Midterm Exam
COSE212: Programming Languages
2026 Fall

Instructor: Jihyeok Park

October 21, 2026. 18:30-21:00

If you are not good at English, please write your answers in Korean.
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Write answers in good handwriting.
If we cannot recognize your answers, you will not get any points.
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Write your answers in the boxes provided.
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There are 10 pages and 12 questions.
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Syntax and Semantics of Languages are given in Appendix.
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1.

2.

[ ] The following sentences explain basic concepts of programming languages. Fill in the

blanks with the following terms (2 points per blank):

axiomatic call-by-name copying eager lexical reference counting
big-step  call-by-need denotational environment mark-and-sweep shadowing
binding  call-by-value desugaring first-class operational small-step
bound closure dynamic free pure static
e A(n) semantics specifies the meaning of a program by the computation
it induces when it is executed. Its style describes only the relation

between an expression and its final value, not the individual steps of the computation.

e When an inner scope defines an identifier with the same name as one in an enclosing scope, the inner

definition hides the outer one. This is called

e Under scoping, the binding of an identifier is determined by the sequence

of function calls at run time, rather than by the syntactic structure of the program.

e A garbage collector based on stores in each object the number of

references to it and frees the object as soon as the number drops to zero. However, it cannot reclaim
cyclic garbage.

[* ¢ %] Consider the following FACE expression:
/* FACE */
val f =x=>{val x=x+ 1; x * 2 } * x;
// 0 1 2 3 4 5
val g = (f => {
// 6 7
valy =f =>y+ 3; vy
// 8 9 10 11
P&+ 1); g2
// 12 13

Answer the following questions using indices (at the odd-numbered lines) of identifiers:

(a) Write all free variables using their indices. (e.g., 4, 7, etc.)

(b) Write all the pairs of bound occurrences and corresponding binding occurrences of variables in
the form of ¢ — j where i and j are the indices of the bound and binding occurrences, respectively. (e.g.,
2—1,5— 3, etc.)

(c) Write all the pairs of shadowing variables and corresponding shadowed variables in the form of
i — j where i and j are the indices of the shadowing and shadowed variables, respectively. (e.g., 6 — 2,
3 — 1, etc.)
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3. [¥r¥ %] Consider the following concrete syntax of programs in a turtle graphics language:

// basic elements

<nonzero> ::= "1" | "2" | "3" | ... | "9"

<digit> ::= "0" | <nonzero>

<number> ::= "0" | <nonzero> <digit>*

// programs and commands

<prog> 1:= <cmd> (";" <cmd>)*

<cmd> ::= "fd" <number> | "rt" <number>? | "repeat" <number> "[" <prog> "]"

Answer whether the following strings are valid programs according to the concrete syntax. Write O if it is
valid and X if it is not valid. (Each question is worth 1 point, but you will get -1 point for each wrong
answer. The total score will not be negative.)

(a) £fd 0; rt; f£d 10

(b) repeat 4 [fd 10 rt 90]

(c) repeat 2 [repeat 2 [fd 5]; rt]

(d) £d 007

(e) repeat 3 []

4. |10 points [*1:{*} Wh.ile the original semantics of FACE uses static scoping, we can modify the semantics
to use dynamic scoping as follows:

ok ey = (\v.ea,0’) ocke = v olx— v] k- ex = vy
ok 60(61) = V2

App

Write the results of evaluating each FACE expression with the static scoping and dynamic scoping, respectively.

o If the expression e evaluates to a value v, write the value v.
o If the expression e does not terminate, write “not terminate”.

o If the expression e throws a run-time error, write “error”.

/* FACE x/
val f = (x =>y => x + y)(2);
(x => £(3))(7)

(a) Static Scoping:
(b) Dynamic Scoping:

/* FACE */
val f = n => if (n < 2) 1 elsen *x f(n + -2);
£(5)

(c) Static Scoping:
(d) Dynamic Scoping:
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5. [*¥¥%] Fill in the blanks to complete the derivation tree of the FACE expression:

(A)
oo F £(1) = true (B)
Fun Ifr
Vol @ Ax.true = (\x.true, @) oo if (£(1)) 1+2else3*x5=13
> @t val f = Ax.true; if (f(1)) 1 +2else3 *x5=3

App

where oy = [f — (Ax.true, @)]. A blank may have multiple derivations or none (write “None”).

