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Recall
• Polymorphism is to use a single entity as multiple types, and there

are various kinds of polymorphism:
• Parametric polymorphism
• Subtype polymorphism
• Ad-hoc polymorphism
• . . .

• Parametric polymorphism is a form of polymorphism by introducing
type variables and instantiating them with type arguments.

• PTFAE – TFAE with parametric polymorphism.

• In this lecture, we will learn subtype polymorphism.

• STFAE – TFAE with subtype polymorphism.
• Interpreter and Natural Semantics
• Type Checker and Typing Rules
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Subtype Polymorphism
To easily explain subtype polymorphism, let’s support records and
record types to TFAE. (Also, optional type annotations for val.)

/* STFAE */
// A record with two fields `a` and `b` whose types are `Number`
val x: {a: Number, b: Number} = {a=1, b=2}
x.a // Access the field `a` of `x` and evaluate to `1`

Consider the following expression:

/* STFAE */
val f = (x: ???) => x.a
f({a=1}) + f({a=2, b=3}) + f({c=4, a=5})

Unfortunately, we cannot assign any type to x because the type of x
should be 1 {a: Number}, 2 {a: Number, b: Number}, and 3
{c: Number, a: Number}, simultaneously.

How can we resolve this problem? Subtype Polymorphism!
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Subtype Polymorphism

Definition (Subtype Polymorphism)
Subtype polymorphism is a form of polymorphism by introducing
subtype relations between types.

/* STFAE */
val f = (x: {a: Number}) => x.a // Allow subtypes of `{a: Number}`
f({a=1}) + f({a=2, b=3}) + f({c=4, a=5})

All the following types are subtypes of {a: Number}:

{a: Number} {a: Number, b: Number}
{c: Number, a: Number} . . .

It corresponds to the subset relation between sets in mathematics, and
most programming languages support subtype polymorphism.

Subtype relations could be defined for other types (e.g., functions, lists,
pairs, data types etc.) as well.
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STFAE – TFAE with Subtype Polymorphism
Now, let’s extend TFAE into STFAE to support subtype polymorphism
with records and optional type annotations for val.

/* STFAE */
val x: {a: Number} = {a=1} // A record with a field `a`
x.a // Access the field `a` of `x`
val x: {a: Top, b: Top} = {a=1, b=x} // `Top` is the top type
val x: Bot = exit // Exit the program
... // Not evaluated after `exit`

For STFAE, we need to extend expressions of TFAE with

1 Optional Type Annotations for val
2 Records
3 Field Accesses
4 Exit (to immediately exit the program)
5 Record Types
6 Bottom Type (corresponding to the empty set)
7 Top Type (corresponding to the universal set)
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Concrete Syntax
1 Optional Type Annotations for val
2 Records
3 Field Accesses
4 Exit (to immediately exit the program)
5 Record Types
6 Bottom Type (corresponding to the empty set)
7 Top Type (corresponding to the universal set)

<expr> ::= ...
| "val" <id> [ ":" <type> ]? "=" <expr> ";"? <expr>
| "{" [<id> "=" <expr>]*{","} "}"
| <expr> "." <id>
| "exit"

<type> ::= ...
| "{" [<id> ":" <type>]*{","} "}"
| "Bot"
| "Top"

Duplicate field names are not allowed in records and record types.
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Abstract Syntax

Expressions E ∋ e ::= . . .
| val x [: τ ]? = e; e (Val)

| {[x = e]∗} (Record)
| e.x (Access)
| exit (Exit)

Types T ∋ τ ::= . . .
| {[x : τ ]∗} (RecordT)

| ⊥ (BotT)
| ⊤ (TopT)

enum Expr:
...
case Val(name: String, tyOpt: Option[Type], init: Expr, body: Expr)
case Record(fields: List[(String, Expr)])
case Access(record: Expr, field: String)
case Exit

enum Type:
...
case RecordT(fields: Map[String, Type])
case BotT
case TopT
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Interpreter and Natural Semantics
For STFAE, we need to 1) implement the interpreter with environments:

def interp(expr: Expr, env: Env): Value = ???

and 2) define the natural semantics with environments:

σ ⊢ e ⇒ v

with a new kind of values called record values:

Values V ∋ v ::= n (NumV)
| ⟨λx.e, σ⟩ (CloV)
| {[x = v]∗} (RecordV)

enum Value:
case NumV(number: BigInt)
case CloV(param: String, body: Expr, env: Env)
case RecordV(fields: Map[String, Value])
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Records and Field Accesses

def interp(expr: Expr, env: Env): Value = expr match
...

case Record(fs) =>
RecordV(fs.map { case (f, e) => (f, interp(e, env)) }.toMap)

case Access(r, f) => interp(r, env) match
case RecordV(fs) => fs.getOrElse(f, error(s"no such field: $f"))
case v => error(s"not a record: ${v.str}")

σ ⊢ e ⇒ v

Record
σ ⊢ e1 ⇒ v1 . . . σ ⊢ en ⇒ vn

σ ⊢ {x1 = e1, . . . , xn = en} ⇒ {x1 = v1, . . . , xn = vn}

Access
σ ⊢ e ⇒ {. . . , x = v, . . .}

σ ⊢ e.x ⇒ v
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Exit

def interp(expr: Expr, env: Env): Value = expr match
...
case Exit => error("exit")

σ ⊢ e ⇒ v

There is no rule for exit because it cannot produce any value.

We cannot draw the derivation tree for the following expression:

/* STFAE */ 1 + exit

However, we can draw the derivation tree for the following expression:

/* STFAE */ (x: Number) => 1 + exit

Fun
∅ ⊢ λx:num.(1 + exit) ⇒ ⟨λx.(1 + exit),∅⟩
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Immutable Variable Definition

def interp(expr: Expr, env: Env): Value = expr match
...

case Val(name, _, expr, body) =>
interp(body, env + (name -> interp(expr, env)))

σ ⊢ e ⇒ v

Val
σ ⊢ e1 ⇒ v1 σ[x 7→ v1] ⊢ e2 ⇒ v2

σ ⊢ val x = e1; e2 ⇒ v2

Valτ

σ ⊢ e1 ⇒ v1 σ[x 7→ v1] ⊢ e2 ⇒ v2

σ ⊢ val x : τ0 = e1; e2 ⇒ v2
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Type Checker and Typing Rules without Subtyping
Let’s 1 design typing rules of STFAE to define when an expression is
well-typed in the form of:

Γ ⊢ e : τ

and 2 implement a type checker in Scala according to typing rules:

def typeCheck(expr: Expr, tenv: TypeEnv): Type = ???

The type checker returns the type of e if it is well-typed, or rejects it and
throws a type error otherwise.

Similar to TFAE, we will keep track of the variable types using a type
environment Γ as a mapping from variable names to their types.

Type Environments Γ ∈ X fin−→ T (TypeEnv)

type TypeEnv = Map[String, Type]
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Records

def typeCheck(expr: Expr, tenv: TypeEnv): Type = expr match
...
case Record(fields) =>

RecordT(fields.map { case (f, e) => (f, typeCheck(e, tenv)) }.toMap)

Γ ⊢ e : τ

τ−Record
Γ ⊢ e1 : τ1 . . . Γ ⊢ en : τn

Γ ⊢ {x1 = e1, . . . , xn = en} : {x1 : τ1, . . . , xn : τn}
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Field Accesses

def typeCheck(expr: Expr, tenv: TypeEnv): Type = expr match
...
case Access(record, f) => typeCheck(record, tenv) match

case RecordT(fs) => fs.getOrElse(f, error(s"no such field: $f"))
case ty => error(s"not a record type: ${ty.str}")

Γ ⊢ e : τ

τ−Access
Γ ⊢ e : {. . . , x : τ, . . .}

Γ ⊢ e.x : τ
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Exit

def typeCheck(expr: Expr, tenv: TypeEnv): Type = expr match
...
case Exit => BotT

Γ ⊢ e : τ

τ−Exit
Γ ⊢ exit : ⊥
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Immutable Variable Definition

def typeCheck(expr: Expr, tenv: TypeEnv): Type = expr match
...
case Val(name, tyOpt, expr, body) =>

val ty = typeCheck(expr, tenv)

typeCheck(body, tenv + (name -> ty))

Γ ⊢ e : τ

τ−Val
Γ ⊢ e1 : τ1 Γ[x : τ1] ⊢ e2 : τ2

Γ ⊢ val x = e1; e2 : τ2
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Immutable Variable Definition

def typeCheck(expr: Expr, tenv: TypeEnv): Type = expr match
...
case Val(name, tyOpt, expr, body) =>

val ty = typeCheck(expr, tenv)
tyOpt.map(givenTy => mustEqual(ty, givenTy))
val nameTy = tyOpt.getOrElse(ty)
typeCheck(body, tenv + (name -> nameTy))

Γ ⊢ e : τ

τ−Val
Γ ⊢ e1 : τ1 Γ[x : τ1] ⊢ e2 : τ2

Γ ⊢ val x = e1; e2 : τ2

τ−Valτ

Γ ⊢ e1 : τ1 τ1 = τ0 Γ[x : τ0] ⊢ e2 : τ2
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Immutable Variable Definition

Γ ⊢ e : τ

τ−Valτ

Γ ⊢ e1 : τ1 τ1 = τ0 Γ[x : τ0] ⊢ e2 : τ2

Γ ⊢ val x : τ0 = e1; e2 : τ2

Consider the following example:

/* STFAE */
val x: {a: Number} = {a=2, b=3}; x.a

It fails to type check because:

{a: Number, b: Number} ̸= {a: Number}

Let’s apply subtype polymorphism to fix this problem by introducing a
subtype relation (<:) between types.
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Subtype Relation
To support subtype polymorphism, we need to define a subtype
relation <: between types.

τ <: τ

τ <: τ ′ denotes τ is a subtype of τ ′ (or τ ′ is a super type of τ).

