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Recall ’NPLRG

e Closure Properties of Regular Languages

® Pumping Lemma for Regular Languages

P(2x)
r L(DFA) = L(NFA) \ A
e-NFE

= L(RE) = L(e-NFA)

N YA

a"v @ DFA'—> RE
°

- J

{w | N(w) = 0 (mod 3)}

® How to test whether two finite automata are equivalent?

® How to minimize a finite automaton?
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Equivalence of Finite Automata 7V PLRG

® Are the following two DFA equivalent (i.e., L(Dg) = L(D1))?
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Equivalence of Finite Automata 7V PLRG

® Are the following two DFA equivalent (i.e., L(Dg) = L(D1))?

® Yes, because L(Dg) = L(D1) = {wb | w € {a,b}*}.
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Equivalence of Finite Automata 7V PLRG

® Are the following two DFA equivalent (i.e., L(Dg) = L(D1))?

® Yes, because L(Dg) = L(D1) = {wb | w € {a,b}*}.
® We first define the equivalence of states and utilize it to test the
equivalence of DFA.
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Equivalence of States (=) 7V PLRG

Definition (Equivalence of States (=))

For a given DFA D, g; is equivalent to g; (i.e., g; = q;) if and only if

Vw e X*. 0%(qi,w) € F < §"(qj,w) € F
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Equivalence of States (=) 7V PLRG

Definition (Equivalence of States (=))

For a given DFA D, g; is equivalent to g; (i.e., g; = q;) if and only if
Vw e X*. 0%(qi,w) € F < §"(qj,w) € F
y

i =¢q <+— YweX*
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Equivalence of States (=) 7V PLRG

Definition (Equivalence of States (=))

For a given DFA D, g; is equivalent to g; (i.e., g; = q;) if and only if

Vw e X*. 0%(qi,w) € F < §"(qj,w) € F

However, it is difficult to make it as an algorithm.
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Equivalence of States (=) 7V PLRG

Definition (Equivalence of States (=))

For a given DFA D, g; is equivalent to g; (i.e., g; = q;) if and only if

Vw e X*. 0%(qi,w) € F < §"(qj,w) € F

@O0 [, ©
6i=q = YweX” \/

However, it is difficult to make it as an algorithm. Let's consider q; # g;:

g # q <= IweX" (8"(qi,w) e F < §(qj,w) &F)

GFqG <= Jwex* . \/
O
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Distinguishable States (#) "N PLRG

We can inductively test g; is distinguishable with g; (i.e., q; # qj):
¢ (Basis Case) w = ¢

®O VOO

(6*(gi,e) € F <= 6*(qj,€) € F)
< q c€F < q &F

¢ (Induction Case) w = ax

, OO0, 000
"@00 ' @00

JaeX.Ix e X" (6*(gi,ax) € F <= 6*(qj,ax) € F)
< JdaeX. IxeX* (6*(6(gi,a),x) € F < 6*(6(qgj,a),x) & F)
<= dacX.6(qgi,a) #d(qj,a)

Ja € X. dx €
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Distinguishable States (#) "N PLRG

Definition (Distinguishable States (#))

For a given DFA D, g; is distinguishable with g; (i.e., gi # g;) if and only
if

® (Basis Case) qjc F < q; ¢ F.

¢ (Induction Case) Ja € ¥. §(qgj,a) # d(q;,a).
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Distinguishable States (#) "N PLRG

Definition (Distinguishable States (#))

For a given DFA D, g; is distinguishable with g; (i.e., gi # g;) if and only
if

® (Basis Case) qjc F < q; ¢ F.

¢ (Induction Case) Ja € ¥. §(qgj,a) # d(q;,a).

