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1. [¥¢¥%¥¢] The following sentences explain basic concepts of programming languages. Fill in the

blanks with the following terms (2 points per blank):
algebraic continuation equivalence intersection product
recursive subtype sum type argument type checking
type constraint type inference type instantiation type variable union
o A(n) is a representation of the execution state of a program at a certain

point, encapsulating the rest of the computation to be performed.

o A(n)

type is a compound type that contains a value for each of its

component types, corresponding to the Cartesian product in set theory.

o A(n)

meaning that any term of type S can

relation is a binary relation between types, denoted as S <: T,

be safely used in a context where a term of type T is expected.

o Parametric polymorphism enables writing generic entities (e.g., functions, data types) by introducing

that can be instantiated with different types.

. is the process by which a compiler automatically deduces the types of

expressions in a program from context,

without requiring explicit type annotations from the programmer.

2. |15 points | Consider a language KFAE defined with the following syntax and small-step operational semantics.

It supports first-class functions and firs
Expressions E>e:

Values Vauou:
Continuations K 3 &k :

Environments o
Value Stacks S> s:

((0Fn):k]ls)
((cFel+e2) k]l s)
() 2k || ngimg os)
((ckFe *e2) k|| s)
(X)) k|| ngngs)
((ckFx):k]| s)

((cF Az.e) k|| s)
((oFeilez)) = r ] 5)
((
((
((

Q@
Q@

obveccx;e)kl|ls)

)k | ve i (Azee, o) it 8)

)ik || vg i (K| §) i s)

t-class continuations.
=nle+e|lexe|x|Av.e]|e(e)|vececua; e

=n|{(Azx.e,0) | (k]| s)
=0|(ckFe)ur|(+) k| (X)r]|(Q) K

e x Iy
=M |v:s

(ckFe)(oker) () k]l s)

(ocker)(okeg) = (Xx)k]ls)

(che)(oke):(Q):klls)
(

N A A e
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The desugaring function D[—] is defined as follows, and recursive cases are omitted.
Dlval x = e1; e = (Az.D[e2])(Dex])
(a) [*vr¥] Consider the following KFAE expression.
{ vee x; x }(Ayy)

The following reduction steps show the evaluation process of the given expression. Complete the
remaining reduction steps by filling out the following boxes until the final evaluation result.

- (@+ {vee i x JOyy) =0 | )
S { (@F{veex x}) = (@FAyy) (@0 | )
S { (e e | M) Fx) = (@ F Ayy) = (@) =00 | )
- (o+Ayy) = (@ =0 | )
- @ =0 | )
- [ )
- { [ )
- [ )
- o | )
where kg =

(b) [% % 7] Write the evaluation results of the following KFAE expressions:
o If the expression e evaluates to a value v, write the value v.
o If the expression e does not terminate, write “not terminate”.

o If the expression e throws a run-time error, write “error”.

vcce £;

val g = Ax.Ay.(x(y * 2) * 3);

val h = g(f); Result:
val z = h(b) * T,

z* 11
val f = Ax.{
vee g;

valy ={ vcch; gh) *2 };
y(x *3) x5

b

{veccz £(7)(z) * 11 }

Result:
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3. [* ¥ ¥¢] Fill in the blanks in the type derivation according to the typing rules of TRFAE.

’ (8) ‘ ’ (B) ‘ ’ (©) ‘ f € Domain(I'y)
Ik if(x < 0) 42 else f(x) : num MEf:] D
@ I def f(x:num) : num = if(x < 0) 42 else f(x); £ :| (D)

Note that you can use I'g and I'y in the derivation.

Iy =

r, =

4. [% % %] Assume that we revised one of typing rules in TFAE from the left to the right:

I'ke:m Dz:m)kFer:m I'ke:m I'kFey:m

I'Fvalxz=e1; es: 7 I'Fvalxz=e1; ea: 7

Is the revised type system still type sound? If it is, explain why. If not, give a TFAE expression as a
counterexample that is well-typed according to the revised type system but causes a run-time type-error.




COSE212, 2025 Fall Final Exam, Page 4 of 10 December 17, 2025

5. k2. 051 Writ.e down the evailuation results and types of the following ATFAE expressions. You
only get a score only if both evaluation results and types are correct.

e For evaluation results, follow the instructions below:
— Write results even if they are not well-typed.
— Write “error” if the result is a run-time error.
— Write “A(v)” if the result is a variant value constructed by the constructor A with a value v.
— Write “not terminate” if the expression does not terminate.
— Otherwise, write the resulting value.
e For types, follow the instructions below:
— Write “no type” if the expression is not well-typed.
— Otherwise, write the resulting type.