First, subtype relation is reflexive and transitive:

τ <: τ

τ <: τ ′ τ ′ <: τ ′′

τ <: τ ′′

<latexit sha1_base64="YF9Hk9AKKoRX/HWnlPVNmE1Mk3U=">AAACE3icbVDLSsNAFJ3UV62vqks3wSK4Kon4WhbduKxgH9CGMplM2qEzkzBzI8TQX3An+i/uxK0f4K+4ctJmYVsPXDicc+/cucePOdPgON9WaWV1bX2jvFnZ2t7Z3avuH7R1lChCWyTiker6WFPOJG0BA067saJY+Jx2/PFt7nceqdIskg+QxtQTeChZyAiGXOoDTgbVmlN3prCXiVuQGirQHFR/+kFEEkElEI617rlODF6GFTDC6aTSTzSNMRnjIe0ZKrGg2sumf53YJ0YJ7DBSpiTYU/XvRIaF1qnwTafAMNKLXi7+62kQWKUqWNgP4bWXMRknQCWZrQ8TbkNk53HYAVOUAE8NwUQxc4FNRlhhAia0ufeBjZ8mFROWuxjNMmmf1d3L+sX9ea1xU8RWRkfoGJ0iF12hBrpDTdRCBI3QM3pFb9aL9W59WJ+z1pJVzByiOVhfv29Bn2g=</latexit>⌧

<latexit sha1_base64="IxMJ/GjHQp+dbLbxg5sxFfcgPag=">AAACGHicbVC5TsNAEF2HK4QrQEljESFRRTbiKiNoKINEDpRY0Xo9TlbZtc3uGMlE+Qo6BP9Ch2jp+BUqNkdBEp400tN7Mzs7z08E1+g431ZuaXlldS2/XtjY3NreKe7u1XWcKgY1FotYNX2qQfAIashRQDNRQKUvoOH3r0d+4xGU5nF0h1kCnqTdiIecUTTSfVunvgaEh06x5JSdMexF4k5JiUxR7RR/2kHMUgkRMkG1brlOgt6AKuRMwLDQTjUklPVpF1qGRlSC9gbjDw/tI6MEdhgrUxHaY/XvxIBKrTPpm05JsafnvZH4r6dRUpWpYG4/hpfegEdJihCxyfowFTbG9igTO+AKGIrMEMoUNxfYrEcVZWiSm3kfef9pWDBhufPRLJL6Sdk9L5/dnpYqV9PY8uSAHJJj4pILUiE3pEpqhBFJnskrebNerHfrw/qctOas6cw+mYH19QvGW6G8</latexit>✓

<latexit sha1_base64="YF9Hk9AKKoRX/HWnlPVNmE1Mk3U=">AAACE3icbVDLSsNAFJ3UV62vqks3wSK4Kon4WhbduKxgH9CGMplM2qEzkzBzI8TQX3An+i/uxK0f4K+4ctJmYVsPXDicc+/cucePOdPgON9WaWV1bX2jvFnZ2t7Z3avuH7R1lChCWyTiker6WFPOJG0BA067saJY+Jx2/PFt7nceqdIskg+QxtQTeChZyAiGXOoDTgbVmlN3prCXiVuQGirQHFR/+kFEEkElEI617rlODF6GFTDC6aTSTzSNMRnjIe0ZKrGg2sumf53YJ0YJ7DBSpiTYU/XvRIaF1qnwTafAMNKLXi7+62kQWKUqWNgP4bWXMRknQCWZrQ8TbkNk53HYAVOUAE8NwUQxc4FNRlhhAia0ufeBjZ8mFROWuxjNMmmf1d3L+sX9ea1xU8RWRkfoGJ0iF12hBrpDTdRCBI3QM3pFb9aL9W59WJ+z1pJVzByiOVhfv29Bn2g=</latexit>⌧
<latexit sha1_base64="QtrbgSX1rJxHRayT41nhv1S122Q=">AAACEXicbVDLSsNAFJ3UV62vqks3g0VwVRLxhbgounFZxT6gDWUymbRDJ5MwcyPE0D9wJ/ov7sStX+CvuHLaZmGrBy4czrl37tzjxYJrsO0vq7CwuLS8Ulwtra1vbG6Vt3eaOkoUZQ0aiUi1PaKZ4JI1gINg7VgxEnqCtbzh9dhvPTCleSTvIY2ZG5K+5AGnBIx0d3nRK1fsqj0B/kucnFRQjnqv/N31I5qETAIVROuOY8fgZkQBp4KNSt1Es5jQIemzjqGShEy72eSnI3xgFB8HkTIlAU/U3xMZCbVOQ890hgQGet4bi/96GkKiUuXP7Yfg3M24jBNgkk7XB4nAEOFxGNjnilEQqSGEKm4uwHRAFKFgIpt5H/jwcVQyYTnz0fwlzaOqc1o9uT2u1K7y2IpoD+2jQ+SgM1RDN6iOGoiiAD2hF/RqPVtv1rv1MW0tWPnMLpqB9fkDJqSeJA==</latexit>

<:

<latexit sha1_base64="IxMJ/GjHQp+dbLbxg5sxFfcgPag=">AAACGHicbVC5TsNAEF2HK4QrQEljESFRRTbiKiNoKINEDpRY0Xo9TlbZtc3uGMlE+Qo6BP9Ch2jp+BUqNkdBEp400tN7Mzs7z08E1+g431ZuaXlldS2/XtjY3NreKe7u1XWcKgY1FotYNX2qQfAIashRQDNRQKUvoOH3r0d+4xGU5nF0h1kCnqTdiIecUTTSfVunvgaEh06x5JSdMexF4k5JiUxR7RR/2kHMUgkRMkG1brlOgt6AKuRMwLDQTjUklPVpF1qGRlSC9gbjDw/tI6MEdhgrUxHaY/XvxIBKrTPpm05JsafnvZH4r6dRUpWpYG4/hpfegEdJihCxyfowFTbG9igTO+AKGIrMEMoUNxfYrEcVZWiSm3kfef9pWDBhufPRLJL6Sdk9L5/dnpYqV9PY8uSAHJJj4pILUiE3pEpqhBFJnskrebNerHfrw/qctOas6cw+mYH19QvGW6G8</latexit>✓

<latexit sha1_base64="YF9Hk9AKKoRX/HWnlPVNmE1Mk3U=">AAACE3icbVDLSsNAFJ3UV62vqks3wSK4Kon4WhbduKxgH9CGMplM2qEzkzBzI8TQX3An+i/uxK0f4K+4ctJmYVsPXDicc+/cucePOdPgON9WaWV1bX2jvFnZ2t7Z3avuH7R1lChCWyTiker6WFPOJG0BA067saJY+Jx2/PFt7nceqdIskg+QxtQTeChZyAiGXOoDTgbVmlN3prCXiVuQGirQHFR/+kFEEkElEI617rlODF6GFTDC6aTSTzSNMRnjIe0ZKrGg2sumf53YJ0YJ7DBSpiTYU/XvRIaF1qnwTafAMNKLXi7+62kQWKUqWNgP4bWXMRknQCWZrQ8TbkNk53HYAVOUAE8NwUQxc4FNRlhhAia0ufeBjZ8mFROWuxjNMmmf1d3L+sX9ea1xU8RWRkfoGJ0iF12hBrpDTdRCBI3QM3pFb9aL9W59WJ+z1pJVzByiOVhfv29Bn2g=</latexit>⌧
<latexit sha1_base64="QtrbgSX1rJxHRayT41nhv1S122Q=">AAACEXicbVDLSsNAFJ3UV62vqks3g0VwVRLxhbgounFZxT6gDWUymbRDJ5MwcyPE0D9wJ/ov7sStX+CvuHLaZmGrBy4czrl37tzjxYJrsO0vq7CwuLS8Ulwtra1vbG6Vt3eaOkoUZQ0aiUi1PaKZ4JI1gINg7VgxEnqCtbzh9dhvPTCleSTvIY2ZG5K+5AGnBIx0d3nRK1fsqj0B/kucnFRQjnqv/N31I5qETAIVROuOY8fgZkQBp4KNSt1Es5jQIemzjqGShEy72eSnI3xgFB8HkTIlAU/U3xMZCbVOQ890hgQGet4bi/96GkKiUuXP7Yfg3M24jBNgkk7XB4nAEOFxGNjnilEQqSGEKm4uwHRAFKFgIpt5H/jwcVQyYTnz0fwlzaOqc1o9uT2u1K7y2IpoD+2jQ+SgM1RDN6iOGoiiAD2hF/RqPVtv1rv1MW0tWPnMLpqB9fkDJqSeJA==</latexit>

<:
<latexit sha1_base64="SnL1g6eZoEW1zjtL/ezIOXpouRY=">AAACFHicbVC7TsMwFHV4lvIqMLJYVAimKkG8xgoWxiKRtlIbVY7jtFYdJ7JvkELUb2BD8C9siJWdX2HCbTPQliNd6eice319j58IrsG2v62l5ZXVtfXSRnlza3tnt7K339RxqihzaSxi1faJZoJL5gIHwdqJYiTyBWv5w9ux33pkSvNYPkCWMC8ifclDTgkYye0CSU96lapdsyfAi8QpSBUVaPQqP90gpmnEJFBBtO44dgJeThRwKtio3E01Swgdkj7rGCpJxLSXTz47wsdGCXAYK1MS8ET9O5GTSOss8k1nRGCg572x+K+nISIqU8HcfgivvZzLJAUm6XR9mAoMMR7ngQOuGAWRGUKo4uYCTAdEEQomtZn3gQ+fRmUTljMfzSJpntWcy9rF/Xm1flPEVkKH6AidIgddoTq6Qw3kIoo4ekav6M16sd6tD+tz2rpkFTMHaAbW1y/XLZ+Z</latexit>

⌧ 0

<latexit sha1_base64="IxMJ/GjHQp+dbLbxg5sxFfcgPag=">AAACGHicbVC5TsNAEF2HK4QrQEljESFRRTbiKiNoKINEDpRY0Xo9TlbZtc3uGMlE+Qo6BP9Ch2jp+BUqNkdBEp400tN7Mzs7z08E1+g431ZuaXlldS2/XtjY3NreKe7u1XWcKgY1FotYNX2qQfAIashRQDNRQKUvoOH3r0d+4xGU5nF0h1kCnqTdiIecUTTSfVunvgaEh06x5JSdMexF4k5JiUxR7RR/2kHMUgkRMkG1brlOgt6AKuRMwLDQTjUklPVpF1qGRlSC9gbjDw/tI6MEdhgrUxHaY/XvxIBKrTPpm05JsafnvZH4r6dRUpWpYG4/hpfegEdJihCxyfowFTbG9igTO+AKGIrMEMoUNxfYrEcVZWiSm3kfef9pWDBhufPRLJL6Sdk9L5/dnpYqV9PY8uSAHJJj4pILUiE3pEpqhBFJnskrebNerHfrw/qctOas6cw+mYH19QvGW6G8</latexit>✓

