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Theorem
The current state is OFF if and only if the button is pushed even times.

• Is it possible to prove it?

Let’s learn mathematical background and notation.
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Notations in Logics

Notation Description
A,B arbitrary statements.

P(x) a predicate that involves a variable x .

A ∧ B the conjunction of A and B . (i.e., A and B).

A ∨ B the disjunction of A and B . (i.e., A or B).

¬A the negation of A.
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Notations in Logics

Notation Description
A ⇒ B the implication of A and B

(i.e., if A then B).

A ⇔ B A if and only if (iff) B (i.e., A ⇒ B ∧ B ⇒ A).

∀x ∈ X . P(x) the universal quantifier
(i.e, for all x in X , P(x) holds).

∃x ∈ X . P(x) the existential quantifier
(i.e., there exists x in X such that P(x) holds).
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Notations in Set Theory
• A set is a collection of elements, e.g.,

• N = {0, 1, 2, · · · }
• {x ∈ N | x is even} = {0, 2, 4, 6, 8, 10, 12, · · · }
• {x ∈ N | x2} = {0, 1, 4, 9, 16, 25, 36, · · · }

• The empty set is denoted by ∅.
• The cardinality of a set X is denoted by |X |.
• A subset X of a set Y is denoted by X ⊆ Y .

X ⊆ Y ⇐⇒ ∀x ∈ X . x ∈ Y

• A proper subset X of a set Y is denoted by X ⊂ Y .

X ⊂ Y ⇐⇒ X ⊆ Y ∧ X ̸= Y
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Notations in Set Theory

• The union of sets

X ∪ Y = {x | x ∈ X ∨ x ∈ Y }⋃ C = X1 ∪ X2 ∪ · · · ∪ Xn = {x | ∃X ∈ C. x ∈ X}

where C = {X1,X2, · · · ,Xn}.
• The intersection of sets

X ∩ Y = {x | x ∈ X ∧ x ∈ Y }⋂ C = X1 ∩ X2 ∩ · · · ∩ Xn = {x | ∀X ∈ C. x ∈ X}

where C = {X1,X2, · · · ,Xn}.
• The difference of sets

X \ Y = {x | x ∈ X ∧ x ̸∈ Y }
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Notations in Set Theory

• The complement of a set X is denoted by X .

X = {x | x ∈ U ∧ x ̸∈ X}

where U is the universal set.

• The power set of a set X is denoted by 2X or P(X ).

2X = P(X ) = {Y | Y ⊆ X}

• The Cartesian product of sets X and Y is denoted by X × Y .

X × Y = {(x , y) | x ∈ X ∧ y ∈ Y }
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Inductions on Integers

Definition (Inductions on Integers)
Let P(n) be a predicate on integers, and if
• (Basis Case) P(k) holds where k is an integer, and
• (Induction Case) for all n ≥ k , P(n) ⇒ P(n + 1),

then P(i) holds for all i ≥ k .

P(n) is called induction hypothesis.

ind-int

<latexit sha1_base64="CR1vly0dPofthT32kkvNQdcr88g=">AAAB63icbVBNSwMxEJ2tX7V+VT16CRahXsqulOqx6MVjBfsB7VKyabYNTbJLkhXK0r/gxYMiXv1D3vw3Zts9aOuDgcd7M8zMC2LOtHHdb6ewsbm1vVPcLe3tHxwelY9POjpKFKFtEvFI9QKsKWeStg0znPZiRbEIOO0G07vM7z5RpVkkH80spr7AY8lCRrDJpFZ1ejksV9yauwBaJ15OKpCjNSx/DUYRSQSVhnCsdd9zY+OnWBlGOJ2XBommMSZTPKZ9SyUWVPvp4tY5urDKCIWRsiUNWqi/J1IstJ6JwHYKbCZ61cvE/7x+YsIbP2UyTgyVZLkoTDgyEcoeRyOmKDF8ZgkmitlbEZlghYmx8ZRsCN7qy+ukc1XzGrX6Q73SvM3jKMIZnEMVPLiGJtxDC9pAYALP8ApvjnBenHfnY9lacPKZU/gD5/MHOfKNtw==</latexit>

P (k)
<latexit sha1_base64="2PUZXR7wj5RzngiX2Q+7PUkJLJA=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahIpTdUtRj0YvHCvYD2qVk02wbm02WJCuUpf/BiwdFvPp/vPlvTNs9aOuDgcd7M8zMC2LOtHHdbye3tr6xuZXfLuzs7u0fFA+PWlomitAmkVyqToA15UzQpmGG006sKI4CTtvB+Hbmt5+o0kyKBzOJqR/hoWAhI9hYqdUojy+8836x5FbcOdAq8TJSggyNfvGrN5AkiagwhGOtu54bGz/FyjDC6bTQSzSNMRnjIe1aKnBEtZ/Or52iM6sMUCiVLWHQXP09keJI60kU2M4Im5Fe9mbif143MeG1nzIRJ4YKslgUJhwZiWavowFTlBg+sQQTxeytiIywwsTYgAo2BG/55VXSqla8y0rtvlaq32Rx5OEETqEMHlxBHe6gAU0g8AjP8ApvjnRenHfnY9Gac7KZY/gD5/MHEZSOJw==</latexit>

