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Recall

® A context-free grammar (CFG):

G=(V,5,S5,P)
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Pushdown Automata ’NPLRG

A pushdown automaton (PDA) is an e-NFA with a stack:
® In FA, the next state is determined by the current state and symbol.
® In PDA, the next state is determined by the current state, symbol,
and the top element of the stack.
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Definition of Pushdown Automata ’NPLRG

Definition (Pushdown Automata)
A pushdown automaton (PDA) is a 7-tuple:

P=(Q,X,T,0,q0,Z,F)

where

® (@ is a finite set of states

® Y is a finite set of symbols

e [ is a finite set of stack alphabets
d:Qx (XU{e}) xT — P(Q x *) is a transition function
go € Q is the initial state
Z €T is the initial stack alphabet (the stack is initially Z)
e £ C @ is a set of final states
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Definition of Pushdown Automata — Example ’VPLRG

Py = ({q07 ai, CI2}7 {av b}’ {X7 Z}v 5’ qo, Z, {q2})

where

(qo, 2, Z) = {(qo,XZ)} 6(qo, a, X) = {(qo, XX)}

6(q07b Z) 5(q0’baX) =9

5((70,€ Z) - {(Q1, )} 5(q0,6,X) = {(q17X)}
(qlaaz) 5((]1,&,)()—@

5(q17b Z) ) 6(q1’b’X) = {(qlae)}

o(q1,€,2) ={(q2, Z2)} o(qr, e, X) =@

(5(q2,a, Z) =9 (5(q2,a,X) =g

5(q27b7 Z) =0 5(q27b X)

qe,6,Z2) = @ g2, 6,X) =@
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Transition Diagram 7VPLRG
P1 = ({90, q1, a2}, {2, 0}, {X, Z},6, 00, Z, {q2})

a[z = X2Z]
a [X = XX] b[X — ¢

P =
start [Z] e [Z - Z]e [Z — Z]

e [X = X]

For example,
(5(q0,a,Z) = {(qo,XZ)}
6(qo, €, X) = {(q1, X)}
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Pushdown Automata in Scala ’NPLRG

P = (6272:7r757q072ZaF)
0:Q@x(XU{e}) xT =P(QxTY)

// The type definitions of states, symbols, words, and stack alphabets
type State = Int

type Symbol = Char

type Word = String

type Alphabet = Char

// The definition of PDA
case class PDA(
states: Set[State],
symbols: Set[Symbol],
alphabets: Set[Alphabet],
trans: Map[(State, Option[Symbol], Alphabet), Set[(State, List[Alphabet])]],
initState: State,
initAlphabet: Alphabet,
finalStates: Set[State],
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Pushdown Automata in Scala — Example ’NPLRG

alZ — XZ]
a [X = XX] b[X — ¢

Py =
start [Z]
e [X — X]
// An example of PDA
val pdal: PDA = PDA(
states = Set(0, 1, 2), symbols = Set('a', 'b'),
alphabets = Set('X', 'Z'), trans = Map(
(0, Some('a'), 'Z') -> Set((0, List('X', 'Z'))),
(0, Some('a'), 'X') -> Set((0, List('X', 'X"))),
(0, None, 'Z') -> Set((1, List('Z2"))),
(0, None, 'X') -> Set((1, List('X'))),
(1, Some('b'), 'X') -> Set((1, List())),
(1, None, 'Z') -> Set((2, List('Z2"))),
) .withDefaultValue(Set()),
initState =0, initAlphabet = 'Z',
finalStates = Set(2),
)
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Configurations and One-Step Moves 7N PLRG

Definition (Configurations of PDA)

A configuration of a PDA P represents the current status of P. It is
defined as a triple (g, w, @) where

® g € Q: the current state

® w € Y*: the remaining word

® o € [*: the current status of the stack

Definition (One-Step Moves of PDA)

A one-step move () of a PDA P is a transition from a configuration to
another configuration:

(g,aw,XB) = (p,w,aB) if (p,a)€ d(q,a X)

COSE215 @ Korea University Lecture 14 — PDA April 26, 2023 10/18



Configurations and One-Step Moves

(g,aw, XB3) F
(g, w,XB) F

’VNPLRG

(p,w,apB) if (p,a) € d(q,a,X)
(p,w,ap) if (p,a)€d(qg,e X)

alZ — XZ]

alX 5 xX]  b[X >4

[
start [Z] @ z—>Z]€[Z—>Z]