6. | 10 points | [%%¥¢] This question extends BMFAE with booleans, conditionals, and comparison operators:
Expressions E>eun=...|b|if (e)eelsee|e<e|e==c|e<=e¢ Values Vv u=...]b

The rules for booleans and conditionals are similar to those of FACE, and the rules for < and == are similar
to the following rule for <=. The operator || is syntactic sugar defined by the following desugaring rule:
U,MF€1=>R1,M1 U,M1|—62:>n2,M2
O’,M Fepl<=ey=>n; < TlQ,MQ

(a) Suppose that we redefine <= as syntactic sugar with the following desugaring rule:
Dler <= ea] = D[(e1 < e2) || (e1 == €2)]

Write an expression whose evaluation result with the original inference rule is different from that
with the desugaring rule, and write both results (a value, “not terminate”, or “error”).

Dler || e2] = if (D]e1]) true else D[es]

Expression:

Original: Desugared:
(b) Write a correct desugaring rule for <=, which is equivalent to its inference rule.
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7. [* % v¢] Consider the following Scala program:

sealed trait Tree
case class Node(var 1: Tree, v: Int, var r: Tree) extends Tree
case class Leaf(v: Int) extends Tree

var a = Node(Leaf(1), 2, Leaf(3))
var b = Node(a, 4, Leaf(5)) // (%)
a.l = Leaf(6); a.r = b; b.r =a; b=a // (%)

The registers and memory layout at the point (*) are as follows:

Registers = a=7, b=14
0 1 2 3 4 5 6 7 8 9 0 11 12 13 14 15 16 17 18 19
7121119234 |1|1|2|4|1 2|51 |7]|4]12|3 |38

Memory =

e The registers store the values of a and b, and they are the roots of the garbage collection.

o Each memory cell stores either an integer or an address. A Node occupies four consecutive cells (tag
1, 1, v, and r), and a Leaf occupies two consecutive cells (tag 2 and v). For example, a is a Node at
address 7 whose 1, v, and r fields are 1, 2, and 4.

o A free cell (not belonging to any object) contains a meaningless value. At (), every cell not belonging
to an object allocated by the program above is free. A new object is allocated at the lowest address
with enough consecutive free cells.

Fill in the blanks with the registers and memory layout after performing the mark-and-sweep garbage
collection at (x*). Write X for each free cell (i.e., not belonging to any reachable object).

Registers = a = , b=

Memory =

8. [* % %] Consider the following FACE expression:

/* FACE */

val mkRec = x => (y => x(y(y))) (y => x(y(y)));

val sum = mkRec(sum => n => if (n < 1) 0 else sum(n + -1) + n);
sum(10)

Write the result of evaluating the expression (a value, “not terminate”, or “error”) and explain why by
following the evaluation order of FACE.
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9. [ % %] This question extends FACE with pairs and pattern matching as in MiniFSharp:

<expr> = | "(" <expr> "," <expr> ")"
| "match" <expr> "{" ("case" <pattern> "=>" <expr> ";")+ "}"
<pattern> ::= <number> | <id> | "(" <pattern> "," <pattern> ")"
Expressions E > e = ... Patterns Il > 7 ==n (PNum)
| (e,e) (Pair) | = (PId)
| match e { (case m => ¢;)* } (Match) | (m,m) (PPair)

Values Vovu=...|(v,v) (PairV)

The semantics of the new expressions is defined as follows:

extend : (X 2% V) x T x V — (X 22 v)

Pai okFe = v ok e = vy
a
TR (e1,2) = (v1,2) extend(o,n,n) = 0o
extend(o, z,v) = oz v
extend(o, (m1,m2), (v1,v2)) = extend(extend(c,m,v1), T2, v2)
Mateh cke=wv i =min{j | (o,7;,v) € extend } extend(o, m;,v) Fe; = v;
atc
o Fmatch e { case m => e1; ... case T, => ey} | = U;

If no case matches, the evaluation throws a run-time error. The following Scala implementation of the
Match case has a different semantics from the rule above. Here, cs is the list of pattern-body pairs, and
extend(env, p, v) returns Some (extend(o,m,v)) if (0,7, v) € extend and None otherwise:

case Match(e, cs) =>
val v = interp(e, env)
val results = cs.flatMap((p, b) =>
extend(env, p, v).map(newEnv => interp(b, newEnv))

)

results match
case Nil => error("no matching case")
case r :: _ =>r

(a) Write an expression whose evaluation results are different between the semantics and the

implementation, and write both results (a value, “not terminate”, or “error”).