P (k + 1)
<latexit sha1_base64="v7sPbFIka7KqOQ8+Y/wrQHM/ooU=">AAAB63icbVBNSwMxEJ2tX7V+VT16CRahXsqulOqx6MVjBfsB7VKyabYNTbJLkhXK0r/gxYMiXv1D3vw3Zts9aOuDgcd7M8zMC2LOtHHdb6ewsbm1vVPcLe3tHxwelY9POjpKFKFtEvFI9QKsKWeStg0znPZiRbEIOO0G07vM7z5RpVkkH80spr7AY8lCRrDJpFZVXg7LFbfmLoDWiZeTCuRoDctfg1FEEkGlIRxr3ffc2PgpVoYRTuelQaJpjMkUj2nfUokF1X66uHWOLqwyQmGkbEmDFurviRQLrWcisJ0Cm4le9TLxP6+fmPDGT5mME0MlWS4KE45MhLLH0YgpSgyfWYKJYvZWRCZYYWJsPCUbgrf68jrpXNW8Rq3+UK80b/M4inAG51AFD66hCffQgjYQmMAzvMKbI5wX5935WLYWnHzmFP7A+fwBPoGNug==</latexit>

P (n)
<latexit sha1_base64="PcWBf7Fjzg+UIVOYzsTefKF5/Kg=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahHiy7pajHohePFewHtEvJptk2NpssSVYoS/+DFw+KePX/ePPfmLZ70NYHA4/3ZpiZF8ScaeO6305ubX1jcyu/XdjZ3ds/KB4etbRMFKFNIrlUnQBrypmgTcMMp51YURwFnLaD8e3Mbz9RpZkUD2YSUz/CQ8FCRrCxUqtRFhfeeb9YcivuHGiVeBkpQYZGv/jVG0iSRFQYwrHWXc+NjZ9iZRjhdFroJZrGmIzxkHYtFTii2k/n107RmVUGKJTKljBorv6eSHGk9SQKbGeEzUgvezPxP6+bmPDaT5mIE0MFWSwKE46MRLPX0YApSgyfWIKJYvZWREZYYWJsQAUbgrf88ippVSveZaV2XyvVb7I48nACp1AGD66gDnfQgCYQeIRneIU3RzovzrvzsWjNOdnMMfyB8/kDGTWOLA==</latexit>

P (n � 1)<latexit sha1_base64="JXzBjyZgmsI8ags2tosNzBng8sY=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69BIvgqSRS1GPRi8cK9gPaUDabTbt2sxt2J0Ip/Q9ePCji1f/jzX/jts1BWx8MPN6bYWZemApu0PO+ncLa+sbmVnG7tLO7t39QPjxqGZVpyppUCaU7ITFMcMmayFGwTqoZSULB2uHodua3n5g2XMkHHKcsSMhA8phTglZq9Wik0PTLFa/qzeGuEj8nFcjR6Je/epGiWcIkUkGM6fpeisGEaORUsGmplxmWEjoiA9a1VJKEmWAyv3bqnlklcmOlbUl05+rviQlJjBknoe1MCA7NsjcT//O6GcbXwYTLNEMm6WJRnAkXlTt73Y24ZhTF2BJCNbe3unRINKFoAyrZEPzll1dJ66LqX1Zr97VK/SaPowgncArn4MMV1OEOGtAECo/wDK/w5ijnxXl3PhatBSefOYY/cD5/ALFFjzg=</latexit>· · ·

Induction

Basis

Induction Induction Induction
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Inductions on Integers – Examples

Example

Prove that ∀n ≥ 0.
∑n

i=0 i =
n(n+1)

2 .

Proof)
• (Basis Case): 0 = 0(0 + 1)/2
• (Induction Case): Assume that it holds for n (I.H.). Then,

n+1∑
i=0

i = (n + 1) +
n∑

i=0

i

= (n + 1) +
n(n + 1)

2
(∵ I .H.)

=
(n + 1)(n + 2)

2
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Inductions on Integers – Examples

Example

Prove that ∀n ≥ 0.
∑n

i=0 i
2 = n(n+1)(2n+1)

6 .

Proof)
• (Basis Case): 02 = 0(0 + 1)(2 ∗ 0 + 1)/6
• (Induction Case): Assume that it holds for n (I.H.). Then,

n+1∑
i=0

i2 = (n + 1)2 +
n∑

i=0

i2

= (n + 1)2 +
n(n + 1)(2n + 1)

6
(∵ I .H.)

=
(n + 1)(n + 2)(2(n + 1) + 1)

6
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Structural Inductions – Inductive Definitions
In CS, we often define somethings as inductively-defined sets.
For example, we can define trees as follows:

Example (Inductive Definition of Trees)
A tree is defined as follows:
• (Basis Case) A single node N is a tree.
• (Induction Case) If T1, · · · ,Tn are trees, then a graph defined with a

new node N and edges from N to T1, · · · ,Tn is a tree as well.
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Structural Inductions – Inductive Definitions
Another example is a set of arithmetic expressions:

Example (Inductive Definition of Arithmetic Expressions)
An arithmetic expression is defined as follows:
• (Basis Case) A number or a variable is an arithmetic expression.
• (Induction Case) If E and F are arithmetic expressions, then so are

E+F , E*F , and (E).