92 % qa
(geeFANqé&F)

q1 % g3
(. d(q1,2) = g2 # q4 = 6(g3, 2)))

qo % qa
(. 6(q0,b) = g3 # q1 = 9(qa, b)))
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Table-Filling Algorithm

’VNPLRG

q a| b
— Qo |91 93
a (g2 | q1
*q2 | G2 | G2
q3 | g4 | g3

d4 1 G2 | q1

ds | 94 | 92

April 10, 2023
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Table-Filling Algorithm

’VNPLRG

q a| b
— Qo |91 93
a (g2 | q1
*q2 | G2 | G2
q3 | g4 | g3

d4 1 G2 | q1

ds | 94 | 92

(Basis case) w = e.
gEF < q ¢F

(Induction case) w = ax.
da € ¥. 0(qgi,a) # d(qj, a)

April 10, 2023
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Table-Filling Algorithm ’VPLRG

q a| b
—dqo |91 |G3
a (g2 | q1
*q2 | G2 | G2
431494 | 43
d4 1 G2 | q1
as | 4 | G2
(Basis case) w = e. <
GeF < q¢&F 2
a3
(Induction case) w = ax. Z:

Ja e 5(% a) # 5(% a) do g1 G2 g3 Q4
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Table-Filling Algorithm ’VPLRG

q al|b

—qo | q1|q3

q114q2 | q1

*q2 | 92 | G2

q3 | g4 | g3

qa | G2 | q1

ds | 94 | 92

(Basis case) w = e. Zl i x
] ) 2
gEF < q ¢F pn < T
(Induction case) w = ax. 94l X x| X
g5 | X | x| x| x| x

Ja e 5(% a) # 5(% a) do g1 G2 g3 Q4
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Table-Filling Algorithm ’VPLRG

q al|b

—qo | q1|q3

q114q2 | q1

*q2 | 92 | G2

q3 | g4 | g3

qa | G2 | q1

ds | 94 | 92

(Basis case) w = e. Zl i x
] ) 2
gEF < q ¢F pn < T
(Induction case) w = ax. 94l X x| X
g5 | X | x| x| x| x

Ja e 5(% a) # 5(% a) do g1 G2 g3 Q4

o =g3/\q1=qs
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Equivalence of Finite Automata 7V PLRG

Theorem (Equivalence of Finite Automata)

Consider two DFA D = (Q, X, 6, qo, F) and D' = (Q', X, ¢, g4, F')

L(D) = L(D)) < qo = d,

inaDFAD" = (QWQ',%,8", qo, FW F') where

7 Y7 _ 5(‘7//73) q' €@
Vg' € QWQ'. " (q,a) = { 5(q",3) q' € Q'

Proof) By the definition of equivalence of states, we have
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Equivalence of Finite Automata 7V PLRG

Theorem (Equivalence of Finite Automata)

Consider two DFA D = (Q, X, 6, qo, F) and D' = (Q', X, ¢, g4, F')

L(D) = L(D)) < qo = d,

inaDFAD" = (QWQ',%,8", qo, FW F') where

7 Y7 _ 5(‘7//73) q' €@
Vg' € QWQ'. " (q,a) = { 5(q",3) q' € Q'

Proof) By the definition of equivalence of states, we have

L(D) = L(D') <= Vw € X*. (D accepts w <= D’ accepts w)
< Vw e *. (0*(qo,w) € F = §"(qh,w) € F')
< Vw e T*. (8" (qo,w) € FUF' < §""(qh,w) € FUF')
< qo =qp in D’

O]

COSE215 @ Korea University Lecture 10 — Equiv. & Min. of FA April 10, 2023 10/19



Equivalence of Finite Automata — Example 1 ’VPLRG

Let's test the equivalence of Dy and Dy:

start
Dy
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Equivalence of Finite Automata — Example 1 ’VPLRG

Let's test the equivalence of Dy and Dy:

Let's perform the table-filling algorithm:
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Equivalence of Finite Automata — Example 1 ’VPLRG

Let's test the equivalence of Dy and Dy:

Let's perform the table-filling algorithm:

g1 | X

a2 X

a3 X

ds4 X X X
o g1 Q92 g3
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Equivalence of Finite Automata — Example 1 ’VPLRG

Let's test the equivalence of Dy and Dy:

Let's perform the table-filling algorithm:

q | X
42 X ® Q=g =gq3
q3 X [ ] —
q | x x| x a1 =qa
do g1 G2 g3
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Equivalence of Finite Automata — Example 1

Let's test the equivalence of Dy and Dy:

’VNPLRG

Let's perform the table-filling algorithm:

q | X
92 X ® Q=g =gq3
as X _
q | x < | x ‘ ® g1 =qs
do g1 G2 g3
g =q = L(Dy)=L(D1)={wb|we{ab}"}