Expression:

Semantics: Implementation:

(b) Modify the Match rule so that it describes the semantics of the implementation.
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10. [*%¥| This question extends FACE with mutually recursive functions as in MiniFSharp:

<expr> ::= ... | "def" <fun> ("and" <fun>)* ";" <expr>
<fun> = <id> ||(ll <id> ll)ll n=n <expr>
Expressions E > e = ...|def fi(z1) =e; and ... and f,(zn) = en; € (Rec)

The semantics of the new expression is defined as follows:

. o =olfi = Az1.e1,0"), .. fo = DTp.en, o)) odre=v
ecC

ot def fi(x1) =e; and ... and f,(x,) = en; e =0

The following is its implementation, where funs is the list of (name, parameter, body) triples:

enum Expr { ...; case Rec(funs: List[(String, String, Expr)], scope: Expr) }
enum Value { ...; case CloV(param: String, body: Expr, env: () => Env) }

def interp(expr: Expr, env: Env): Value = expr match

case Rec(funs, s) =>
lazy val newEnv: Env = funs.foldLeft(env) {
case (acc, (f, p, b)) => acc + (f -> CloV(p, b, () => newEnv))
}
interp(s, newEnv)
case App(fun, arg) =>
interp(fun, env) match
case CloV(p, b, fenv) => interp(b, fenv() + (p -> interp(arg, env)))
case Vv => error(s"not a function: ${v.str}")

(a) Explain what goes wrong if we change the type of env in CloV to Env, and accordingly replace
() => newEnv with newEnv in the Rec case and fenv() with fenv in the App case.

(b) Suppose the function passed to foldLeft in the Rec case is changed as follows:

case (acc, (f, p, b)) =>
lazy val newAcc: Env = acc + (f -> CloV(p, b, (O => newAcc))
newlcc

Write an expression whose evaluation results are different between the original and the changed
interpreters, and write both results (a value, “not terminate”, or “error”).

Expression:

Original: Changed:
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11. [%%¥] This question extends BMFAE with reference counting, which deallocates a box when

no reference to it remains, and RefCount(e), which returns the reference count of a box:

<expr> ::= ... | "RefCount" "(" <expr> ")"
Expressions E > e :=...|RefCount(e) (RefCount)
Memories M e Al (VxN) (Mem)

Each memory cell stores a value and its reference count. A new box has the count 0, and the count is
increased when a reference to it is stored and decreased when the reference is removed. The following is its
implementation:

enum Expr { ...; case RefCount(box: Expr) }
type Mem = Map[Addr, (Value, BigInt)]

def malloc(mem: Mem): Addr = ... // a fresh address not in mem

def interp(expr: Expr, env: Env, mem: Mem): (Value, Mem) = expr match

case NewBox(e) =>
val (v, m) = interp(e, env, mem)
val a = malloc(m)
(BoxV(a), inc(m, v) + (a -> (v, 0)))

case GetBox(b) =>
val (BoxV(a), m) = interp(b, env, mem)
(m(a)._1, m)

case SetBox(b, e) =>
val (BoxV(a), bm) = interp(b, env, mem)
val (v, m) = interp(e, env, bm)
(v, set(dec(inc(m, v), m(a)._1), a, v))

case Var(x, el, e2) =>
val (vl, ml) = interp(el, env, mem)
val b = malloc(ml)
val (v2, m2) = interp(e2, env + (x -> b), inc(ml + (b -> (vi, 0)), v1))
(v2, dec(m2 - b, m2(b). 1))

case Assign(x, e) =>
val (v, m) = interp(e, env, mem)
val a = env(x)
(v, set(dec(inc(m, v), m(a)._1), a, v))

case App(f, e) =>

val (CloV(p, b, fenv), fm) = interp(f, env, mem)

val (v, m) = interp(e, env, fm)

val a = malloc(m)

val (rv, rm) = interp(b, fenv + (p -> a), inc(m + (a -> (v, 0)), v))