<latexit sha1_base64="QtrbgSX1rJxHRayT41nhv1S122Q=">AAACEXicbVDLSsNAFJ3UV62vqks3g0VwVRLxhbgounFZxT6gDWUymbRDJ5MwcyPE0D9wJ/ov7sStX+CvuHLaZmGrBy4czrl37tzjxYJrsO0vq7CwuLS8Ulwtra1vbG6Vt3eaOkoUZQ0aiUi1PaKZ4JI1gINg7VgxEnqCtbzh9dhvPTCleSTvIY2ZG5K+5AGnBIx0d3nRK1fsqj0B/kucnFRQjnqv/N31I5qETAIVROuOY8fgZkQBp4KNSt1Es5jQIemzjqGShEy72eSnI3xgFB8HkTIlAU/U3xMZCbVOQ890hgQGet4bi/96GkKiUuXP7Yfg3M24jBNgkk7XB4nAEOFxGNjnilEQqSGEKm4uwHRAFKFgIpt5H/jwcVQyYTnz0fwlzaOqc1o9uT2u1K7y2IpoD+2jQ+SgM1RDN6iOGoiiAD2hF/RqPVtv1rv1MW0tWPnMLpqB9fkDJqSeJA==</latexit>

<:
<latexit sha1_base64="+KfIYZ7K2A5x0tpmLVR2NLrfeOw=">AAACFXicbVC7TsMwFHXKq5RXgZElokJlqhLEa6xgYSwSfUhtVDmO05raTmTfIIWo/8CG4F/YECszv8KE22aghSNd6eice319jx9zpsFxvqzC0vLK6lpxvbSxubW9U97da+koUYQ2ScQj1fGxppxJ2gQGnHZiRbHwOW37o+uJ336gSrNI3kEaU0/ggWQhIxiM1OoBTqrVfrni1Jwp7L/EzUkF5Wj0y9+9ICKJoBIIx1p3XScGL8MKGOF0XOolmsaYjPCAdg2VWFDtZdPfju0jowR2GClTEuyp+nsiw0LrVPimU2AY6kVvIv7raRBYpSpY2A/hpZcxGSdAJZmtDxNuQ2RPArEDpigBnhqCiWLmApsMscIETGxz7wMbPY5LJix3MZq/pHVSc89rZ7enlfpVHlsRHaBDdIxcdIHq6AY1UBMRdI+e0At6tZ6tN+vd+pi1Fqx8Zh/Nwfr8AT9Rn8o=</latexit>

⌧ 00

Reflexivity Transitivity
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Subtype Relation
To support subtype polymorphism, we need to define a subtype
relation <: between types.

τ <: τ

τ <: τ ′ denotes τ is a subtype of τ ′ (or τ ′ is a super type of τ).

First, subtype relation is reflexive and transitive:

τ <: τ

τ <: τ ′ τ ′ <: τ ′′

τ <: τ ′′

<latexit sha1_base64="YF9Hk9AKKoRX/HWnlPVNmE1Mk3U=">AAACE3icbVDLSsNAFJ3UV62vqks3wSK4Kon4WhbduKxgH9CGMplM2qEzkzBzI8TQX3An+i/uxK0f4K+4ctJmYVsPXDicc+/cucePOdPgON9WaWV1bX2jvFnZ2t7Z3avuH7R1lChCWyTiker6WFPOJG0BA067saJY+Jx2/PFt7nceqdIskg+QxtQTeChZyAiGXOoDTgbVmlN3prCXiVuQGirQHFR/+kFEEkElEI617rlODF6GFTDC6aTSTzSNMRnjIe0ZKrGg2sumf53YJ0YJ7DBSpiTYU/XvRIaF1qnwTafAMNKLXi7+62kQWKUqWNgP4bWXMRknQCWZrQ8TbkNk53HYAVOUAE8NwUQxc4FNRlhhAia0ufeBjZ8mFROWuxjNMmmf1d3L+sX9ea1xU8RWRkfoGJ0iF12hBrpDTdRCBI3QM3pFb9aL9W59WJ+z1pJVzByiOVhfv29Bn2g=</latexit>⌧

<latexit sha1_base64="IxMJ/GjHQp+dbLbxg5sxFfcgPag=">AAACGHicbVC5TsNAEF2HK4QrQEljESFRRTbiKiNoKINEDpRY0Xo9TlbZtc3uGMlE+Qo6BP9Ch2jp+BUqNkdBEp400tN7Mzs7z08E1+g431ZuaXlldS2/XtjY3NreKe7u1XWcKgY1FotYNX2qQfAIashRQDNRQKUvoOH3r0d+4xGU5nF0h1kCnqTdiIecUTTSfVunvgaEh06x5JSdMexF4k5JiUxR7RR/2kHMUgkRMkG1brlOgt6AKuRMwLDQTjUklPVpF1qGRlSC9gbjDw/tI6MEdhgrUxHaY/XvxIBKrTPpm05JsafnvZH4r6dRUpWpYG4/hpfegEdJihCxyfowFTbG9igTO+AKGIrMEMoUNxfYrEcVZWiSm3kfef9pWDBhufPRLJL6Sdk9L5/dnpYqV9PY8uSAHJJj4pILUiE3pEpqhBFJnskrebNerHfrw/qctOas6cw+mYH19QvGW6G8</latexit>✓

<latexit sha1_base64="YF9Hk9AKKoRX/HWnlPVNmE1Mk3U=">AAACE3icbVDLSsNAFJ3UV62vqks3wSK4Kon4WhbduKxgH9CGMplM2qEzkzBzI8TQX3An+i/uxK0f4K+4ctJmYVsPXDicc+/cucePOdPgON9WaWV1bX2jvFnZ2t7Z3avuH7R1lChCWyTiker6WFPOJG0BA067saJY+Jx2/PFt7nceqdIskg+QxtQTeChZyAiGXOoDTgbVmlN3prCXiVuQGirQHFR/+kFEEkElEI617rlODF6GFTDC6aTSTzSNMRnjIe0ZKrGg2sumf53YJ0YJ7DBSpiTYU/XvRIaF1qnwTafAMNKLXi7+62kQWKUqWNgP4bWXMRknQCWZrQ8TbkNk53HYAVOUAE8NwUQxc4FNRlhhAia0ufeBjZ8mFROWuxjNMmmf1d3L+sX9ea1xU8RWRkfoGJ0iF12hBrpDTdRCBI3QM3pFb9aL9W59WJ+z1pJVzByiOVhfv29Bn2g=</latexit>⌧
<latexit sha1_base64="QtrbgSX1rJxHRayT41nhv1S122Q=">AAACEXicbVDLSsNAFJ3UV62vqks3g0VwVRLxhbgounFZxT6gDWUymbRDJ5MwcyPE0D9wJ/ov7sStX+CvuHLaZmGrBy4czrl37tzjxYJrsO0vq7CwuLS8Ulwtra1vbG6Vt3eaOkoUZQ0aiUi1PaKZ4JI1gINg7VgxEnqCtbzh9dhvPTCleSTvIY2ZG5K+5AGnBIx0d3nRK1fsqj0B/kucnFRQjnqv/N31I5qETAIVROuOY8fgZkQBp4KNSt1Es5jQIemzjqGShEy72eSnI3xgFB8HkTIlAU/U3xMZCbVOQ890hgQGet4bi/96GkKiUuXP7Yfg3M24jBNgkk7XB4nAEOFxGNjnilEQqSGEKm4uwHRAFKFgIpt5H/jwcVQyYTnz0fwlzaOqc1o9uT2u1K7y2IpoD+2jQ+SgM1RDN6iOGoiiAD2hF/RqPVtv1rv1MW0tWPnMLpqB9fkDJqSeJA==</latexit>

<:

<latexit sha1_base64="IxMJ/GjHQp+dbLbxg5sxFfcgPag=">AAACGHicbVC5TsNAEF2HK4QrQEljESFRRTbiKiNoKINEDpRY0Xo9TlbZtc3uGMlE+Qo6BP9Ch2jp+BUqNkdBEp400tN7Mzs7z08E1+g431ZuaXlldS2/XtjY3NreKe7u1XWcKgY1FotYNX2qQfAIashRQDNRQKUvoOH3r0d+4xGU5nF0h1kCnqTdiIecUTTSfVunvgaEh06x5JSdMexF4k5JiUxR7RR/2kHMUgkRMkG1brlOgt6AKuRMwLDQTjUklPVpF1qGRlSC9gbjDw/tI6MEdhgrUxHaY/XvxIBKrTPpm05JsafnvZH4r6dRUpWpYG4/hpfegEdJihCxyfowFTbG9igTO+AKGIrMEMoUNxfYrEcVZWiSm3kfef9pWDBhufPRLJL6Sdk9L5/dnpYqV9PY8uSAHJJj4pILUiE3pEpqhBFJnskrebNerHfrw/qctOas6cw+mYH19QvGW6G8</latexit>✓

<latexit sha1_base64="YF9Hk9AKKoRX/HWnlPVNmE1Mk3U=">AAACE3icbVDLSsNAFJ3UV62vqks3wSK4Kon4WhbduKxgH9CGMplM2qEzkzBzI8TQX3An+i/uxK0f4K+4ctJmYVsPXDicc+/cucePOdPgON9WaWV1bX2jvFnZ2t7Z3avuH7R1lChCWyTiker6WFPOJG0BA067saJY+Jx2/PFt7nceqdIskg+QxtQTeChZyAiGXOoDTgbVmlN3prCXiVuQGirQHFR/+kFEEkElEI617rlODF6GFTDC6aTSTzSNMRnjIe0ZKrGg2sumf53YJ0YJ7DBSpiTYU/XvRIaF1qnwTafAMNKLXi7+62kQWKUqWNgP4bWXMRknQCWZrQ8TbkNk53HYAVOUAE8NwUQxc4FNRlhhAia0ufeBjZ8mFROWuxjNMmmf1d3L+sX9ea1xU8RWRkfoGJ0iF12hBrpDTdRCBI3QM3pFb9aL9W59WJ+z1pJVzByiOVhfv29Bn2g=</latexit>⌧
<latexit sha1_base64="QtrbgSX1rJxHRayT41nhv1S122Q=">AAACEXicbVDLSsNAFJ3UV62vqks3g0VwVRLxhbgounFZxT6gDWUymbRDJ5MwcyPE0D9wJ/ov7sStX+CvuHLaZmGrBy4czrl37tzjxYJrsO0vq7CwuLS8Ulwtra1vbG6Vt3eaOkoUZQ0aiUi1PaKZ4JI1gINg7VgxEnqCtbzh9dhvPTCleSTvIY2ZG5K+5AGnBIx0d3nRK1fsqj0B/kucnFRQjnqv/N31I5qETAIVROuOY8fgZkQBp4KNSt1Es5jQIemzjqGShEy72eSnI3xgFB8HkTIlAU/U3xMZCbVOQ890hgQGet4bi/96GkKiUuXP7Yfg3M24jBNgkk7XB4nAEOFxGNjnilEQqSGEKm4uwHRAFKFgIpt5H/jwcVQyYTnz0fwlzaOqc1o9uT2u1K7y2IpoD+2jQ+SgM1RDN6iOGoiiAD2hF/RqPVtv1rv1MW0tWPnMLpqB9fkDJqSeJA==</latexit>