42 x x + y

42 * x (x) (x * y) * z

(2 + x) * y x * (x * y) ((((x))))
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Structural Inductions

Definition (Structural Inductions)
Let P(x) be a predicate on a inductively-defined set X , and if
• (Basis Case) P(b1), · · · ,P(bk) hold for all basis cases b1, · · · , bk .
• (Induction Case) for all x ∈ X ,

P(x1) ∧ · · · ∧ P(xn) ⇒ P(x)

where x1, · · · , xn are the sub-structures of x .
then P(x) holds for all x ∈ X .

P(x1), · · · ,P(xn) are called induction hypotheses.

struct-ind

Induction

Basis

<latexit sha1_base64="JXzBjyZgmsI8ags2tosNzBng8sY=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69BIvgqSRS1GPRi8cK9gPaUDabTbt2sxt2J0Ip/Q9ePCji1f/jzX/jts1BWx8MPN6bYWZemApu0PO+ncLa+sbmVnG7tLO7t39QPjxqGZVpyppUCaU7ITFMcMmayFGwTqoZSULB2uHodua3n5g2XMkHHKcsSMhA8phTglZq9Wik0PTLFa/qzeGuEj8nFcjR6Je/epGiWcIkUkGM6fpeisGEaORUsGmplxmWEjoiA9a1VJKEmWAyv3bqnlklcmOlbUl05+rviQlJjBknoe1MCA7NsjcT//O6GcbXwYTLNEMm6WJRnAkXlTt73Y24ZhTF2BJCNbe3unRINKFoAyrZEPzll1dJ66LqX1Zr97VK/SaPowgncArn4MMV1OEOGtAECo/wDK/w5ijnxXl3PhatBSefOYY/cD5/ALFFjzg=</latexit>

···

<latexit sha1_base64="JXzBjyZgmsI8ags2tosNzBng8sY=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69BIvgqSRS1GPRi8cK9gPaUDabTbt2sxt2J0Ip/Q9ePCji1f/jzX/jts1BWx8MPN6bYWZemApu0PO+ncLa+sbmVnG7tLO7t39QPjxqGZVpyppUCaU7ITFMcMmayFGwTqoZSULB2uHodua3n5g2XMkHHKcsSMhA8phTglZq9Wik0PTLFa/qzeGuEj8nFcjR6Je/epGiWcIkUkGM6fpeisGEaORUsGmplxmWEjoiA9a1VJKEmWAyv3bqnlklcmOlbUl05+rviQlJjBknoe1MCA7NsjcT//O6GcbXwYTLNEMm6WJRnAkXlTt73Y24ZhTF2BJCNbe3unRINKFoAyrZEPzll1dJ66LqX1Zr97VK/SaPowgncArn4MMV1OEOGtAECo/wDK/w5ijnxXl3PhatBSefOYY/cD5/ALFFjzg=</latexit>· · ·<latexit sha1_base64="Q3ZFHU8Hsd5v0kzobS0LsgWpHuE=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF49V7Ae0oWy2m3bpZhN2J0IJ/QdePCji1X/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6xEnC/YgOlQgFo2ilh17WL1fcqjsHWSVeTiqQo9Evf/UGMUsjrpBJakzXcxP0M6pRMMmnpV5qeELZmA5511JFI278bH7plJxZZUDCWNtSSObq74mMRsZMosB2RhRHZtmbif953RTDaz8TKkmRK7ZYFKaSYExmb5OB0JyhnFhCmRb2VsJGVFOGNpySDcFbfnmVtC6q3mW1dl+r1G/yOIpwAqdwDh5cQR3uoAFNYBDCM7zCmzN2Xpx352PRWnDymWP4A+fzB55yjW4=</latexit>{ <latexit sha1_base64="JXzBjyZgmsI8ags2tosNzBng8sY=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69BIvgqSRS1GPRi8cK9gPaUDabTbt2sxt2J0Ip/Q9ePCji1f/jzX/jts1BWx8MPN6bYWZemApu0PO+ncLa+sbmVnG7tLO7t39QPjxqGZVpyppUCaU7ITFMcMmayFGwTqoZSULB2uHodua3n5g2XMkHHKcsSMhA8phTglZq9Wik0PTLFa/qzeGuEj8nFcjR6Je/epGiWcIkUkGM6fpeisGEaORUsGmplxmWEjoiA9a1VJKEmWAyv3bqnlklcmOlbUl05+rviQlJjBknoe1MCA7NsjcT//O6GcbXwYTLNEMm6WJRnAkXlTt73Y24ZhTF2BJCNbe3unRINKFoAyrZEPzll1dJ66LqX1Zr97VK/SaPowgncArn4MMV1OEOGtAECo/wDK/w5ijnxXl3PhatBSefOYY/cD5/ALFFjzg=</latexit>· · ·
<latexit sha1_base64="JXzBjyZgmsI8ags2tosNzBng8sY=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69BIvgqSRS1GPRi8cK9gPaUDabTbt2sxt2J0Ip/Q9ePCji1f/jzX/jts1BWx8MPN6bYWZemApu0PO+ncLa+sbmVnG7tLO7t39QPjxqGZVpyppUCaU7ITFMcMmayFGwTqoZSULB2uHodua3n5g2XMkHHKcsSMhA8phTglZq9Wik0PTLFa/qzeGuEj8nFcjR6Je/epGiWcIkUkGM6fpeisGEaORUsGmplxmWEjoiA9a1VJKEmWAyv3bqnlklcmOlbUl05+rviQlJjBknoe1MCA7NsjcT//O6GcbXwYTLNEMm6WJRnAkXlTt73Y24ZhTF2BJCNbe3unRINKFoAyrZEPzll1dJ66LqX1Zr97VK/SaPowgncArn4MMV1OEOGtAECo/wDK/w5ijnxXl3PhatBSefOYY/cD5/ALFFjzg=</latexit>· · ·