April 10, 2023
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Equivalence of Finite Automata — Example 2 ’VPLRG

Let's test the equivalence of D> and Djs:
b a,b

a,b

a b )
D3 = RS
(2D
\_/
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Equivalence of Finite Automata — Example 2 ’VPLRG

Let's test the equivalence of D> and Djs:
b a,b

Let's perform the table-filling algorithm:
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Equivalence of Finite Automata — Example 2 ’VPLRG

Let's test the equivalence of D> and Djs:
b a,b

q1 | x ® go=g3

g2 | x | x _ —

@ x [ x Cn=q=q
ga | x x | x o g, =

gs | x | x [ x | x [ x 92 = qs

ge | X X X X X X ® gs

g7 | x x | x x | x

gs | x | x x | x| x| x| x ® Qe

COSE215 @ Korea University Lecture 10 — Equiv. & Min. of FA April 10, 2023



Equivalence of Finite Automata — Example 2 ’VPLRG

Let's test the equivalence of D> and Djs:
b a,b

q1 | x ® go=qs3

g2 | x | x _ —

q3 x | x ® g1 =q4s=q7
ga | x x | x o g, =

g | x | x | x| x| x 92 = qs

ge | X X X X X X ® gs

g7 | x x | x x | x

gs | x | x x | x| x| x| x] ® Qe

do 91 92 g3 da gs de qr

go#Zqe = L(D2)# L(D3) ("."ba & L(D>) but ba € L(D3))
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Minimization of Finite Automata ’VNPLRG

® |s it possible to minimize a DFA?
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Minimization of Finite Automata ’VNPLRG

® |s it possible to minimize a DFA?

® Yes, let's utilize equivalence classes Q/= of states defined with =.
e Note that = is an equivalence relation:

® reflexive: Vg€ Q. g =gq

® symmetric: Vq,4' € Q. q=q4 < 4 =¢q

® transitive: Vq,q9',4" € Q. g=q9d ANqd =q" < qg=4q"
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Minimization Algorithm ’VPLRG

For a given DFA D = (Q, 0,9, qo, F), the minimization algorithm is:
@ Remove all unreachable states from the initial state qq.

@® Partition the remaining states into equivalence classes:

Q=={lql=1q€ Q}
where the equivalence class of a state g is defined as:
[a)=={d€Qla=d}

©® Construct a new DFA D= = (Q/=, X, 0/=, [qo]=, F/=) where
® j/=: Q)= X ¥ — Q/= is defined by:

Vg € Q.Vae X. §=([q]=,a) =[0(q, a)]=

(We can prove V', " € [q=. Va . [i=(', a)]= = [i=(q", 2)}=)
* Fl=={ldl=|q€ F}
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Minimization Algorithm - Example 1 7VPLRG
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Minimization Algorithm - Example 1 7VPLRG

(1) Remove unreachable states

COSE215 @ Korea University Lecture 10 — Equiv. & Min. of FA April 10, 2023 15 /19



Minimization Algorithm - Example 1 7VPLRG

(1) Remove unreachable states

(2) Partition the states into Q/=

Q/E :{
{90, 1}, (g =q)
{q2}7
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Minimization Algorithm - Example 1 7VPLRG

(1) Remove unreachable states

(2) Partition the states into Q/=

Q/E :{
{90, 1}, (g =q)
{q2}7
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Minimization Algorithm - Example 2 7VPLRG
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Minimization Algorithm - Example 2 7VPLRG

(1) Remove unreachable states
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Minimization Algorithm - Example 2 7VPLRG

(1) Remove unreachable states
b a,b

(2) Partition the states into Q/=

Q=={
{q0.a3}, (.90 =a3)
{g1,qa}, (g1 =qa)
{q2}7
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Minimization Algorithm - Example 2 7VPLRG

(1) Remove unreachable states
b a,b

(2) Partition the states into Q/= (3) Construct a new DFA D/—

Q=={
{q0.a3}, (.90 =a3)
{g1,qa}, (g1 =qa)
{q2}7
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Proof of Minimum-State DFA ’NPLRG

Theorem (Minimum-State DFA)

For a given DFA D = (Q, X%, 6, qo, F), its minimized DFA D/= is a
minimum-state DFA of D.