<:
<latexit sha1_base64="SnL1g6eZoEW1zjtL/ezIOXpouRY=">AAACFHicbVC7TsMwFHV4lvIqMLJYVAimKkG8xgoWxiKRtlIbVY7jtFYdJ7JvkELUb2BD8C9siJWdX2HCbTPQliNd6eice319j58IrsG2v62l5ZXVtfXSRnlza3tnt7K339RxqihzaSxi1faJZoJL5gIHwdqJYiTyBWv5w9ux33pkSvNYPkCWMC8ifclDTgkYye0CSU96lapdsyfAi8QpSBUVaPQqP90gpmnEJFBBtO44dgJeThRwKtio3E01Swgdkj7rGCpJxLSXTz47wsdGCXAYK1MS8ET9O5GTSOss8k1nRGCg572x+K+nISIqU8HcfgivvZzLJAUm6XR9mAoMMR7ngQOuGAWRGUKo4uYCTAdEEQomtZn3gQ+fRmUTljMfzSJpntWcy9rF/Xm1flPEVkKH6AidIgddoTq6Qw3kIoo4ekav6M16sd6tD+tz2rpkFTMHaAbW1y/XLZ+Z</latexit>

⌧ 0

<latexit sha1_base64="IxMJ/GjHQp+dbLbxg5sxFfcgPag=">AAACGHicbVC5TsNAEF2HK4QrQEljESFRRTbiKiNoKINEDpRY0Xo9TlbZtc3uGMlE+Qo6BP9Ch2jp+BUqNkdBEp400tN7Mzs7z08E1+g431ZuaXlldS2/XtjY3NreKe7u1XWcKgY1FotYNX2qQfAIashRQDNRQKUvoOH3r0d+4xGU5nF0h1kCnqTdiIecUTTSfVunvgaEh06x5JSdMexF4k5JiUxR7RR/2kHMUgkRMkG1brlOgt6AKuRMwLDQTjUklPVpF1qGRlSC9gbjDw/tI6MEdhgrUxHaY/XvxIBKrTPpm05JsafnvZH4r6dRUpWpYG4/hpfegEdJihCxyfowFTbG9igTO+AKGIrMEMoUNxfYrEcVZWiSm3kfef9pWDBhufPRLJL6Sdk9L5/dnpYqV9PY8uSAHJJj4pILUiE3pEpqhBFJnskrebNerHfrw/qctOas6cw+mYH19QvGW6G8</latexit>✓

<latexit sha1_base64="QtrbgSX1rJxHRayT41nhv1S122Q=">AAACEXicbVDLSsNAFJ3UV62vqks3g0VwVRLxhbgounFZxT6gDWUymbRDJ5MwcyPE0D9wJ/ov7sStX+CvuHLaZmGrBy4czrl37tzjxYJrsO0vq7CwuLS8Ulwtra1vbG6Vt3eaOkoUZQ0aiUi1PaKZ4JI1gINg7VgxEnqCtbzh9dhvPTCleSTvIY2ZG5K+5AGnBIx0d3nRK1fsqj0B/kucnFRQjnqv/N31I5qETAIVROuOY8fgZkQBp4KNSt1Es5jQIemzjqGShEy72eSnI3xgFB8HkTIlAU/U3xMZCbVOQ890hgQGet4bi/96GkKiUuXP7Yfg3M24jBNgkk7XB4nAEOFxGNjnilEQqSGEKm4uwHRAFKFgIpt5H/jwcVQyYTnz0fwlzaOqc1o9uT2u1K7y2IpoD+2jQ+SgM1RDN6iOGoiiAD2hF/RqPVtv1rv1MW0tWPnMLpqB9fkDJqSeJA==</latexit>

<:
<latexit sha1_base64="+KfIYZ7K2A5x0tpmLVR2NLrfeOw=">AAACFXicbVC7TsMwFHXKq5RXgZElokJlqhLEa6xgYSwSfUhtVDmO05raTmTfIIWo/8CG4F/YECszv8KE22aghSNd6eice319jx9zpsFxvqzC0vLK6lpxvbSxubW9U97da+koUYQ2ScQj1fGxppxJ2gQGnHZiRbHwOW37o+uJ336gSrNI3kEaU0/ggWQhIxiM1OoBTqrVfrni1Jwp7L/EzUkF5Wj0y9+9ICKJoBIIx1p3XScGL8MKGOF0XOolmsaYjPCAdg2VWFDtZdPfju0jowR2GClTEuyp+nsiw0LrVPimU2AY6kVvIv7raRBYpSpY2A/hpZcxGSdAJZmtDxNuQ2RPArEDpigBnhqCiWLmApsMscIETGxz7wMbPY5LJix3MZq/pHVSc89rZ7enlfpVHlsRHaBDdIxcdIHq6AY1UBMRdI+e0At6tZ6tN+vd+pi1Fqx8Zh/Nwfr8AT9Rn8o=</latexit>

⌧ 00

Reflexivity Transitivity
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Subtype Relation – Bottom Type and Top Type
τ <: τ

The bottom type ⊥ and the top type ⊤ represent the empty set of
values and the universal set of values, respectively.

Thus, ⊥ is a subtype of any type, and any type is a subtype of ⊤:

⊥ <: τ τ <: ⊤

<latexit sha1_base64="TuzgCb8/fgdysZAVKXbUU157pFg=">AAACE3icbVDLSsNAFJ3UV62vqks3g0VwVRLxtSy6cVnBPqANZTKZtEMnM2HmRoihv+BO9F/ciVs/wF9xZdJmYVsPXDicc+/cuceLBDdg299WaWV1bX2jvFnZ2t7Z3avuH7SNijVlLaqE0l2PGCa4ZC3gIFg30oyEnmAdb3yb+51Hpg1X8gGSiLkhGUoecEogl/qegkG1ZtftKfAycQpSQwWag+pP31c0DpkEKogxPceOwE2JBk4Fm1T6sWERoWMyZL2MShIy46bTv07wSab4OFA6Kwl4qv6dSEloTBJ6WWdIYGQWvVz81zMQEp1of2E/BNduymUUA5N0tj6IBQaF8ziwzzWjIJKMEKp5dgGmI6IJhSy0ufeBj58mlSwsZzGaZdI+qzuX9Yv781rjpoitjI7QMTpFDrpCDXSHmqiFKBqhZ/SK3qwX6936sD5nrSWrmDlEc7C+fgFmz59j</latexit>?
<latexit sha1_base64="Erm1RPyU4sXvHK2Wr8PBfLRm7W0=">AAACE3icbVDLSsNAFJ3UV62vqks3g0VwVRLxtSy6cVnBPqANZTKZtEMnM2HmRoihv+BO9F/ciVs/wF9xZdJmYVsPXDicc+/cuceLBDdg299WaWV1bX2jvFnZ2t7Z3avuH7SNijVlLaqE0l2PGCa4ZC3gIFg30oyEnmAdb3yb+51Hpg1X8gGSiLkhGUoecEogl/qgokG1ZtftKfAycQpSQwWag+pP31c0DpkEKogxPceOwE2JBk4Fm1T6sWERoWMyZL2MShIy46bTv07wSab4OFA6Kwl4qv6dSEloTBJ6WWdIYGQWvVz81zMQEp1of2E/BNduymUUA5N0tj6IBQaF8ziwzzWjIJKMEKp5dgGmI6IJhSy0ufeBj58mlSwsZzGaZdI+qzuX9Yv781rjpoitjI7QMTpFDrpCDXSHmqiFKBqhZ/SK3qwX6936sD5nrSWrmDlEc7C+fgF+W59x</latexit>>

<latexit sha1_base64="cnBG9FQAcGq3gPFGIEVKg5OrAho=">AAACGnicbVDLSsNAFJ34rPVVdekmWARXJRFfy6IblxXsA9pQJpNJO3QeYeamEEs/w53ov7gTt278FVdO2yxs64ELh3PunTv3hAlnBjzv21lZXVvf2CxsFbd3dvf2SweHDaNSTWidKK50K8SGciZpHRhw2ko0xSLktBkO7iZ+c0i1YUo+QpbQQOCeZDEjGKzU7gyxlgr6TPa6pbJX8aZwl4mfkzLKUeuWfjqRIqmgEgjHxrR9L4FghDUwwum42EkNTTAZ4B5tWyqxoCYYTb88dk+tErmx0rYkuFP178QIC2MyEdpOgaFvFr2J+K9nQGCd6WhhP8Q3wYjJJAUqyWx9nHIXlDtJxY2YpgR4ZgkmmtkLXNLHGhOw2c29D2zwNC7asPzFaJZJ47ziX1UuHy7K1ds8tgI6RifoDPnoGlXRPaqhOiJIoWf0it6cF+fd+XA+Z60rTj5zhObgfP0CexmipA==</latexit>?

<latexit sha1_base64="YF9Hk9AKKoRX/HWnlPVNmE1Mk3U=">AAACE3icbVDLSsNAFJ3UV62vqks3wSK4Kon4WhbduKxgH9CGMplM2qEzkzBzI8TQX3An+i/uxK0f4K+4ctJmYVsPXDicc+/cucePOdPgON9WaWV1bX2jvFnZ2t7Z3avuH7R1lChCWyTiker6WFPOJG0BA067saJY+Jx2/PFt7nceqdIskg+QxtQTeChZyAiGXOoDTgbVmlN3prCXiVuQGirQHFR/+kFEEkElEI617rlODF6GFTDC6aTSTzSNMRnjIe0ZKrGg2sumf53YJ0YJ7DBSpiTYU/XvRIaF1qnwTafAMNKLXi7+62kQWKUqWNgP4bWXMRknQCWZrQ8TbkNk53HYAVOUAE8NwUQxc4FNRlhhAia0ufeBjZ8mFROWuxjNMmmf1d3L+sX9ea1xU8RWRkfoGJ0iF12hBrpDTdRCBI3QM3pFb9aL9W59WJ+z1pJVzByiOVhfv29Bn2g=</latexit>⌧