Induction Induction
<latexit sha1_base64="ipMyrDpyKtKUgq1wb8szuGApyMs=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahXsquFPVY9OJxBfsB7VKyabaNzSZLkhXK0v/gxYMiXv0/3vw3pu0etPXBwOO9GWbmhQln2rjut1NYW9/Y3Cpul3Z29/YPyodHLS1TRWiTSC5VJ8SaciZo0zDDaSdRFMchp+1wfDvz209UaSbFg5kkNIjxULCIEWys1PKrYd8775crbs2dA60SLycVyOH3y1+9gSRpTIUhHGvd9dzEBBlWhhFOp6VeqmmCyRgPaddSgWOqg2x+7RSdWWWAIqlsCYPm6u+JDMdaT+LQdsbYjPSyNxP/87qpia6DjIkkNVSQxaIo5chINHsdDZiixPCJJZgoZm9FZIQVJsYGVLIheMsvr5LWRc27rNXv65XGTR5HEU7gFKrgwRU04A58aAKBR3iGV3hzpPPivDsfi9aCk88cwx84nz9TDY5S</latexit>

P (b1)

<latexit sha1_base64="kK6dBi3kd2cZuE3s3/JLOmm369Y=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahXsquFPVY9OJxBfsB7VKyabaNzSZLkhXK0v/gxYMiXv0/3vw3pu0etPXBwOO9GWbmhQln2rjut1NYW9/Y3Cpul3Z29/YPyodHLS1TRWiTSC5VJ8SaciZo0zDDaSdRFMchp+1wfDvz209UaSbFg5kkNIjxULCIEWys1PKrYX983i9X3Jo7B1olXk4qkMPvl796A0nSmApDONa667mJCTKsDCOcTku9VNMEkzEe0q6lAsdUB9n82ik6s8oARVLZEgbN1d8TGY61nsSh7YyxGellbyb+53VTE10HGRNJaqggi0VRypGRaPY6GjBFieETSzBRzN6KyAgrTIwNqGRD8JZfXiWti5p3Wavf1yuNmzyOIpzAKVTBgytowB340AQCj/AMr/DmSOfFeXc+Fq0FJ585hj9wPn8Aqy+OjA==</latexit>

P (bk)

<latexit sha1_base64="qH0Ziq5rLKCOwYLKJIYRNxRdD5g=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahXsqulOqx6MVjBfsB7VKyabaNzSZLkhXL0v/gxYMiXv0/3vw3pu0etPXBwOO9GWbmBTFn2rjut5NbW9/Y3MpvF3Z29/YPiodHLS0TRWiTSC5VJ8CaciZo0zDDaSdWFEcBp+1gfDPz249UaSbFvZnE1I/wULCQEWys1GqUn/reeb9YcivuHGiVeBkpQYZGv/jVG0iSRFQYwrHWXc+NjZ9iZRjhdFroJZrGmIzxkHYtFTii2k/n107RmVUGKJTKljBorv6eSHGk9SQKbGeEzUgvezPxP6+bmPDKT5mIE0MFWSwKE46MRLPX0YApSgyfWIKJYvZWREZYYWJsQAUbgrf88ippXVS8WqV6Vy3Vr7M48nACp1AGDy6hDrfQgCYQeIBneIU3RzovzrvzsWjNOdnMMfyB8/kDdKeOaA==</latexit>

P (x1)

<latexit sha1_base64="/aLdS+9ln/qvTDScIiL0KloQ9C8=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahXsqulOqx6MVjBfsB7VKyabaNzSZLkhXL0v/gxYMiXv0/3vw3pu0etPXBwOO9GWbmBTFn2rjut5NbW9/Y3MpvF3Z29/YPiodHLS0TRWiTSC5VJ8CaciZo0zDDaSdWFEcBp+1gfDPz249UaSbFvZnE1I/wULCQEWys1GqUn/rivF8suRV3DrRKvIyUIEOjX/zqDSRJIioM4VjrrufGxk+xMoxwOi30Ek1jTMZ4SLuWChxR7afza6fozCoDFEplSxg0V39PpDjSehIFtjPCZqSXvZn4n9dNTHjlp0zEiaGCLBaFCUdGotnraMAUJYZPLMFEMXsrIiOsMDE2oIINwVt+eZW0LiperVK9q5bq11kceTiBUyiDB5dQh1toQBMIPMAzvMKbI50X5935WLTmnGzmGP7A+fwB0ViOpQ==</latexit>

P (xn)