(go,ab, Z)

COSE215 @ Korea University

e [X — X]
QOabaXZ) ( (qo,XZ) € 6(q07a Z))
ql,b,XZ) ( (q17 ) € 6(q07€ X))
q. € Z) (. (a1,€) € 6(q1,b, X))
q2a€72) ( (q27 ) € 5((]1,6 Z))
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Acceptance by Final States 7V PLRG

Definition (Acceptance by Final States)

For a given PDA P = (Q, %, T, 6, qo, Z, F), the language accepted by final
states is defined as:

Le(P)={weX"|(qo,w,Z) " (g,¢,) forsome g € F,a € T*}

a[Z - x2]
a[X = XX]  b[X ¢
P = i i i
start [4] e [Z — Z]e [Z — Z]
e [X = X]
(q0,2b, 2) F* (g2, €, 2) = ab € Lg(P)

(qo, aabb, Z) F* (g2, €, Z) == aabb € Lg(P)

Lr(P1) = {a™" | n > 0}
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Acceptance by Final States 7V PLRG

Le(P)={weX"|(qo,w,Z) " (g,¢,) for some g € F,a € T*}

// The type definition of configurations
type Config = (State, Word, List[Alphabet])

// Configurations reachable from the initial configuration by one-step moves
def reachableConfig(pda: PDA) (init: Config): Set[Config]l = ...

// Acceptance by final states
def acceptByFinalState(pda: PDA) (word: Word): Boolean =
val init: Config = (pda.initState, word, List(pda.initAlphabet))
reachableConfig(pda) (init) .exists(config => {
val (q, w, xs) = config
w.isEmpty && pda.finalStates.contains(q)
B

acceptByFinalState(pdal) ("ab") // true
acceptByFinalState(pdal) ("aba") // false
acceptByFinalState(pdal) ("aabb") // true
acceptByFinalState(pdal) ("abab") // false
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Acceptance by Empty Stacks 7V PLRG

Definition (Acceptance by Empty Stacks)

For a given PDA P = (Q, %, T, 0, qo, Z, F), the language accepted by
empty stacks is defined as:

Le(P)={w e X"|(qo,w,Z) " (q,¢,¢€) for some g € Q}

alZ — XZ]
a[X — XX] b[X — ¢

Py =
start [Z] 6 [Z - Z]e [Z — Z]

e [X — X]

LE(Pl) =y
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Acceptance by Empty Stacks 7V PLRG

Definition (Acceptance by Empty Stacks)

For a given PDA P = (Q, %, T, 0, qo, Z, F), the language accepted by
empty stacks is defined as:

Le(P)={w e X"|(qo,w,Z) " (q,¢,¢) for some q € Q}

alz - XZ]
a[X — XX] b[X—>e]
start 12] 66 Z > Z]U Z > @
e [X = X]

(qo,ab,Z) * (qQ,E,E) — ab € LE(P)

LE(PQ) = {a"b" ’ n> 0}
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Acceptance by Empty Stacks 7V PLRG

Le(P)={w e X"|(qo,w,Z) " (q,¢,¢€) for some g € Q}

// The type definition of configurations
type Config = (State, Word, List[Alphabet])

// Configurations reachable from the initial configuration by one-step moves
def reachableConfig(pda: PDA) (init: Config): Set[Config]l = ...

// Acceptance by empty stacks
def acceptByEmptyStack(pda: PDA) (word: Word): Boolean =
val init: Config = (pda.initState, word, List(pda.initAlphabet))
reachableConfig(pda) (init) .exists(config => {
val (q, w, xs) = config
w.isEmpty && xs.isEmpty
1))

// Another example of PDA

val pda2: PDA = ...
acceptByEmptyStack(pda2) ("ab") // true
acceptByEmptyStack(pda2) ("aba") // false
acceptByEmptyStack(pda2) ("aabb") // true
acceptByEmptyStack(pda2) ("abab") // false
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Summary 7V PLRG
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Next Lecture ’NPLRG

® Examples of Pushdown Automata

Jihyeok Park
jihyeok park@korea.ac.kr
https://plrg.korea.ac.kr
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