(a) enum A { case B(num); }; B(42)

Result: Type:

enum A { case B(bool); };

(b) enum A { case C(num); };

B(true)

Result: Type:

enum A { case B(bool); };

(c) def f(x:A):num — num = £(x);

f(B(true))(42)

Result: Type:

enum A { case B(); case C(A,4); };
def f(x:A):num = x match {

: case B() => 0;
(d) case C(y,z) => 1 + (if(f(y) < £(z)) £(z) else £(y));

£(c(C(B(), C(B(), B())), C(B(), B())))

Result: Type:

6. [%% 7] FAE is an untyped version of TFAE, and consider the following FAE expression:

val twice = A(£).\(x).£(£(x));
val inc = A(x).(x + 1);

val x = twice(inc)(42);

val y = twice(twice)(inc);
twice(Ax.x)(twice);

Fill in the blanks to define its typed version with parametric polymorphism in PTFAE.

val twice = Va. \(f : ) A(x: )-£(£(x));

val inc = A\(x : num).(x + 1);

val x = twice (inc)(42);

val y = twice (twice )(inc);

twice (A(x: ).x)(twice);
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7. 110 Points [ e ¥¥ ] The type in.ference algorithn} infers types Withc.)ut type annotfmtions by generating type
variables and solving them using type constraints collected during type checking.

Type Variables «a € X,
Solution v e =X, A, (Tw{e})

where e represents a not-yet solved type variable.

The unify : (TxTx V) — ¥ function takes two types and a solution as input and produces a new solution by
unifying the two types according to the given solution. Note that it is a partial function because unification
may fail when the two types are not unifiable.

‘unify:(TXTx‘lf)A\ll‘

P if 7{ = num A 75 = num
(0 if 7{ = bool A 75 = bool
wnity(r1, 1) = z}nify(ﬁ,?«,Tg7r,unify(7'1,p,Tg,p,l/))) i Té = (T1;p —/> Tir) ATy = (Top — T2 )
TT=a="1)
Yla— 7 if 7{ = a A —occur(a, 74)
Yo — 1] if 75 = a A —occur(a, 1)

where 7{ = resolve(r,%) and 75 = resolve(7s, ), and resolve and occur are defined as follows:

‘resolve (T x ¥) — T‘

resolve(7’, 1) ifr=any(a)="1"
resolve(T,1)) = { resolve(ry, 1)) — resolve(r,v) if7 = (1, — 7)
T otherwise

‘occur (X xT) — bool‘

true iftr =«
occur(a,7) = occur(a,7p,) Voccur(a,7,) ifr= (1, = 7)
false otherwise

For example, after applying the unification algorithm to unify the two types @ — num and bool — 3 with
the initial solution {« — e, 3 — e} we get the resulting solution:

unify(a — num,bool — f,{a — e, 3+ e}) = {a+ bool, f — num}

Fill in the blanks in the resulting solutions of the unification algorithm. If it fails, write X.

unify(a, S — num, {a +— e, +— a}) =

unify(o,num, {a — 8,8 — 7,7+ o}) =

unify(a — f,num — (bool — num),{a > e, (3 +— e}) =

unify(a — num, 5, {a +— e, 3+ (num — ),y — a}) =

unify(a,num — v, {a — (8 — 5),58 +— e,7 — bool}) =
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8. STFAE supports subtype polymorphism with the subtype relation (<:) between types.
(a) [* ¥ ¥¢] Fill in the blanks to complete the following derivation of the subtype relation.

{a: T —=bool,b: L }<:{a:num— T}

(b) [* % %] Assume that the subtype relation for function types in STFAE is modified from the
left to the right, which flips the direction of the subtyping relation for the parameter types.

T > T Ty <: T T <:T] Ty <: Th
(11 — 72) <: (1] = 75) (11 = 1) <: (1] — 75)

Is the modified subtype relation still sound with respect to the typing rules of STFAE? If it is, explain
why. If not, give a counterexample expression that is well-typed according to the typing rules of
STFAE but causes a run-time type-error due to the modified subtype relation.