<latexit sha1_base64="5NyM6FwHOeUS+RcSDzCUrEF5H0g=">AAAB63icbVBNSwMxEJ2tX7V+VT16CRahXsquFPVY9OKxgv2AdinZNNuGJtklyYpl6V/w4kERr/4hb/4bs+0etPXBwOO9GWbmBTFn2rjut1NYW9/Y3Cpul3Z29/YPyodHbR0litAWiXikugHWlDNJW4YZTruxolgEnHaCyW3mdx6p0iySD2YaU1/gkWQhI9hkUrP6dD4oV9yaOwdaJV5OKpCjOSh/9YcRSQSVhnCsdc9zY+OnWBlGOJ2V+ommMSYTPKI9SyUWVPvp/NYZOrPKEIWRsiUNmqu/J1IstJ6KwHYKbMZ62cvE/7xeYsJrP2UyTgyVZLEoTDgyEcoeR0OmKDF8agkmitlbERljhYmx8ZRsCN7yy6ukfVHzLmv1+3qlcZPHUYQTOIUqeHAFDbiDJrSAwBie4RXeHOG8OO/Ox6K14OQzx/AHzucPTbONxA==</latexit>

P (x)

<latexit sha1_base64="JXzBjyZgmsI8ags2tosNzBng8sY=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69BIvgqSRS1GPRi8cK9gPaUDabTbt2sxt2J0Ip/Q9ePCji1f/jzX/jts1BWx8MPN6bYWZemApu0PO+ncLa+sbmVnG7tLO7t39QPjxqGZVpyppUCaU7ITFMcMmayFGwTqoZSULB2uHodua3n5g2XMkHHKcsSMhA8phTglZq9Wik0PTLFa/qzeGuEj8nFcjR6Je/epGiWcIkUkGM6fpeisGEaORUsGmplxmWEjoiA9a1VJKEmWAyv3bqnlklcmOlbUl05+rviQlJjBknoe1MCA7NsjcT//O6GcbXwYTLNEMm6WJRnAkXlTt73Y24ZhTF2BJCNbe3unRINKFoAyrZEPzll1dJ66LqX1Zr97VK/SaPowgncArn4MMV1OEOGtAECo/wDK/w5ijnxXl3PhatBSefOYY/cD5/ALFFjzg=</latexit>

···
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Structural Inductions – Examples

Example
Prove that for all tree T , the number of nodes in T is equal to the number
of edges in T plus one.

Proof) Let N(T ) be the number of node and E (T ) be the number of
edges in T . Let’s prove ∀T . N(T ) = E (T ) + 1.
• (Basis Case): N(T ) = 1 and E (T ) = 0.
• (Induction Case): Assume that it holds for T1, · · · ,Tn (I.H.). Then,

N(T ) = 1 +
n∑

i=1

N(Ti )

= 1 +
n∑

i=1

(E(Ti ) + 1) (∵ I .H.)

= 1 + n +
n∑

i=1

E(Ti )

= 1 + E(T )
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Structural Inductions – Examples

Example
Prove that for all arithmetic expression E , the number of left parentheses in
E is equal to the number of right parentheses in E .

Proof) Let L(E ) be the number of left parentheses and R(E ) be the
number of right parentheses in E . Let’s prove ∀E . L(E ) = R(E ).

• (Basis Case): L(E ) = R(E ) = 0 for numbers and variables.
• (Induction Case): Assume that it holds for E and F (I.H.). Then,

L(E+F ) = L(E) + L(F ) = R(E) + R(F ) (∵ I .H.)

= R(E+F )

L(E*F ) = L(E) + L(F ) = R(E) + R(F ) (∵ I .H.)

= R(E*F )

L((E)) = L(E) + 1 = R(E) + 1 (∵ I .H.)

= R((E))
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Mutual Inductions

Definition (Mutual Inductions)
Let P(x) and Q(x) are predicates on integers, and if
• (Basis Case) P(k) and Q(k) hold where k is an integer, and
• (Induction Case) for all n ≥ k ,

P(n) ∧ Q(n) ⇒ P(n + 1) ∧ Q(n + 1)

then P(i) and Q(i) hold for all i ≥ k .

P(n) and Q(n) are called induction hypotheses.

mutual-ind

<latexit sha1_base64="CR1vly0dPofthT32kkvNQdcr88g=">AAAB63icbVBNSwMxEJ2tX7V+VT16CRahXsqulOqx6MVjBfsB7VKyabYNTbJLkhXK0r/gxYMiXv1D3vw3Zts9aOuDgcd7M8zMC2LOtHHdb6ewsbm1vVPcLe3tHxwelY9POjpKFKFtEvFI9QKsKWeStg0znPZiRbEIOO0G07vM7z5RpVkkH80spr7AY8lCRrDJpFZ1ejksV9yauwBaJ15OKpCjNSx/DUYRSQSVhnCsdd9zY+OnWBlGOJ2XBommMSZTPKZ9SyUWVPvp4tY5urDKCIWRsiUNWqi/J1IstJ6JwHYKbCZ61cvE/7x+YsIbP2UyTgyVZLkoTDgyEcoeRyOmKDF8ZgkmitlbEZlghYmx8ZRsCN7qy+ukc1XzGrX6Q73SvM3jKMIZnEMVPLiGJtxDC9pAYALP8ApvjnBenHfnY9lacPKZU/gD5/MHOfKNtw==</latexit>