(rv, dec(rm - a, rm(a)._1))

case RefCount(e) =>
val (BoxV(a), m) = interp(e, env, mem)
(NumV(m(a)._2), m)
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(a) The auxiliary functions inc, dec, and set are defined as follows, where inc(M,v) = dec(M,v) =
M if v is not an address:
inc(M,a) = M[aw (v,n+1)] where M(a) = (v,n)
dec(M,a) = dec(M \{a},v) if M(a)= (v,1)
dec(M,a) = M[a— (v,n—1)] if M(a)= (v,n)andn>1
set(M,a,v) = M[a — (v,n)] where M(a) = (_,n)

The rule for RefCount is as follows:

o,Mte=a,M M;(a) = (v,n)
o, M + RefCount(e) = n, M;

RefCount

Write the inference rules for Assign and App.

(b) Write the results of evaluating the following expressions.

/* BMFAE with reference counting */
var b = Box(1);

var f = x => RefCount(b);

f(b) * £(b) * RefCount(b)

Result:

/* BMFAE with reference counting */
var bl = Box(1);

var b2 = Box(bl);

var ¢ = bil;

b2 = 0;

RefCount (c)

Result:
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12. |10 points | [*% %] This question extends BMFAE with lazy evaluation: the declaration var z = e1; es
delays the evaluation of e; until x is used. For this, values are extended with an expression value (e, o)):

Values V3 v u=...] (e 0)

The following rules define call-by-name:

where the strict evaluation ‘ (a, M) | (v, M")

(a)

(b)

a ¢ dom(M) olz — al, M[a — {(e1,0)] F es = v, M’ L (o(x), M) | (v, M)
o,MFvar x =e; ea = v, M’ o, MFx= v, M

Var

of a cell is defined as follows:

(a) =

M n (a) =a
(a, M)} (n, M)

M !/
(a, M) I (d, M)

SENum SEAddr

M(a) = (A\x.e,00) M(a) = (e, 00) oo, M +e= v, M

SECL @D U (Dacyoo), M) o (a, M) ¥ (v, 1)

Modify the semantics into call-by-need, where the stored expression is evaluated at most
once, by changing only the strict evaluation rule for expression values (SEExpr). Write the changed rule.

Write an expression whose evaluation results are different between call-by-name and call-by-

need, and write both results (a value, “not terminate”, or “error”).

Expression:

Call-by-name: Call-by-need:

We now modify the semantics into call-by-name-cache: it evaluates the stored expression
at most once between updates. For this, it invalidates every cache whenever a variable or a box
is updated. The expression value is redefined to carry a cache ¢, where 1 means no cache:

Values V3 vu=...| (e 0,c) Caches ce VU{Ll}

reset(v) = { (e, L) if v ={e,0,c) I(M)={awr reset(M(a)) | a € dom(M) }

) otherwise

The function reset removes the cache of an expression value and keeps any other value unchanged, and
7 applies it to every cell of the memory. The rules are changed as follows:

e Var: stores the expression without a cache.

o Assign and SetBox: invalidate every cache after the update.

e SEExXpreacne: returns the cache of an expression value with a cache.

o SEExpr: evaluates the expression of an expression value without a cache and caches the result.
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Write the five rules described above (Var, Assign, SetBox, SEEXpTcache, and SEExpr).

This is the last page.
I hope that your tests went well!







Appendix

FACE — Functions and Arithmetic Conditional Expressions

The following is the concrete syntax of FACE:

// basic elements

<digit> RS A S L B L R R
<number> 1= "7 <digit>+
<alphabet> ::= "A" | "B" [ "C" | ... | "Z" | "a" | "b" | "c" | ... "z"
<idstart> ::= <alphabet> | "_"
<idcont> ::= <alphabet> | "_" | <digit>
<keyword> ::= "true" | "false" | "val" | "if" | "else"
<id> ::= <idstart> <idcont>* butnot <keyword>
// expressions
<expr> = <number> | "true" | "false" | "(" <expr> ")" | "{" <expr> "}"
| <expr> "+" <expr> | <expr> "x" <expr> | <expr> "<" <expr>
| <id> | "val" <id> "=" <expr> ";" <expr> | <id> "=>" <expr>
| <expr> "(" <expr> ")" | "if" "(" <expr> ")" <expr> "else" <expr>