<latexit sha1_base64="ifgawSuKmuaNIT2r+HC8mD0AR/g=">AAACGXicbVC7TsMwFHV4lvIqMLJYVEhMVYJ4jRUsjEWiD9FGleO4rVXHiewbpBDlL9gQ/AsbYmXiV5hw2gy05UiWjs65Lx8vElyDbX9bS8srq2vrpY3y5tb2zm5lb7+lw1hR1qShCFXHI5oJLlkTOAjWiRQjgSdY2xvf5H77kSnNQ3kPScTcgAwlH3BKwEgPvYDAyPPSVtavVO2aPQFeJE5BqqhAo1/56fkhjQMmgQqiddexI3BTooBTwbJyL9YsInRMhqxrqCQB0246uTjDx0bx8SBU5knAE/VvR0oCrZPAM5X5hXrey8V/PQ0BUYny5/bD4MpNuYxiYJJO1w9igSHEeSjY54pREIkhhCpufoDpiChCwUQ3Mx/4+Ckrm7Cc+WgWSeu05lzUzu/OqvXrIrYSOkRH6AQ56BLV0S1qoCaiSKJn9IrerBfr3fqwPqelS1bRc4BmYH39AnRWohY=</latexit>

VValue Set

<latexit sha1_base64="IxMJ/GjHQp+dbLbxg5sxFfcgPag=">AAACGHicbVC5TsNAEF2HK4QrQEljESFRRTbiKiNoKINEDpRY0Xo9TlbZtc3uGMlE+Qo6BP9Ch2jp+BUqNkdBEp400tN7Mzs7z08E1+g431ZuaXlldS2/XtjY3NreKe7u1XWcKgY1FotYNX2qQfAIashRQDNRQKUvoOH3r0d+4xGU5nF0h1kCnqTdiIecUTTSfVunvgaEh06x5JSdMexF4k5JiUxR7RR/2kHMUgkRMkG1brlOgt6AKuRMwLDQTjUklPVpF1qGRlSC9gbjDw/tI6MEdhgrUxHaY/XvxIBKrTPpm05JsafnvZH4r6dRUpWpYG4/hpfegEdJihCxyfowFTbG9igTO+AKGIrMEMoUNxfYrEcVZWiSm3kfef9pWDBhufPRLJL6Sdk9L5/dnpYqV9PY8uSAHJJj4pILUiE3pEpqhBFJnskrebNerHfrw/qctOas6cw+mYH19QvGW6G8</latexit>✓ <latexit sha1_base64="IxMJ/GjHQp+dbLbxg5sxFfcgPag=">AAACGHicbVC5TsNAEF2HK4QrQEljESFRRTbiKiNoKINEDpRY0Xo9TlbZtc3uGMlE+Qo6BP9Ch2jp+BUqNkdBEp400tN7Mzs7z08E1+g431ZuaXlldS2/XtjY3NreKe7u1XWcKgY1FotYNX2qQfAIashRQDNRQKUvoOH3r0d+4xGU5nF0h1kCnqTdiIecUTTSfVunvgaEh06x5JSdMexF4k5JiUxR7RR/2kHMUgkRMkG1brlOgt6AKuRMwLDQTjUklPVpF1qGRlSC9gbjDw/tI6MEdhgrUxHaY/XvxIBKrTPpm05JsafnvZH4r6dRUpWpYG4/hpfegEdJihCxyfowFTbG9igTO+AKGIrMEMoUNxfYrEcVZWiSm3kfef9pWDBhufPRLJL6Sdk9L5/dnpYqV9PY8uSAHJJj4pILUiE3pEpqhBFJnskrebNerHfrw/qctOas6cw+mYH19QvGW6G8</latexit>✓

<latexit sha1_base64="QtrbgSX1rJxHRayT41nhv1S122Q=">AAACEXicbVDLSsNAFJ3UV62vqks3g0VwVRLxhbgounFZxT6gDWUymbRDJ5MwcyPE0D9wJ/ov7sStX+CvuHLaZmGrBy4czrl37tzjxYJrsO0vq7CwuLS8Ulwtra1vbG6Vt3eaOkoUZQ0aiUi1PaKZ4JI1gINg7VgxEnqCtbzh9dhvPTCleSTvIY2ZG5K+5AGnBIx0d3nRK1fsqj0B/kucnFRQjnqv/N31I5qETAIVROuOY8fgZkQBp4KNSt1Es5jQIemzjqGShEy72eSnI3xgFB8HkTIlAU/U3xMZCbVOQ890hgQGet4bi/96GkKiUuXP7Yfg3M24jBNgkk7XB4nAEOFxGNjnilEQqSGEKm4uwHRAFKFgIpt5H/jwcVQyYTnz0fwlzaOqc1o9uT2u1K7y2IpoD+2jQ+SgM1RDN6iOGoiiAD2hF/RqPVtv1rv1MW0tWPnMLpqB9fkDJqSeJA==</latexit>

<:
<latexit sha1_base64="QtrbgSX1rJxHRayT41nhv1S122Q=">AAACEXicbVDLSsNAFJ3UV62vqks3g0VwVRLxhbgounFZxT6gDWUymbRDJ5MwcyPE0D9wJ/ov7sStX+CvuHLaZmGrBy4czrl37tzjxYJrsO0vq7CwuLS8Ulwtra1vbG6Vt3eaOkoUZQ0aiUi1PaKZ4JI1gINg7VgxEnqCtbzh9dhvPTCleSTvIY2ZG5K+5AGnBIx0d3nRK1fsqj0B/kucnFRQjnqv/N31I5qETAIVROuOY8fgZkQBp4KNSt1Es5jQIemzjqGShEy72eSnI3xgFB8HkTIlAU/U3xMZCbVOQ890hgQGet4bi/96GkKiUuXP7Yfg3M24jBNgkk7XB4nAEOFxGNjnilEQqSGEKm4uwHRAFKFgIpt5H/jwcVQyYTnz0fwlzaOqc1o9uT2u1K7y2IpoD+2jQ+SgM1RDN6iOGoiiAD2hF/RqPVtv1rv1MW0tWPnMLpqB9fkDJqSeJA==</latexit>

<:
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Subtype Relation – Bottom Type and Top Type
τ <: τ

The bottom type ⊥ and the top type ⊤ represent the empty set of
values and the universal set of values, respectively.

Thus, ⊥ is a subtype of any type, and any type is a subtype of ⊤:

⊥ <: τ τ <: ⊤

<latexit sha1_base64="TuzgCb8/fgdysZAVKXbUU157pFg=">AAACE3icbVDLSsNAFJ3UV62vqks3g0VwVRLxtSy6cVnBPqANZTKZtEMnM2HmRoihv+BO9F/ciVs/wF9xZdJmYVsPXDicc+/cuceLBDdg299WaWV1bX2jvFnZ2t7Z3avuH7SNijVlLaqE0l2PGCa4ZC3gIFg30oyEnmAdb3yb+51Hpg1X8gGSiLkhGUoecEogl/qegkG1ZtftKfAycQpSQwWag+pP31c0DpkEKogxPceOwE2JBk4Fm1T6sWERoWMyZL2MShIy46bTv07wSab4OFA6Kwl4qv6dSEloTBJ6WWdIYGQWvVz81zMQEp1of2E/BNduymUUA5N0tj6IBQaF8ziwzzWjIJKMEKp5dgGmI6IJhSy0ufeBj58mlSwsZzGaZdI+qzuX9Yv781rjpoitjI7QMTpFDrpCDXSHmqiFKBqhZ/SK3qwX6936sD5nrSWrmDlEc7C+fgFmz59j</latexit>?
<latexit sha1_base64="Erm1RPyU4sXvHK2Wr8PBfLRm7W0=">AAACE3icbVDLSsNAFJ3UV62vqks3g0VwVRLxtSy6cVnBPqANZTKZtEMnM2HmRoihv+BO9F/ciVs/wF9xZdJmYVsPXDicc+/cuceLBDdg299WaWV1bX2jvFnZ2t7Z3avuH7SNijVlLaqE0l2PGCa4ZC3gIFg30oyEnmAdb3yb+51Hpg1X8gGSiLkhGUoecEogl/qgokG1ZtftKfAycQpSQwWag+pP31c0DpkEKogxPceOwE2JBk4Fm1T6sWERoWMyZL2MShIy46bTv07wSab4OFA6Kwl4qv6dSEloTBJ6WWdIYGQWvVz81zMQEp1of2E/BNduymUUA5N0tj6IBQaF8ziwzzWjIJKMEKp5dgGmI6IJhSy0ufeBj58mlSwsZzGaZdI+qzuX9Yv781rjpoitjI7QMTpFDrpCDXSHmqiFKBqhZ/SK3qwX6936sD5nrSWrmDlEc7C+fgF+W59x</latexit>>

<latexit sha1_base64="cnBG9FQAcGq3gPFGIEVKg5OrAho=">AAACGnicbVDLSsNAFJ34rPVVdekmWARXJRFfy6IblxXsA9pQJpNJO3QeYeamEEs/w53ov7gTt278FVdO2yxs64ELh3PunTv3hAlnBjzv21lZXVvf2CxsFbd3dvf2SweHDaNSTWidKK50K8SGciZpHRhw2ko0xSLktBkO7iZ+c0i1YUo+QpbQQOCeZDEjGKzU7gyxlgr6TPa6pbJX8aZwl4mfkzLKUeuWfjqRIqmgEgjHxrR9L4FghDUwwum42EkNTTAZ4B5tWyqxoCYYTb88dk+tErmx0rYkuFP178QIC2MyEdpOgaFvFr2J+K9nQGCd6WhhP8Q3wYjJJAUqyWx9nHIXlDtJxY2YpgR4ZgkmmtkLXNLHGhOw2c29D2zwNC7asPzFaJZJ47ziX1UuHy7K1ds8tgI6RifoDPnoGlXRPaqhOiJIoWf0it6cF+fd+XA+Z60rTj5zhObgfP0CexmipA==</latexit>?