(c) [% % 75| The current typing rule supports subtyping using the subsumption rule as follows:

I'kte:r <7
I'ke:7

However, since it is non-algorithmic, some expressions may have multiple type derivations. Discuss
whether there is an expression that has infinitely many type derivations due to the subsumption rule.
If such an expression exists, provide an example and explain why. If not, explain why not.
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9. The following typed language is defined with array creation (7)[e,..., €], array access ele],
array type (7)[n] with length n, and interval types [I, h] for integers between [ and h.

Expressions E>eu=nle+e|val a[: 7] =¢; e| x| Ax.e|ele) ]| (T)e,...,e] | ele]
Types Ts>7o=nun|[n,n]|7—=7|(n)n|T
Type Environments I e xir

The following is an excerpt of the Scala implementation of the type checker for the above language.

enum Expr:
case Num(number: Biglnt)
case Add(left: Expr, right: Expr)
case Val(name: String, tyOpt: Option[Typel, init: Expr, body: Expr)
case Id(name: String)
case Fun(param: String, ty: Type, body: Expr)
case App(fun: Expr, arg: Expr)
case Array(ty: Type, elems: List[Expr])
case Access(array: Expr, index: Expr)
enum Type:
case NumT
case IntT(low: BiglInt, high: BigInt)
case ArrowT(paramTy: Type, retTy: Type)
case ArrayT(elemTy: Type, size: BiglInt)
case TopT
type TypeEnv = Map[String, Typel

// subtype relation
def isSubType(lty: Type, rty: Type): Boolean = (lty, rty) match

case _ if 1ty == rty => true

case (_, TopT) => true

case (ArrowT(lp, 1lr), ArrowT(rp, rr)) => isSubType(rp, 1lp) && isSubType(lr, rr)
case (IntT(11l, 1h), IntT(rl, rh)) => 11 >= rl && 1lh <= rh

case (IntT(_, _), NumT) => true

case (ArrayT(l, n), ArrayT(r, m)) => isSubType(l, r) && n == m

case => false

// helper function to enforce subtyping
def mustSubType(lty: Type, rty: Type): Unit =
if (!isSubType(lty, rty)) error(s"type mismatch: ${lty.str} </: ${rty.str}")

// type checker
def typeCheck(expr: Expr, tenv: TypeEnv): Type = expr match
case Num(n) => IntT(n, n)
case Add(left, right) => (typeCheck(left, tenv), typeCheck(right, tenv)) match

case (IntT(11l, 1h), IntT(xrl, rh)) => IntT(11] + rl, 1h + rh)
case (_: IntT | NumT, _: IntT | NumT) => NumT
case (1, r) => error(s"invalid op: ${1l.str} + ${r.str}")

. // omitted cases
case Array(ty, elems) =>
for { elem <- elems } mustSubType(typeCheck(elem, tenv), ty)
ArrayT(ty, elems.length)
case Access(array, index) => (typeCheck(array, tenv), typeCheck(index, tenv)) match
case (ArrayT(elemTy, size), IntT(il, ih)) =>
if (i1 < 0 || ih >= size) error(s"index out of bounds: [$il, $ih]")
elemTy
case (at, it) => error(s"invalid array access: ${at.str}[${it.str}]")
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(a) [* %] Define the subtype relation <: according to the isSubType function in the given
Scala implementation. Define inference rules in the form.

(b) [*% 7| Define the algorithmic typing rules for numbers n (i.e., Num), addition e; + ey
(i.e., Add), array creation (7)le,..., €] (i.e., Array), and array access ele] (i.e., Access) according to the
typeCheck function in the given Scala implementation. Define inference rules in the form.

Hint: In the typing rule for addition, you can use the partial function add : T x T — T defined as:

(n+ny, np+npl if 7 = [ng, npl A= [ng, n)]

add(’i‘l,Tz) = {

num else if 7 <: num A 79 <: num

(c) [% % %] If we extend this language to support mutation of array elements with the following
typing rule, is the type system still sound? If it is, explain why. If not, give a counterexample
expression that is well-typed according to the typing rules of the extended language but causes a
run-time type-error due to mutation. (You can also use sequence of expressions ej;es.)

