E>eu=n|b|z|e+e|exe|le<e|valx=e; e| N[z:7]").e|e(e”)|if (e) e else e
Types T>7:=num|bool|(7") -7 Booleans be&B Numbers ne€Z Identifiers ze€X

Operational Semantics

x € Domain(o)
cbkn=n okFb=b otx=o(x)

cke = mn ocbeys=>ny ohke =n ot ey = ng
ockel +ey=mn1+ny ok el ¥ ey =mng *ny
ocker=m ok ey = no ocke = v olx = vk ey = vo
ockel <eyg=mni <ny olFval x =e; ea = V9
o XNzrim, .o Tnim).e = (Mx1, ..., 2n).€,0)
otes= (ANz1,...,7).e,0)
ocke = v ocke,= v, ey = v, ..,z o] Fe=w
obepler,...,en) =
ok ey = true ckel =1 ok ey= false ot ey = vy
ok if (eg) e1 else ea = v; o b if (eg) e1 else ea = v9
. fi
Values Vv u=n|b| (Az1,...,2,).€,0) Environments o € X -5V

Typing Rules

z € Domain(T")
F'kn:num I'Fb:bool 'z :T(x)

I'Fe; :num I'Feyg:num I'Fe;:num 't ey : num
I'ey +ey:num I'Fe; *x eg : num
' e :num I'ey:num T'hep:m Clx:m]kex:m
I'kep <ey:bool I'Fvalz=e1; ea: 7
| S P o [
PEXNzyimi, o xpimp)e: (T, .oy Th) = T
Cheg: (T1,...,T) =T I'ke:m Tke,:m

I'kegler, ... en) T

' e : bool I'ke:7 I'key:r
['Fif (eg) €1 elseeg: T

fin

Type Environments I' € X — T



| TRFAE — TFAE with Recursion |

Expressions E>e = ... |def x([z:7]"):T=¢; €
Operational Semantics
o' =org— (Maq,...,24).e,0")] o ke =
ol def mo(x1:71,..., Tn:Th):T=¢€; € =

Typing Rules
/ /

Dleg: (71, yTn) = Ty@1 i T1ye o, T s Tp] E e T Dlxg: (11,...,m) = T]F€e 7

I'Fdef xo(w1:71,. .., &p:Tn):T=¢; € : 7/

ATFAE — TRFAE with Algebraic Data Types‘

Expressions E>e = ... |enumt { [case z(7%)]* }; e| e match { [case x(z*) => ¢]* }
Types Toru= ...t Type Names t € Xy
Operational Semantics
oFey= (z) ockbel = obke,= v,
obFeoler,...,en) = x(v1,...,vn)
oz = (x1), ...,z = (xp)|Fe=v
ot enunt { case x1(T1,1,...,Ti,m,); ---; case Tp(Tn 1y s Tnmn) |3 € =0
obFe=xi(vi,...,0m,) Vi <i.xj # xy OTi1 — V1, Ty, P U] e =0
ot ematch { case z1(x1,1,...,Z1,m,) => €15 ...; case Tp(Tn1,...,Tnm,) => €y } =V
Values V3o u=...|(z)|z(v")

Typing Rules

UV=Tt=21(T11,- s Timy) + -+ To(Tnds- - Trmn )] t ¢ Domain(T"
UbFrg oo T'F1om, Uz (Tiay s Timy) = oo s @it (Tl oo oy Tamy,) =t e T 'kr
T

I'Fenumt { case x1(T11,---,Tim,); ---; case Tp(Tnls-- s Tnm,) |3 €

I'Fe:t F(t) = 1’1(7‘1’1,.. . 7Tl,m1) + ... +$n(7—n,17"-77—n,mn)

Pleig T, s @imy S Timy Fe1:T Clznt Tty o Tnmn @ Tnmnl €0t T
I' - ematch { case z1(21,1,...,Z1,m;) => €15 ...; case Tp(Tp1,. ., Tnm,) => €y } 1T
Type Environments I' € (X LN T) x (X¢ fin, (X fin, T*))
Well-formedness of Types
T' - num I' F bool
'-n ... Tkmn L+~ Ft)y=z1(...)+...+zn(...)

Pk (ryeeoym) =7 'kt



PTFAE — TFAE with Parametric Polymorphism |

Expressions E>e = ...|Va.e | e[T] Types T>7u= ... |VoT |« Type Variables « € X,

Note that this language restricts the number of function parameters to one for simplicity.

Operational Semantics

ot e= (Va.e, o) o' ke =
o FVYa.e = (Va.e, o) otelr] v
Values V3 v = ...| (Va.e, o)

Typing Rules
a ¢ Domain(T") FajkFe:T '+r I'ke:Va.r
'k VYoa.e : Va.r [k elr]: 7'[a + 7]

Type Environments I' € (X fin, T) x (X¢ fin, (X fin, T*)) x P(X4)

Well-formedness of Types

Fla) -7 a € Domain(T")
I' -VYa.r I'Fa

STFAE — TFAE with Records and Subtype Polymorphism‘

Expressions E>e = ...|{[z=¢]"} | ex|exit Types To7u= ... |{[z:7]*}|L]|T

Note that this language restricts the number of function parameters to one for simplicity.

Operational Semantics

ocke = ok e, = v, obe={x1=v1,...,2, = vy} 1<i<n
ob{zi=e€1,...,zp=e, = {x1=01,..., 2 = U} ok ex; = v
Values V3o u=...|{[z ="}

Typing Rules

I'kFe:m I'te,:m
FH{zx1=e1,...,zp=ep}:{x1:71,. .., Zn : 0}
Fke:{x1:71,...,Zn : T} 1<i<n
I'kex;:7 I'Fexit: L
Subtype Relation |7 <:7
r<:7 < T T > T Ty <: Th
1< T<:T T T <7 (11 = 1) <: (1] = 75)
/ /
T <:T] Tn <: T
{z1 71, . ,xp T,y <s {1 T, X TR {x1:7, i my < {wy 7], Th}
{x1:71,...,2Zn : T} is a permutation of {x} : 7],..., 2, : 7/}

{wy 7, i m < {2y im, .2l T}