The following are the abstract syntax of FACE and the precedence and associativity of operators:

Expressions E 3 e :=n (Num) | e *x e (Mul) | A\z.e (Fun)
| b (Bool) |e<e (Lt) | e(e) (App)
| e + e (Add) | z (Id) |valx =e; € (Val)
| if (e) e else e (If)
Numbers n € Z (BigInt) Booleans b€ B = {true,false} (Boolean) Identifiers =z,y,z € X
Description | Operator | Precedence | Associativity
Multiplicative * 3
Additive + 2 left
Relational < 1

The big-step operational (natural) semantics of FACE is defined as:

ocke = mn ok ey = ng

Num — Bool —— — Add
ckbkn=n ckEb=1»b obel +es=n1+ns

ocke =n ok ey =ny ocke=n ok ey = no x € dom(o)
Mul Lt Id
ockel *x ey =ny Xng ocbel <ey=ny <ng obx=o(x)

o ey = (Azr.eg,0’) ocke = olx = v]F ey = vo
oFep(er) = v

F A
o Faze= (\x.e, o) PP

ocke = olx = vk ey = vo
Val

oFval x =eq; ea = v

ot ey = true ocke = ol ey= false ol ey = vy

If
T ok if (eg) €1 else ex = vg P ok it (ep) €1 else es = vy
where
=n (NumV) Environments o € X 25V (Env)
| b (BoolV)
| (A\x.e,o) (CloV)

Values V 3o ::

(String)



BMFAE — Boxes, Mutable Variables, Functions, and Arithmetic Expressions

The following is the concrete syntax of BMFAE:

// basic elements

<keyword>

= "varll | "BOX"
<id> = <idstart> <idcont>* butnot <keyword>
// expressions
<expr> ::= <number> | "(" <expr> ")" | "{" <expr> "}"

| <expr> "+" <expr> | <expr> "x" <expr>

| <id> | <id> "=>" <expr> | <expr> "(" <expr> ")"

| "Box" "(" <expr> ")" | <expr> "." "get" | <expr> "." "set" "(" <expr> ")"
| "var" <id> "=" <expr> ";" <expr> | <id> "=" <expr> | <expr> ";" <expr>

The following are the abstract syntax of BMFAE and the precedence and associativity of operators:

Expressions E > e =n (Num) | © (Ia) | Box(e) (NewBox) | var z = ¢; e (Var)
| e+e (Add) | \x.e (Fun) | e.get (GetBox) |z =e (Assign)
|exe (Mul) | e(e) (App) | e.set(e) (SetBox) | e; e (Seq)
Numbers n € Z (BigInt) Identifiers x,y,z € X (String)
Description | Operator | Precedence | Associativity
Multiplicative * 3
Additive + 2 left
Assignment = 1 right
The big-step operational (natural) semantics of BMFAE is defined as:
o, MFe=v,M|
x € dom(o)
Num Id Fun
oo M+Fn=nM o Mtx= M(o(x)), M o, Mt Xx.e = (\v.e,0), M
Addo‘,MFelénl,Ml o, M1 F ey = no, Mo Mla7MFelén1,M1 o, M ey = no, Mo
o, MF e +ey=n1+no, Mo B o, MFE e ¥ eog = ny X no, Mo
0,MF61:></\J}.€3,0/>,M1 U,M1F€2$’U2,M2
a ¢ dom(My) o'z a], Mala w vo] F e3 = vg, M3 o,MFe=a,M
App GetBox
o, M F ej(e2) = v3, M3 o,Mte.get = Mi(a), My
o, M&e= v, M a ¢ dom(M) o, MFe = a, M o, Mi ey = v, Mo
NewBox SetBox
o, M + Box(e) = a, Mi[a — v] o, M e .set(e2) = v, Mala — v]

o, Mt e = v, M a ¢ dom(My) olx — al, Mila— vi| F ea = vy, My

Var
o,MFEvar x = ey; es = vo, Mo

o MFe= v, M x € dom(o) oo Mbte = _, M o, M1+ eq = vy, My
Assign i Seq
o MFzx=e= v, Mo(x)— ] o,MFEey; e = vg, My
where
Values Vv u=n (NumV) Environments o oeX A (Env)
a (BoxV) Memories M eA™y (Mem)

(Az.e,0) (CloV) Addresses a €A (Addr)