I'teq: (T)[n] I'ke;: ng, nyl F'ke:7 < T 0<m np <n
T (eqles] =€) : 7
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10. [ % %] We will design a typed language that supports pairs and linear types to ensure that all
declared variables are used exactly once. First, the language syntax is defined as follows:

Expressions E> eux=n|b|z|e+e|(e,e)|valz=e; e|val (z,y) =€; e
| \x:7.e|e(e) | if (e) e else e
Types T>7::=num|bool |7 — 7| (1,7)

Type Environments I' € x & Numbers n € Z Booleans b € B Identifiers z € X

The operational semantics in the form is defined as follows:

x € Domain(o) ockel = ok ey =19
ockFn=n ocFb=1" obFxz=o(z) ok (e1,e2) = (vi,v2)
ockFe=w olx =) ke = obe= (v1,v2) ol = v,y v ke =
ocbvalz=e; ¢ = obFval (z,y) =¢; ¢ =

oke = (\r.e,d) obexy=w oz v Fe=1

obFXx:T.e = (A\z.e,0) ok ei(ex) =
ocke=m ok ey = no ot ey = true oke = v ok ey= false ok e = vy
ockel +e=n1+no o Fif (ep) e else ez = vy o if (eg) e1 else ex = g
where .
Values Vv iu=n|b]|(v,v) | (Az.e, o) Environments o € X 5V

Now, let’s design the algorithmic typing rules to ensure that all declared variables are used exactly
once. For example, the following expression is well-typed because both x and y are used exactly once.

val x =10; val y = 20; x +y
However, the following expressions are ill-typed because the variable x is not used:
val x = 10; 42

or the variable y is used twice:
valy=10; y +y

The key idea is to drop used variables from the type environment and propagate the remaining type
environment after type checking to ensure that all variables are used exactly once. Thus, we use the following

form for typing judgments:
Fke:7HIY

where T is the input type environment, 7 is the type of expression e, and I is the output type environment
after type checking e.

For example, the following typing judgment states that under the type environment {x : num, y : num, z : num},
the expression x + y has the type num, and after type checking, the remaining type environment is {z : num}
after dropping x : num and y : num because both variables are used during type checking.

{x :num,y : num,z : num} - x + y : num 4 {z : num}
However, the following typing judgment is invalid because x is used twice:

{x :num} F x + x : num 4 (invalid to drop x twice)
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Please define the algorithmic typing rules for the following expressions:

o Identifier Lookup x

o Pair Creation (e, e)

e Variable Declaration val x = ¢; e

o Pair Pattern Matching val (z,y) =e; e
o Lambda Function Az:7.e

o Conditional Expression if (e) e else e

Note that this language does not allow variable shadowing, so you can assume that all variable names are
unique. Use I'\ {x1,...,%,} to denote the type environment after removing the variables x1,...,x, from T

This is the last page.
I hope that your tests went well!







Appendix

‘TFAE — Typed Functions and Arithmetic Conditional Expressions‘

Expressions E>eu=n|b|z|e+e|exe|le<e|valx=e; e| N[z:7]").e|e(e”)|if (e) e else e
Types T>7:=num|bool|(7") -7 Booleans be&B Numbers ne€Z Identifiers ze€X

Operational Semantics

x € Domain(o)
cbkn=n okFb=b otx=o(x)

ocker=m ocFes=ny okbe=mn ok ey =ny
obel +ey=n1+no ocbkel *xeyg=ny Xng
ockel=mn ok ey = no ocke = v olx = vk ey = vo
oclFel <ers=ns <ng olFval x =e; ea = V9
o XNzrim, .o Tnim).e = (Mx1, ..., 2n).€,0)
otes= (ANz1,...,7).e,0)
ocke = v ocke,= v, ey = v, ..,z o] Fe=w
obepler,...,en) =
ok ey = true ckel =1 ok ey= false ot ey = vy
ok if (eg) e1 else ea = v; o b if (eg) e1 else ea = v9
. fi
Values Vv u=n|b| (Az1,...,2,).€,0) Environments o € X -5V

Typing Rules

z € Domain(T")
F'kn:num I'Fb:bool 'z :T(x)

I'Fe; :num I'Feyg:num I'Fe;:num 't ey : num
I'ey +ey:num I'Fe; *x eg : num
' e :num I'ey:num T'hep:m Clx:m]kex:m
I'kep <ey:bool I'Fvalz=e1; ea: 7
| S P o [
PEXNzyimi, o xpimp)e: (T, .oy Th) = T
Cheg: (T1,...,T) =T I'ke:m Tke,:m

I'kegler, ... en) T

' e : bool I'ke:7 I'key:r
['Fif (eg) €1 elseeg: T

fin

Type Environments I' € X — T



| TRFAE — TFAE with Recursion |

Expressions E>e = ... |def x([z:7]"):T=¢; €
Operational Semantics
o' =org— (Maq,...,24).e,0")] o ke =
ol def mo(x1:71,..., Tn:Th):T=¢€; € =