<latexit sha1_base64="YF9Hk9AKKoRX/HWnlPVNmE1Mk3U=">AAACE3icbVDLSsNAFJ3UV62vqks3wSK4Kon4WhbduKxgH9CGMplM2qEzkzBzI8TQX3An+i/uxK0f4K+4ctJmYVsPXDicc+/cucePOdPgON9WaWV1bX2jvFnZ2t7Z3avuH7R1lChCWyTiker6WFPOJG0BA067saJY+Jx2/PFt7nceqdIskg+QxtQTeChZyAiGXOoDTgbVmlN3prCXiVuQGirQHFR/+kFEEkElEI617rlODF6GFTDC6aTSTzSNMRnjIe0ZKrGg2sumf53YJ0YJ7DBSpiTYU/XvRIaF1qnwTafAMNKLXi7+62kQWKUqWNgP4bWXMRknQCWZrQ8TbkNk53HYAVOUAE8NwUQxc4FNRlhhAia0ufeBjZ8mFROWuxjNMmmf1d3L+sX9ea1xU8RWRkfoGJ0iF12hBrpDTdRCBI3QM3pFb9aL9W59WJ+z1pJVzByiOVhfv29Bn2g=</latexit>⌧

<latexit sha1_base64="ifgawSuKmuaNIT2r+HC8mD0AR/g=">AAACGXicbVC7TsMwFHV4lvIqMLJYVEhMVYJ4jRUsjEWiD9FGleO4rVXHiewbpBDlL9gQ/AsbYmXiV5hw2gy05UiWjs65Lx8vElyDbX9bS8srq2vrpY3y5tb2zm5lb7+lw1hR1qShCFXHI5oJLlkTOAjWiRQjgSdY2xvf5H77kSnNQ3kPScTcgAwlH3BKwEgPvYDAyPPSVtavVO2aPQFeJE5BqqhAo1/56fkhjQMmgQqiddexI3BTooBTwbJyL9YsInRMhqxrqCQB0246uTjDx0bx8SBU5knAE/VvR0oCrZPAM5X5hXrey8V/PQ0BUYny5/bD4MpNuYxiYJJO1w9igSHEeSjY54pREIkhhCpufoDpiChCwUQ3Mx/4+Ckrm7Cc+WgWSeu05lzUzu/OqvXrIrYSOkRH6AQ56BLV0S1qoCaiSKJn9IrerBfr3fqwPqelS1bRc4BmYH39AnRWohY=</latexit>

VValue Set

<latexit sha1_base64="IxMJ/GjHQp+dbLbxg5sxFfcgPag=">AAACGHicbVC5TsNAEF2HK4QrQEljESFRRTbiKiNoKINEDpRY0Xo9TlbZtc3uGMlE+Qo6BP9Ch2jp+BUqNkdBEp400tN7Mzs7z08E1+g431ZuaXlldS2/XtjY3NreKe7u1XWcKgY1FotYNX2qQfAIashRQDNRQKUvoOH3r0d+4xGU5nF0h1kCnqTdiIecUTTSfVunvgaEh06x5JSdMexF4k5JiUxR7RR/2kHMUgkRMkG1brlOgt6AKuRMwLDQTjUklPVpF1qGRlSC9gbjDw/tI6MEdhgrUxHaY/XvxIBKrTPpm05JsafnvZH4r6dRUpWpYG4/hpfegEdJihCxyfowFTbG9igTO+AKGIrMEMoUNxfYrEcVZWiSm3kfef9pWDBhufPRLJL6Sdk9L5/dnpYqV9PY8uSAHJJj4pILUiE3pEpqhBFJnskrebNerHfrw/qctOas6cw+mYH19QvGW6G8</latexit>✓ <latexit sha1_base64="IxMJ/GjHQp+dbLbxg5sxFfcgPag=">AAACGHicbVC5TsNAEF2HK4QrQEljESFRRTbiKiNoKINEDpRY0Xo9TlbZtc3uGMlE+Qo6BP9Ch2jp+BUqNkdBEp400tN7Mzs7z08E1+g431ZuaXlldS2/XtjY3NreKe7u1XWcKgY1FotYNX2qQfAIashRQDNRQKUvoOH3r0d+4xGU5nF0h1kCnqTdiIecUTTSfVunvgaEh06x5JSdMexF4k5JiUxR7RR/2kHMUgkRMkG1brlOgt6AKuRMwLDQTjUklPVpF1qGRlSC9gbjDw/tI6MEdhgrUxHaY/XvxIBKrTPpm05JsafnvZH4r6dRUpWpYG4/hpfegEdJihCxyfowFTbG9igTO+AKGIrMEMoUNxfYrEcVZWiSm3kfef9pWDBhufPRLJL6Sdk9L5/dnpYqV9PY8uSAHJJj4pILUiE3pEpqhBFJnskrebNerHfrw/qctOas6cw+mYH19QvGW6G8</latexit>✓

<latexit sha1_base64="QtrbgSX1rJxHRayT41nhv1S122Q=">AAACEXicbVDLSsNAFJ3UV62vqks3g0VwVRLxhbgounFZxT6gDWUymbRDJ5MwcyPE0D9wJ/ov7sStX+CvuHLaZmGrBy4czrl37tzjxYJrsO0vq7CwuLS8Ulwtra1vbG6Vt3eaOkoUZQ0aiUi1PaKZ4JI1gINg7VgxEnqCtbzh9dhvPTCleSTvIY2ZG5K+5AGnBIx0d3nRK1fsqj0B/kucnFRQjnqv/N31I5qETAIVROuOY8fgZkQBp4KNSt1Es5jQIemzjqGShEy72eSnI3xgFB8HkTIlAU/U3xMZCbVOQ890hgQGet4bi/96GkKiUuXP7Yfg3M24jBNgkk7XB4nAEOFxGNjnilEQqSGEKm4uwHRAFKFgIpt5H/jwcVQyYTnz0fwlzaOqc1o9uT2u1K7y2IpoD+2jQ+SgM1RDN6iOGoiiAD2hF/RqPVtv1rv1MW0tWPnMLpqB9fkDJqSeJA==</latexit>

<:
<latexit sha1_base64="QtrbgSX1rJxHRayT41nhv1S122Q=">AAACEXicbVDLSsNAFJ3UV62vqks3g0VwVRLxhbgounFZxT6gDWUymbRDJ5MwcyPE0D9wJ/ov7sStX+CvuHLaZmGrBy4czrl37tzjxYJrsO0vq7CwuLS8Ulwtra1vbG6Vt3eaOkoUZQ0aiUi1PaKZ4JI1gINg7VgxEnqCtbzh9dhvPTCleSTvIY2ZG5K+5AGnBIx0d3nRK1fsqj0B/kucnFRQjnqv/N31I5qETAIVROuOY8fgZkQBp4KNSt1Es5jQIemzjqGShEy72eSnI3xgFB8HkTIlAU/U3xMZCbVOQ890hgQGet4bi/96GkKiUuXP7Yfg3M24jBNgkk7XB4nAEOFxGNjnilEQqSGEKm4uwHRAFKFgIpt5H/jwcVQyYTnz0fwlzaOqc1o9uT2u1K7y2IpoD+2jQ+SgM1RDN6iOGoiiAD2hF/RqPVtv1rv1MW0tWPnMLpqB9fkDJqSeJA==</latexit>

<:
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Subtype Relation – Record Types (1)
τ <: τ

Let’s consider the subtype relation between record types.

/* STFAE */
val f = (x: {a: Number}) => x.a
val y: {a: Number, b: Number} = {a = 1, b = 2}
f(y)

If we add any new field to a record type, the resulting type should be a
subtype of the original type.

{x1 : τ1, . . . , xn : τn, x : τ} <: {x1 : τ1, . . . , xn : τn}
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Subtype Relation – Record Types (2)
τ <: τ

Let’s consider the subtype relation between record types.

/* STFAE */
val f = (x: {a: Top, b: Top}) => x
val x: {a: Number, b: Number} = {a = 1, b = 2}
f(x)

If all fields of a record type are subtypes of the corresponding fields of
another record type, the resulting type should be a subtype of the other.

τ1 <: τ ′
1 . . . τn <: τ ′

n

{x1 : τ1, . . . , xn : τn} <: {x1 : τ ′
1, . . . , xn : τ ′

n}
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Subtype Relation – Record Types (3)
τ <: τ

Let’s consider the subtype relation between record types.

/* STFAE */
val f = (x: {a: Number, b: Number}) => x
val x: {b: Number, a: Number} = {a = 1, b = 2}
f(x)

If the fields of a record type is a permutation of the fields of another
record type, the resulting type should be a subtype of the other.

{x1 : τ1, . . . , xn : τn} is a permutation of {x′
1 : τ ′

1, . . . , x′
n : τ ′

n}
{x1 : τ1, . . . , xn : τn} <: {x′

1 : τ ′
1, . . . , x′

n : τ ′
n}
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Subtype Relation – Function Types
τ <: τ

Let’s consider the subtype relation between function types.

val f = (g: Number => Top) => g(42)

// (Top => Top) <: (Number => Top)
val h: Top => Top = (x: Top) => x
f(h)

If the parameter type τ1 is a super type of the parameter type τ ′
1,

τ1 → τ2 is a subtype of τ ′
1 → τ2.

// (Number => Number) <: (Number => Top)
val h: Number => Number = (x: Number) => x + 1
f(h)

Reversely, if the return type τ2 is a subtype of the return type τ ′
2,

τ1 → τ2 is a subtype of τ1 → τ ′
2.
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Subtype Relation – Function Types
τ <: τ

If the following conditions are satisfied, τ1 → τ2 is a subtype of τ ′
1 → τ ′

2.
• the parameter type τ1 is a super type of the parameter type τ ′

1.
• the return type τ2 is a subtype of the return type τ ′

2.
τ1 :> τ ′

1 τ2 <: τ ′
2

(τ1 → τ2) <: (τ ′
1 → τ ′

2)

<latexit sha1_base64="NjYecDJqD7sX4gIb5cRULeZ0jTE=">AAACFXicbVC7TsMwFHV4lvIqMLJYVEhMVYJ4jRUsjEWiD6mNKsdxWlPbiewbpFD1H9gQ/AsbYmXmV5hw2wy05UhXOjrnXl/fEySCG3Ddb2dpeWV1bb2wUdzc2t7ZLe3tN0ycasrqNBaxbgXEMMEVqwMHwVqJZkQGgjWDwc3Ybz4ybXis7iFLmC9JT/GIUwJWanSApF2vWyq7FXcCvEi8nJRRjlq39NMJY5pKpoAKYkzbcxPwh0QDp4KNip3UsITQAemxtqWKSGb84eS3I3xslRBHsbalAE/UvxNDIo3JZGA7JYG+mffG4r+eAUl0psO5/RBd+UOukhSYotP1USowxHgcCA65ZhREZgmhmtsLMO0TTSjY2GbeBz54GhVtWN58NIukcVrxLirnd2fl6nUeWwEdoiN0gjx0iaroFtVQHVH0gJ7RK3pzXpx358P5nLYuOfnMAZqB8/ULreGgDA==</latexit>⌧1
<latexit sha1_base64="bIh9IrKnVCmoOVBdC5H0PUbr4o4=">AAACFnicbVC7TsMwFHV4lvIqMLJYVAimKkG8xgoWxiLRh9RGleM4rRXHiewbpBD1I9gQ/AsbYmXlV5hw2wy05UhXOjrnXl/f4yWCa7Dtb2tpeWV1bb20Ud7c2t7Zreztt3ScKsqaNBax6nhEM8ElawIHwTqJYiTyBGt74e3Ybz8ypXksHyBLmBuRgeQBpwSM1O4BSU/6Tr9StWv2BHiROAWpogKNfuWn58c0jZgEKojWXcdOwM2JAk4FG5V7qWYJoSEZsK6hkkRMu/nkuyN8bBQfB7EyJQFP1L8TOYm0ziLPdEYEhnreG4v/ehoiojLlz+2H4NrNuUxSYJJO1wepwBDjcSLY54pREJkhhCpuLsB0SBShYHKbeR94+DQqm7Cc+WgWSeus5lzWLu7Pq/WbIrYSOkRH6BQ56ArV0R1qoCaiKETP6BW9WS/Wu/VhfU5bl6xi5gDNwPr6BRYuoD0=</latexit>