(ie, # DFAD = (Q', %, , g}, F'). s.t. L(D') = L(D) A |Q'| < |Q/=]).
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Proof of Minimum-State DFA ’NPLRG

Theorem (Minimum-State DFA)

For a given DFA D = (Q, X%, 6, qo, F), its minimized DFA D/= is a
minimum-state DFA of D.

(ie, # DFAD = (Q', %, , g}, F'). s.t. L(D') = L(D) A |Q'| < |Q/=]).

e Assume that 3 DFA D’. Then, m < n when m = |Q’| and n = |Q/<|.
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Proof of Minimum-State DFA ’NPLRG

Theorem (Minimum-State DFA)

For a given DFA D = (Q, X%, 6, qo, F), its minimized DFA D/= is a
minimum-state DFA of D.

(ie, # DFAD = (Q', %, , g}, F'). s.t. L(D') = L(D) A |Q'| < |Q/=]).

e Assume that 3 DFA D’. Then, m < n when m = |Q’| and n = |Q/<|.
® For any state g € Q/=, we can find a state ¢’ € Q' such that g = ¢'.
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Proof of Minimum-State DFA ’NPLRG

Theorem (Minimum-State DFA)

For a given DFA D = (Q, X%, 6, qo, F), its minimized DFA D/= is a
minimum-state DFA of D.

(ie, # DFAD = (Q', %, , g}, F'). s.t. L(D') = L(D) A |Q'| < |Q/=]).

¢ Assume that 3 DFA D’. Then, m < n when m = |Q'| and n = |Q/=|.
® For any state g € Q/=, we can find a state ¢’ € Q' such that g = ¢'.
® Vge Q= Iw=a;-a. s.t. /=(qo,w) = q. ("." q is reachable.)
® Let ¢’ = §(q), w). Then, 6"*(q4, a0~ ai) = &/="(qo, a0 - - - a;) for all
0<i<k
¢ (Basis Case) 6" (g, €) = g6 = qo = J/="(qo, €)
® (Induction Case) Assume &"*(qg, a0 - ai) # 0/="(qo, a0 - - - a;). Then,
by the definition of distinguishable states,
8" (qb,a0 - - - ai—1) Z 9/="(qo, a0 - - - ai—1). But, it contradicts the
induction hypothesis.

® By Pigeonhole Principle, 3g; # qj € Q=. 3¢ € Q. qi=q¢ Ngi=q’.
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Proof of Minimum-State DFA ’NPLRG

Theorem (Minimum-State DFA)

For a given DFA D = (Q, X%, 6, qo, F), its minimized DFA D/= is a
minimum-state DFA of D.

(ie, # DFAD = (Q', %, , g}, F'). s.t. L(D') = L(D) A |Q'| < |Q/=]).

¢ Assume that 3 DFA D’. Then, m < n when m = |Q'| and n = |Q/=|.
® For any state g € Q/=, we can find a state ¢’ € Q' such that g = ¢'.
® Vge Q= Iw=a;-a. s.t. /=(qo,w) = q. ("." q is reachable.)
® Let ¢’ = §(q), w). Then, 6"*(q4, a0~ ai) = &/="(qo, a0 - - - a;) for all
0<i<k
¢ (Basis Case) 6" (g, €) = g6 = qo = J/="(qo, €)
® (Induction Case) Assume &"*(qg, a0 - ai) # 0/="(qo, a0 - - - a;). Then,
by the definition of distinguishable states,
8" (qb,a0 - - - ai—1) Z 9/="(qo, a0 - - - ai—1). But, it contradicts the
induction hypothesis.
® By Pigeonhole Principle, 3g; # qj € Q=. 3¢ € Q. qi=q¢ Ngi=q’.
® |t means that g; = g;. However, it contradicts that Q/= is partitioned
into equivalence classes of states. O]
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Summary 7V PLRG

1. Equivalence of Finite Automata
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Examples
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Minimization Algorithm
Examples

Proof of Minimum-State DFA
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Next Lecture ’NPLRG

e Context-Free Grammars (CFGs) and Languages (CFLs)

Jihyeok Park
jihyeok park@korea.ac.kr
https://plrg.korea.ac.kr
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