P (k)
<latexit sha1_base64="2PUZXR7wj5RzngiX2Q+7PUkJLJA=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahIpTdUtRj0YvHCvYD2qVk02wbm02WJCuUpf/BiwdFvPp/vPlvTNs9aOuDgcd7M8zMC2LOtHHdbye3tr6xuZXfLuzs7u0fFA+PWlomitAmkVyqToA15UzQpmGG006sKI4CTtvB+Hbmt5+o0kyKBzOJqR/hoWAhI9hYqdUojy+8836x5FbcOdAq8TJSggyNfvGrN5AkiagwhGOtu54bGz/FyjDC6bTQSzSNMRnjIe1aKnBEtZ/Or52iM6sMUCiVLWHQXP09keJI60kU2M4Im5Fe9mbif143MeG1nzIRJ4YKslgUJhwZiWavowFTlBg+sQQTxeytiIywwsTYgAo2BG/55VXSqla8y0rtvlaq32Rx5OEETqEMHlxBHe6gAU0g8AjP8ApvjnRenHfnY9Gac7KZY/gD5/MHEZSOJw==</latexit>

P (k + 1)
<latexit sha1_base64="v7sPbFIka7KqOQ8+Y/wrQHM/ooU=">AAAB63icbVBNSwMxEJ2tX7V+VT16CRahXsqulOqx6MVjBfsB7VKyabYNTbJLkhXK0r/gxYMiXv1D3vw3Zts9aOuDgcd7M8zMC2LOtHHdb6ewsbm1vVPcLe3tHxwelY9POjpKFKFtEvFI9QKsKWeStg0znPZiRbEIOO0G07vM7z5RpVkkH80spr7AY8lCRrDJpFZVXg7LFbfmLoDWiZeTCuRoDctfg1FEEkGlIRxr3ffc2PgpVoYRTuelQaJpjMkUj2nfUokF1X66uHWOLqwyQmGkbEmDFurviRQLrWcisJ0Cm4le9TLxP6+fmPDGT5mME0MlWS4KE45MhLLH0YgpSgyfWYKJYvZWRCZYYWJsPCUbgrf68jrpXNW8Rq3+UK80b/M4inAG51AFD66hCffQgjYQmMAzvMKbI5wX5935WLYWnHzmFP7A+fwBPoGNug==</latexit>

P (n)
<latexit sha1_base64="PcWBf7Fjzg+UIVOYzsTefKF5/Kg=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahHiy7pajHohePFewHtEvJptk2NpssSVYoS/+DFw+KePX/ePPfmLZ70NYHA4/3ZpiZF8ScaeO6305ubX1jcyu/XdjZ3ds/KB4etbRMFKFNIrlUnQBrypmgTcMMp51YURwFnLaD8e3Mbz9RpZkUD2YSUz/CQ8FCRrCxUqtRFhfeeb9YcivuHGiVeBkpQYZGv/jVG0iSRFQYwrHWXc+NjZ9iZRjhdFroJZrGmIzxkHYtFTii2k/n107RmVUGKJTKljBorv6eSHGk9SQKbGeEzUgvezPxP6+bmPDaT5mIE0MFWSwKE46MRLPX0YApSgyfWIKJYvZWREZYYWJsQAUbgrf88ippVSveZaV2XyvVb7I48nACp1AGD66gDnfQgCYQeIRneIU3RzovzrvzsWjNOdnMMfyB8/kDGTWOLA==</latexit>

P (n � 1)<latexit sha1_base64="JXzBjyZgmsI8ags2tosNzBng8sY=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69BIvgqSRS1GPRi8cK9gPaUDabTbt2sxt2J0Ip/Q9ePCji1f/jzX/jts1BWx8MPN6bYWZemApu0PO+ncLa+sbmVnG7tLO7t39QPjxqGZVpyppUCaU7ITFMcMmayFGwTqoZSULB2uHodua3n5g2XMkHHKcsSMhA8phTglZq9Wik0PTLFa/qzeGuEj8nFcjR6Je/epGiWcIkUkGM6fpeisGEaORUsGmplxmWEjoiA9a1VJKEmWAyv3bqnlklcmOlbUl05+rviQlJjBknoe1MCA7NsjcT//O6GcbXwYTLNEMm6WJRnAkXlTt73Y24ZhTF2BJCNbe3unRINKFoAyrZEPzll1dJ66LqX1Zr97VK/SaPowgncArn4MMV1OEOGtAECo/wDK/w5ijnxXl3PhatBSefOYY/cD5/ALFFjzg=</latexit>· · ·

Induction

Basis

Induction Induction Induction

<latexit sha1_base64="uMsmEzJWsyP1EdY2YS/AgLKPwSM=">AAAB63icbVBNSwMxEJ2tX7V+VT16CRahXsquFPVY9OKxBfsB7VKyabYNTbJLkhXK0r/gxYMiXv1D3vw3Zts9aOuDgcd7M8zMC2LOtHHdb6ewsbm1vVPcLe3tHxwelY9POjpKFKFtEvFI9QKsKWeStg0znPZiRbEIOO0G0/vM7z5RpVkkH80spr7AY8lCRrDJpFZ1ejksV9yauwBaJ15OKpCjOSx/DUYRSQSVhnCsdd9zY+OnWBlGOJ2XBommMSZTPKZ9SyUWVPvp4tY5urDKCIWRsiUNWqi/J1IstJ6JwHYKbCZ61cvE/7x+YsJbP2UyTgyVZLkoTDgyEcoeRyOmKDF8ZgkmitlbEZlghYmx8ZRsCN7qy+ukc1Xzrmv1Vr3SuMvjKMIZnEMVPLiBBjxAE9pAYALP8ApvjnBenHfnY9lacPKZU/gD5/MHO3mNuA==</latexit>