⌧ 01
<latexit sha1_base64="6vPSCJ9u9DTDelMKZ1llZ9bbYV0=">AAACFXicbVC7TsMwFHXKq5RXgZElokJiqpKK11jBwlgk+pDaqHIcpzW1nci+QQpR/4ENwb+wIVZmfoUJt81AW450paNz7vX1PX7MmQbH+bYKK6tr6xvFzdLW9s7uXnn/oKWjRBHaJBGPVMfHmnImaRMYcNqJFcXC57Ttj24mfvuRKs0ieQ9pTD2BB5KFjGAwUqsHOOnX+uWKU3WmsJeJm5MKytHol396QUQSQSUQjrXuuk4MXoYVMMLpuNRLNI0xGeEB7RoqsaDay6a/HdsnRgnsMFKmJNhT9e9EhoXWqfBNp8Aw1IveRPzX0yCwSlWwsB/CKy9jMk6ASjJbHybchsieBGIHTFECPDUEE8XMBTYZYoUJmNjm3gc2ehqXTFjuYjTLpFWruhfV87uzSv06j62IjtAxOkUuukR1dIsaqIkIekDP6BW9WS/Wu/Vhfc5aC1Y+c4jmYH39Aq+NoA0=</latexit>⌧2

<latexit sha1_base64="+cqDbcI/RdkgF6incKMti2UnB1w=">AAACFnicbVC7TsMwFHXKq5RXgZElokIwVUnFa6xgYSwSfUhtVDmO01q1nci+QQpRP4INwb+wIVZWfoUJt81AW450paNz7vX1PX7MmQbH+bYKK6tr6xvFzdLW9s7uXnn/oKWjRBHaJBGPVMfHmnImaRMYcNqJFcXC57Ttj24nfvuRKs0i+QBpTD2BB5KFjGAwUrsHODnt1/rlilN1prCXiZuTCsrR6Jd/ekFEEkElEI617rpODF6GFTDC6bjUSzSNMRnhAe0aKrGg2sum3x3bJ0YJ7DBSpiTYU/XvRIaF1qnwTafAMNSL3kT819MgsEpVsLAfwmsvYzJOgEoyWx8m3IbIniRiB0xRAjw1BBPFzAU2GWKFCZjc5t4HNnoal0xY7mI0y6RVq7qX1Yv780r9Jo+tiI7QMTpDLrpCdXSHGqiJCBqhZ/SK3qwX6936sD5nrQUrnzlEc7C+fgEX2qA+</latexit>

⌧ 02
<latexit sha1_base64="vBNkZ49cdKEotxc2mivD5oJJqMc=">AAACFHicbVC7TsMwFHXKq5RXgZHFokJiqhLEa6xgYSwSaSu1UeU4TmvVcSL7BilE/QY2BP/ChljZ+RUm3DYDbTnSlY7OudfX9/iJ4Bps+9sqrayurW+UNytb2zu7e9X9g5aOU0WZS2MRq45PNBNcMhc4CNZJFCORL1jbH91O/PYjU5rH8gGyhHkRGUgeckrASG5PEBn0qzW7bk+Bl4lTkBoq0OxXf3pBTNOISaCCaN117AS8nCjgVLBxpZdqlhA6IgPWNVSSiGkvn352jE+MEuAwVqYk4Kn6dyInkdZZ5JvOiMBQL3oT8V9PQ0RUpoKF/RBeezmXSQpM0tn6MBUYYjzJAwdcMQoiM4RQxc0FmA6JIhRManPvAx89jSsmLGcxmmXSOqs7l/WL+/Na46aIrYyO0DE6RQ66Qg10h5rIRRRx9Ixe0Zv1Yr1bH9bnrLVkFTOHaA7W1y8kBZ/H</latexit>^

<latexit sha1_base64="GLzwyKYCz0pZR1xAG1Oi+h6ERbk=">AAACKnicbVDJTgJBFOzBDXEb9WS8dCQmnsgMcTsSvXjERJaEIeRN00CHniXdbzRIiF/jzei/eCNe/QpPNjAHASt5SaXqLXnlx1JodJyxlVlZXVvfyG7mtrZ3dvfs/YOqjhLFeIVFMlJ1HzSXIuQVFCh5PVYcAl/ymt+/nfi1R660iMIHHMS8GUA3FB3BAI3Uso88hKTlUk+Jbg9BqeiJTqViy847BWcKukzclORJinLL/vHaEUsCHiKToHXDdWJsDkGhYJKPcl6ieQysD13eMDSEgOvmcPrCiJ4apU07kTIVIp2qfyeGEGg9CHzTGQD29KI3Ef/1NAagBqq9cB87182hCOMEechm5zuJpBjRSUq0LRRnKAeGAFPCfEBZDxQwNFnO7UfRfx7lTFjuYjTLpFosuJeFi/vzfOkmjS1LjskJOSMuuSIlckfKpEIYeSGv5J18WG/WpzW2vmatGSudOSRzsL5/ATt9qBc=</latexit>

⌧1 ! ⌧2
<latexit sha1_base64="aBT4Siuq0zebm51satlt7X8Rpxw=">AAACLHicbVC7TgJBFJ31ifhataSZSIxWZJf4Kok2lpjIIwFC7g4DTJh9ZOauZiUUfo2d0X+xMcbWj7BygC0EPMlNTs65j9zjRVJodJwPa2l5ZXVtPbOR3dza3tm19/arOowV4xUWylDVPdBcioBXUKDk9Uhx8D3Ja97geuzX7rnSIgzuMIl4y4deILqCARqpbeeaCPFx26VNJXp9BKXCBzrVim077xScCegicVOSJynKbfun2QlZ7PMAmQStG64TYWsICgWTfJRtxppHwAbQ4w1DA/C5bg0nT4zokVE6tBsqUwHSifp3Ygi+1onvmU4fsK/nvbH4r6fRB5Woztx97F62hiKIYuQBm57vxpJiSMc50Y5QnKFMDAGmhPmAsj4oYGjSnNmPYvA4ypqw3PloFkm1WHDPC2e3p/nSVRpbhuTIITkhLrkgJXJDyqRCGHkiz+SVvFkv1rv1aX1NW5esdOaAzMD6/gUWu6h5</latexit>

⌧ 01 ! ⌧ 02
<latexit sha1_base64="NjYecDJqD7sX4gIb5cRULeZ0jTE=">AAACFXicbVC7TsMwFHV4lvIqMLJYVEhMVYJ4jRUsjEWiD6mNKsdxWlPbiewbpFD1H9gQ/AsbYmXmV5hw2wy05UhXOjrnXl/fEySCG3Ddb2dpeWV1bb2wUdzc2t7ZLe3tN0ycasrqNBaxbgXEMMEVqwMHwVqJZkQGgjWDwc3Ybz4ybXis7iFLmC9JT/GIUwJWanSApF2vWyq7FXcCvEi8nJRRjlq39NMJY5pKpoAKYkzbcxPwh0QDp4KNip3UsITQAemxtqWKSGb84eS3I3xslRBHsbalAE/UvxNDIo3JZGA7JYG+mffG4r+eAUl0psO5/RBd+UOukhSYotP1USowxHgcCA65ZhREZgmhmtsLMO0TTSjY2GbeBz54GhVtWN58NIukcVrxLirnd2fl6nUeWwEdoiN0gjx0iaroFtVQHVH0gJ7RK3pzXpx358P5nLYuOfnMAZqB8/ULreGgDA==</latexit>⌧1

<latexit sha1_base64="6vPSCJ9u9DTDelMKZ1llZ9bbYV0=">AAACFXicbVC7TsMwFHXKq5RXgZElokJiqpKK11jBwlgk+pDaqHIcpzW1nci+QQpR/4ENwb+wIVZmfoUJt81AW450paNz7vX1PX7MmQbH+bYKK6tr6xvFzdLW9s7uXnn/oKWjRBHaJBGPVMfHmnImaRMYcNqJFcXC57Ttj24mfvuRKs0ieQ9pTD2BB5KFjGAwUqsHOOnX+uWKU3WmsJeJm5MKytHol396QUQSQSUQjrXuuk4MXoYVMMLpuNRLNI0xGeEB7RoqsaDay6a/HdsnRgnsMFKmJNhT9e9EhoXWqfBNp8Aw1IveRPzX0yCwSlWwsB/CKy9jMk6ASjJbHybchsieBGIHTFECPDUEE8XMBTYZYoUJmNjm3gc2ehqXTFjuYjTLpFWruhfV87uzSv06j62IjtAxOkUuukR1dIsaqIkIekDP6BW9WS/Wu/Vhfc5aC1Y+c4jmYH39Aq+NoA0=</latexit>⌧2

<latexit sha1_base64="+cqDbcI/RdkgF6incKMti2UnB1w=">AAACFnicbVC7TsMwFHXKq5RXgZElokIwVUnFa6xgYSwSfUhtVDmO01q1nci+QQpRP4INwb+wIVZWfoUJt81AW450paNz7vX1PX7MmQbH+bYKK6tr6xvFzdLW9s7uXnn/oKWjRBHaJBGPVMfHmnImaRMYcNqJFcXC57Ttj24nfvuRKs0i+QBpTD2BB5KFjGAwUrsHODnt1/rlilN1prCXiZuTCsrR6Jd/ekFEEkElEI617rpODF6GFTDC6bjUSzSNMRnhAe0aKrGg2sum3x3bJ0YJ7DBSpiTYU/XvRIaF1qnwTafAMNSL3kT819MgsEpVsLAfwmsvYzJOgEoyWx8m3IbIniRiB0xRAjw1BBPFzAU2GWKFCZjc5t4HNnoal0xY7mI0y6RVq7qX1Yv780r9Jo+tiI7QMTpDLrpCdXSHGqiJCBqhZ/SK3qwX6936sD5nrQUrnzlEc7C+fgEX2qA+</latexit>