Typing Rules
/ /

Dleg: (71, yTn) = Ty@1 i T1ye o, T s Tp] E e T Dlxg: (11,...,m) = T]F€e 7

I'Fdef xo(w1:71,. .., &p:Tn):T=¢; € : 7/

ATFAE — TRFAE with Algebraic Data Types‘

Expressions E>e = ... |enumt { [case z(7%)]* }; e| e match { [case x(z*) => ¢]* }
Types Toru= ...t Type Names t € Xy
Operational Semantics
oFey= (z) ockbel = obke,= v,
obFeoler,...,en) = x(v1,...,vn)
oz = (x1), ...,z = (xp)|Fe=v
ot enunt { case x1(T1,1,...,Ti,m,); ---; case Tp(Tn 1y s Tnmn) |3 € =0
obFe=xi(vi,...,0m,) Vi <i.xj # xy OTi1 — V1, Ty, P U] e =0
ot ematch { case z1(x1,1,...,Z1,m,) => €15 ...; case Tp(Tn1,...,Tnm,) => €y } =V
Values V3o u=...|(z)|z(v")

Typing Rules

UV=Tt=21(T11,- s Timy) + -+ To(Tnds- - Trmn )] t ¢ Domain(T"
UbFrg oo T'F1om, Uz (Tiay s Timy) = oo s @it (Tl oo oy Tamy,) =t e T 'kr
T

I'Fenumt { case x1(T11,---,Tim,); ---; case Tp(Tnls-- s Tnm,) |3 €

I'Fe:t F(t) = 1’1(7‘1’1,.. . 7Tl,m1) + ... +$n(7—n,17"-77—n,mn)

Pleig T, s @imy S Timy Fe1:T Clznt Tty o Tnmn @ Tnmnl €0t T
I' - ematch { case z1(21,1,...,Z1,m;) => €15 ...; case Tp(Tp1,. ., Tnm,) => €y } 1T
Type Environments I' € (X LN T) x (X¢ fin, (X fin, T*))
Well-formedness of Types
T' - num I' F bool
'-n ... Tkmn L+~ Ft)y=z1(...)+...+zn(...)

Pk (ryeeoym) =7 'kt



PTFAE — TFAE with Parametric Polymorphism |

Expressions E>e = ...|Va.e | e[T] Types T>7u= ... |VoT |« Type Variables « € X,

Note that this language restricts the number of function parameters to one for simplicity.

Operational Semantics

ot e= (Va.e, o) o' ke =
o FVYa.e = (Va.e, o) otelr] v
Values V3 v = ...| (Va.e, o)

Typing Rules
a ¢ Domain(T") FajkFe:T '+r I'ke:Va.r
'k VYoa.e : Va.r [k elr]: 7'[a + 7]

Type Environments I' € (X fin, T) x (X¢ fin, (X fin, T*)) x P(X4)

Well-formedness of Types

'Hr 7 Do) F7 a € Domain(T")
I' F num I'F bool Fr—71 '+ Va.r I'Fao

STFAE — TFAE with Records and Subtype Polymorphism‘

Expressions E>e = ...|{[z=¢]"} | ex|exit Types To7u= ... |{[z:7]*}|L]|T

Note that this language restricts the number of function parameters to one for simplicity.

Operational Semantics

ocke = olke, = v, obe={xy=v1,...,2, = v} 1<i<n
ob{zi=e€1,...,zp=e} = {x1=01,..., 2 =V} okex; = v
Values V3o u=...|{[z ="}
Typing Rules
I'ke:m I'ke,:m I'kFe:r <7
FHE{x1=e1,...,xn =€} {z1:71,. ., Tpn : T} F'ke:7
Fke:{x1:71,...,Zn : T} 1<i<n
I'kex;:7 I'Fexit: L
Subtype Relation |7 <:7
r<:7 < T T > T Ty <: Th
1< T<:T T T <7 (11 = 1) <: (1] = 75)
/ /
T <i7 Tn <: T,
{z1 71, . ,xp T,y <s {1 T, X TR {x1:7, i my < {wy 7], Th}
{x1:71,...,2Zn : T} is a permutation of {x} : 7],..., 2, : 7/}

{wy 7, i m < {2y im, .2l T}