Q(k)
<latexit sha1_base64="zHZ7nt7LjAKCfrS6e5/z/FEFVGA=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahIpRdKeqx6MVjC/YD2qVk02wbm02WJCuUpf/BiwdFvPp/vPlvTNs9aOuDgcd7M8zMC2LOtHHdbye3tr6xuZXfLuzs7u0fFA+PWlomitAmkVyqToA15UzQpmGG006sKI4CTtvB+G7mt5+o0kyKBzOJqR/hoWAhI9hYqdUojy+8836x5FbcOdAq8TJSggz1fvGrN5AkiagwhGOtu54bGz/FyjDC6bTQSzSNMRnjIe1aKnBEtZ/Or52iM6sMUCiVLWHQXP09keJI60kU2M4Im5Fe9mbif143MeGNnzIRJ4YKslgUJhwZiWavowFTlBg+sQQTxeytiIywwsTYgAo2BG/55VXSuqx4V5Vqo1qq3WZx5OEETqEMHlxDDe6hDk0g8AjP8ApvjnRenHfnY9Gac7KZY/gD5/MHEx2OKA==</latexit>

Q(k + 1)
<latexit sha1_base64="f0r1wJr9lQmj46Zv3AViGsXUS9c=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahHiy7UtRj0YvHFuwHtEvJptk2NpssSVYoS/+DFw+KePX/ePPfmLZ70NYHA4/3ZpiZF8ScaeO6305ubX1jcyu/XdjZ3ds/KB4etbRMFKFNIrlUnQBrypmgTcMMp51YURwFnLaD8d3Mbz9RpZkUD2YSUz/CQ8FCRrCxUqtRFhfeeb9YcivuHGiVeBkpQYZ6v/jVG0iSRFQYwrHWXc+NjZ9iZRjhdFroJZrGmIzxkHYtFTii2k/n107RmVUGKJTKljBorv6eSHGk9SQKbGeEzUgvezPxP6+bmPDGT5mIE0MFWSwKE46MRLPX0YApSgyfWIKJYvZWREZYYWJsQAUbgrf88ippXVa8q0q1US3VbrM48nACp1AGD66hBvdQhyYQeIRneIU3RzovzrvzsWjNOdnMMfyB8/kDGr6OLQ==</latexit>

Q(n � 1)
<latexit sha1_base64="X58ZVEVdh2l+bu8MXFdfEVPACLM=">AAAB63icbVBNSwMxEJ2tX7V+VT16CRahXsquFPVY9OKxBfsB7VKyabYNTbJLkhXK0r/gxYMiXv1D3vw3Zts9aOuDgcd7M8zMC2LOtHHdb6ewsbm1vVPcLe3tHxwelY9POjpKFKFtEvFI9QKsKWeStg0znPZiRbEIOO0G0/vM7z5RpVkkH80spr7AY8lCRrDJpFZVXg7LFbfmLoDWiZeTCuRoDstfg1FEEkGlIRxr3ffc2PgpVoYRTuelQaJpjMkUj2nfUokF1X66uHWOLqwyQmGkbEmDFurviRQLrWcisJ0Cm4le9TLxP6+fmPDWT5mME0MlWS4KE45MhLLH0YgpSgyfWYKJYvZWRCZYYWJsPCUbgrf68jrpXNW861q9Va807vI4inAG51AFD26gAQ/QhDYQmMAzvMKbI5wX5935WLYWnHzmFP7A+fwBQAiNuw==</latexit>

Q(n)

<latexit sha1_base64="Q3ZFHU8Hsd5v0kzobS0LsgWpHuE=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF49V7Ae0oWy2m3bpZhN2J0IJ/QdePCji1X/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6xEnC/YgOlQgFo2ilh17WL1fcqjsHWSVeTiqQo9Evf/UGMUsjrpBJakzXcxP0M6pRMMmnpV5qeELZmA5511JFI278bH7plJxZZUDCWNtSSObq74mMRsZMosB2RhRHZtmbif953RTDaz8TKkmRK7ZYFKaSYExmb5OB0JyhnFhCmRb2VsJGVFOGNpySDcFbfnmVtC6q3mW1dl+r1G/yOIpwAqdwDh5cQR3uoAFNYBDCM7zCmzN2Xpx352PRWnDymWP4A+fzB55yjW4=</latexit>{
<latexit sha1_base64="JXzBjyZgmsI8ags2tosNzBng8sY=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69BIvgqSRS1GPRi8cK9gPaUDabTbt2sxt2J0Ip/Q9ePCji1f/jzX/jts1BWx8MPN6bYWZemApu0PO+ncLa+sbmVnG7tLO7t39QPjxqGZVpyppUCaU7ITFMcMmayFGwTqoZSULB2uHodua3n5g2XMkHHKcsSMhA8phTglZq9Wik0PTLFa/qzeGuEj8nFcjR6Je/epGiWcIkUkGM6fpeisGEaORUsGmplxmWEjoiA9a1VJKEmWAyv3bqnlklcmOlbUl05+rviQlJjBknoe1MCA7NsjcT//O6GcbXwYTLNEMm6WJRnAkXlTt73Y24ZhTF2BJCNbe3unRINKFoAyrZEPzll1dJ66LqX1Zr97VK/SaPowgncArn4MMV1OEOGtAECo/wDK/w5ijnxXl3PhatBSefOYY/cD5/ALFFjzg=</latexit>· · ·