⌧ 02
<latexit sha1_base64="bIh9IrKnVCmoOVBdC5H0PUbr4o4=">AAACFnicbVC7TsMwFHV4lvIqMLJYVAimKkG8xgoWxiLRh9RGleM4rRXHiewbpBD1I9gQ/AsbYmXlV5hw2wy05UhXOjrnXl/f4yWCa7Dtb2tpeWV1bb20Ud7c2t7Zreztt3ScKsqaNBax6nhEM8ElawIHwTqJYiTyBGt74e3Ybz8ypXksHyBLmBuRgeQBpwSM1O4BSU/6Tr9StWv2BHiROAWpogKNfuWn58c0jZgEKojWXcdOwM2JAk4FG5V7qWYJoSEZsK6hkkRMu/nkuyN8bBQfB7EyJQFP1L8TOYm0ziLPdEYEhnreG4v/ehoiojLlz+2H4NrNuUxSYJJO1wepwBDjcSLY54pREJkhhCpuLsB0SBShYHKbeR94+DQqm7Cc+WgWSeus5lzWLu7Pq/WbIrYSOkRH6BQ56ArV0R1qoCaiKETP6BW9WS/Wu/VhfU5bl6xi5gDNwPr6BRYuoD0=</latexit>

⌧ 01

<latexit sha1_base64="W0lVDbUw5J4NlMJ9f7GFLDizCDk="></latexit>

{f | 8v 2 ⌧ 01. f(v) 2 ⌧ 02}

<latexit sha1_base64="Vg3jfXGZ9NEB8WlVkt/+bluVPLg=">AAACGnicbVC7TsMwFHV4lvIqMLJYVEhMVYJ4jRUsjEWiD6mNKsdxW6t2HNk3oBD1M9gQ/AsbYmXhV5hw2wy05UhXOjrnXl/fE8SCG3Ddb2dpeWV1bb2wUdzc2t7ZLe3tN4xKNGV1qoTSrYAYJnjE6sBBsFasGZGBYM1geDP2mw9MG66ie0hj5kvSj3iPUwJWanc07w+AaK0eu6WyW3EnwIvEy0kZ5ah1Sz+dUNFEsgioIMa0PTcGPyMaOBVsVOwkhsWEDkmftS2NiGTGzyZfHuFjq4S4p7StCPBE/TuREWlMKgPbKQkMzLw3Fv/1DEiiUx3O7YfelZ/xKE6ARXS6vpcIDAqPU8Eh14yCSC0hVHN7AaYDogkFm93M+8CHT6OiDcubj2aRNE4r3kXl/O6sXL3OYyugQ3SETpCHLlEV3aIaqiOKFHpGr+jNeXHenQ/nc9q65OQzB2gGztcvic6irQ==</latexit>! <latexit sha1_base64="Vg3jfXGZ9NEB8WlVkt/+bluVPLg=">AAACGnicbVC7TsMwFHV4lvIqMLJYVEhMVYJ4jRUsjEWiD6mNKsdxW6t2HNk3oBD1M9gQ/AsbYmXhV5hw2wy05UhXOjrnXl/fE8SCG3Ddb2dpeWV1bb2wUdzc2t7ZLe3tN4xKNGV1qoTSrYAYJnjE6sBBsFasGZGBYM1geDP2mw9MG66ie0hj5kvSj3iPUwJWanc07w+AaK0eu6WyW3EnwIvEy0kZ5ah1Sz+dUNFEsgioIMa0PTcGPyMaOBVsVOwkhsWEDkmftS2NiGTGzyZfHuFjq4S4p7StCPBE/TuREWlMKgPbKQkMzLw3Fv/1DEiiUx3O7YfelZ/xKE6ARXS6vpcIDAqPU8Eh14yCSC0hVHN7AaYDogkFm93M+8CHT6OiDcubj2aRNE4r3kXl/O6sXL3OYyugQ3SETpCHLlEV3aIaqiOKFHpGr+jNeXHenQ/nc9q65OQzB2gGztcvic6irQ==</latexit>!

<latexit sha1_base64="5o+XC4K7nv0FPmo3StD5MNZsFcc="></latexit>{f | 8v 2 ⌧1. f(v) 2 ⌧2}

<latexit sha1_base64="jmm4eoFcdh8z0KGnGx5lq5BlFU0=">AAACG3icbVC7TsMwFHXKq5RXgZElokJiqhLEa6xgYSyIPqQmqhzHaa3acWTfgELU32BD8C9siJWBX2EiaTPQliNd6eice319jxdxpsGyvo3S0vLK6lp5vbKxubW9U93da2sZK0JbRHKpuh7WlLOQtoABp91IUSw8Tjve6Dr3Ow9UaSbDe0gi6go8CFnACIZMcpw7NhgCVko+VvrVmlW3JjAXiV2QGirQ7Fd/HF+SWNAQCMda92wrAjfFChjhdFxxYk0jTEZ4QHsZDbGg2k0nfx6bR5nim4FUWYVgTtS/EykWWifCyzoFhqGe93LxX0+DwCpR/tx+CC7dlIVRDDQk0/VBzE2QZh6L6TNFCfAkI5goll1gkiFWmEAW3sz7wEZP4zwsez6aRdI+qdvn9bPb01rjqoitjA7QITpGNrpADXSDmqiFCIrQM3pFb8aL8W58GJ/T1pJRzOyjGRhfv42LoqE=</latexit>) <latexit sha1_base64="IxMJ/GjHQp+dbLbxg5sxFfcgPag=">AAACGHicbVC5TsNAEF2HK4QrQEljESFRRTbiKiNoKINEDpRY0Xo9TlbZtc3uGMlE+Qo6BP9Ch2jp+BUqNkdBEp400tN7Mzs7z08E1+g431ZuaXlldS2/XtjY3NreKe7u1XWcKgY1FotYNX2qQfAIashRQDNRQKUvoOH3r0d+4xGU5nF0h1kCnqTdiIecUTTSfVunvgaEh06x5JSdMexF4k5JiUxR7RR/2kHMUgkRMkG1brlOgt6AKuRMwLDQTjUklPVpF1qGRlSC9gbjDw/tI6MEdhgrUxHaY/XvxIBKrTPpm05JsafnvZH4r6dRUpWpYG4/hpfegEdJihCxyfowFTbG9igTO+AKGIrMEMoUNxfYrEcVZWiSm3kfef9pWDBhufPRLJL6Sdk9L5/dnpYqV9PY8uSAHJJj4pILUiE3pEpqhBFJnskrebNerHfrw/qctOas6cw+mYH19QvGW6G8</latexit>✓

<latexit sha1_base64="QtrbgSX1rJxHRayT41nhv1S122Q=">AAACEXicbVDLSsNAFJ3UV62vqks3g0VwVRLxhbgounFZxT6gDWUymbRDJ5MwcyPE0D9wJ/ov7sStX+CvuHLaZmGrBy4czrl37tzjxYJrsO0vq7CwuLS8Ulwtra1vbG6Vt3eaOkoUZQ0aiUi1PaKZ4JI1gINg7VgxEnqCtbzh9dhvPTCleSTvIY2ZG5K+5AGnBIx0d3nRK1fsqj0B/kucnFRQjnqv/N31I5qETAIVROuOY8fgZkQBp4KNSt1Es5jQIemzjqGShEy72eSnI3xgFB8HkTIlAU/U3xMZCbVOQ890hgQGet4bi/96GkKiUuXP7Yfg3M24jBNgkk7XB4nAEOFxGNjnilEQqSGEKm4uwHRAFKFgIpt5H/jwcVQyYTnz0fwlzaOqc1o9uT2u1K7y2IpoD+2jQ+SgM1RDN6iOGoiiAD2hF/RqPVtv1rv1MW0tWPnMLpqB9fkDJqSeJA==</latexit>

<:
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Typing Rules with Subsumption
One possible way to support subtype polymorphism is to add a general
subsumption rule to the typing rules:

Γ ⊢ e : τ τ <: τ ′

Γ ⊢ e : τ ′

With this rule, we can type the following expression.

/* STFAE */
val x: {a: Number} = {a=2, b=3}; x.a

. . .

∅ ⊢ {a = 2, b = 3} : {a : num, b : num}
. . .

{a : num, b : num} <: {a : num}
∅ ⊢ {a = 2, b = 3} : {a : num}

. . .

∅ ⊢ val x : {a : num} = {a = 2, b = 3}; x.a : num

However, it is not algorithmic because we don’t know which types are
required as the result of subsumption.
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∅ ⊢ {a = 2, b = 3} : {a : num, b : num}
. . .

{a : num, b : num} <: {a : num}
∅ ⊢ {a = 2, b = 3} : {a : num}

. . .

∅ ⊢ val x : {a : num} = {a = 2, b = 3}; x.a : num

However, it is not algorithmic because we don’t know which types are
required as the result of subsumption.
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Algorithmic Typing Rules without Subsumption
Another way is to directly apply the subtype relation to the each typing
rule without subsumption, and it is algorithmic.

Γ ⊢ e : τ

τ−Add
Γ ⊢ e1 : τ1 τ1 <: num Γ ⊢ e2 : τ2 τ2 <: num

Γ ⊢ e1 + e2 : num

τ−Mul
Γ ⊢ e1 : τ1 τ1 <: num Γ ⊢ e2 : τ2 τ2 <: num

Γ ⊢ e1 × e2 : num

τ−Valτ

Γ ⊢ e1 : τ1 τ1 <: τ0 Γ[x : τ0] ⊢ e2 : τ2

Γ ⊢ val x : τ0 = e1; e2 : τ2

τ−App
Γ ⊢ e0 : τ1 → τ2 Γ ⊢ e1 : τ3 τ3 <: τ1

Γ ⊢ e0(e1) : τ2
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Summary
1. Subtype Polymorphism
2. STFAE – TFAE with Subtype Polymorphism

Concrete Syntax
Abstract Syntax

3. Interpreter and Natural Semantics for STFAE
4. Type Checker and Typing Rules without Subtyping

Records
Field Accesses
Exit
Immutable Variable Definition

5. Subtype Relation
Bottom Type and Top Type
Record Types
Function Types
Typing Rules with Subsumption
Algorithmic Typing Rules without Subsumption
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Exercise #15

https://github.com/ku-plrg-classroom/docs/tree/main/cose212/stfae

• Please see above document on GitHub:
• Implement typeCheck function.
• Implement interp function.

• It is just an exercise, and you don’t need to submit anything.
• However, some exam questions might be related to this exercise.

COSE212 @ Korea University Lecture 24 – Subtype Polymorphism December 2, 2024 35 / 36

https://github.com/ku-plrg-classroom/docs/tree/main/cose212/stfae


Next Lecture
• Type Inference (1)

Jihyeok Park
jihyeok park@korea.ac.kr

https://plrg.korea.ac.kr
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