COSE215 @ Korea University Lecture 1 – Mathematical Preliminaries March 8, 2023 19 / 30



Mutual Inductions – Examples

Theorem
The current state is OFF if and only if the button is pushed even times.

Proof)
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Mutual Inductions – Examples

Theorem
The current state is OFF if and only if the button is pushed even times,
and the current state is ON if and only if the button is pushed odd times.

Proof) Let S(i) be the current state after i times of pushing. Let’s prove

∀i ≥ 0. S(i) = OFF ⇐⇒ i ≡ 0 (mod 2) (P)

∀i ≥ 0. S(i) = ON ⇐⇒ i ≡ 1 (mod 2) (Q)

• (Basis Case): Known facts: S(0) = OFF and 0 ≡ 0 (mod 2)

• (P, ⇒): 0 ≡ 0 (mod 2) =⇒ S(0) = OFF ⇒ 0 ≡ 0 (mod 2)

• (P, ⇐): S(0) = OFF =⇒ S(0) = OFF ⇐ 0 ≡ 0 (mod 2)

• (Q, ⇒): ¬(S(0) = ON) =⇒ S(0) = ON ⇒ 0 ≡ 1 (mod 2)

• (Q, ⇐): ¬(0 ≡ 1 (mod 2)) =⇒ S(0) = ON ⇐ 0 ≡ 1 (mod 2)
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Mutual Inductions – Examples
• (Induction Case): Assume that it holds for n (I.H.):

S(n) = OFF ⇐⇒ n ≡ 0 (mod 2) (P − I .H.)

S(n) = ON ⇐⇒ n ≡ 1 (mod 2) (Q − I .H.)

• (P, ⇔):

S(n + 1) = OFF ⇐⇒ S(n) = ON
⇐⇒ n ≡ 1 (mod 2) (∵ Q − I .H.)

⇐⇒ n + 1 ≡ 0 (mod 2)

• (Q, ⇔):

S(n + 1) = ON ⇐⇒ S(n) = OFF
⇐⇒ n ≡ 0 (mod 2) (∵ P − I .H.)

⇐⇒ n + 1 ≡ 1 (mod 2)
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Symbols & Words

• We first define a finite and non-empty set of symbols.
• A word w ∈ Σ∗ is a sequence of symbols.

• Σ = {0, 1} – binary symbols.

ϵ, 0, 1, 00, 01, 10010, · · · ∈ Σ∗

• Σ = {a, b, · · · , z} – lowercase letters.

ϵ, a, b, abc, hello, cs, students, · · · ∈ Σ∗

• Σ = {a | a is an Unicode character} – Unicode characters.

ϵ,안녕하세요,こんにちは,★■▲⊕, · · · ∈ Σ∗
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Symbols & Words

Notation Description
ϵ the empty word.
w1w2 the concatenation of w1 and w2.

(w1 is a prefix of w1w2 and w2 is a suffix of w1w2)
wR the reverse of w .
|w | the length of w .
Σk the set of all words of length k .
Σ∗ the set of all words (the Kleene star).

(i.e., Σ∗ = Σ0 ∪ Σ1 ∪ · · · = ⋃
k=0 Σ

k)
Σ+ the set of all words except ϵ (the Kleene plus).

(i.e., Σ+ = Σ1 ∪ Σ2 ∪ · · · = ⋃
k=1 Σ

k)
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Languages
A language L ⊆ Σ∗ is a set of words. When Σ = {0, 1}, we can define the
following languages:
• L = {ϵ, 0, 1} – the empty word, zero, and one.

• L = {ϵ, 0, 1, 00, 01, 10, 11, 000, · · · } – all binary words.

• L = {0n1n | n ≥ 0} – equal number of consecutive zeros and ones.

• L = {10, 11, 101, 111, 1011, · · · } – ???
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Languages – Operations

• The union, intersection, and difference of languages:

L1 ∪ L2 L1 ∩ L2 L1 \ L2

• The reverse of a language:

LR = {wR | w ∈ L}

• The complement of a language:

L = Σ∗ \ L

• The concatenation of languages:

L1L2 = {w1w2 | w1 ∈ L1 ∧ w2 ∈ L2}
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Languages – Operations

• The power of a language:

L0 = {ϵ}
Ln = Ln−1L (n ≥ 1)

• The Kleene star of a language:

L∗ = L0 ∪ L1 ∪ L2 ∪ · · · =
⋃
n≥0

Ln

• The Kleene plus of a language:

L+ = L1 ∪ L2 ∪ L3 ∪ · · · =
⋃
n≥1

Ln
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Next Lecture

• Basic Introduction of Scala

Jihyeok Park
jihyeok_park@korea.ac.kr
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