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Recall ’NPLRG

A context-free grammar is a 4-tuple:
G=(V,L,5R)

A pushdown automaton (PDA) is a finite automaton with a stack.
® Acceptance by final states

® Acceptance by empty stacks

CFL (by final states)
- 2
PDAgs
(oy empty stacks)
no----- 2
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PDAEs to PDAEs 7VPLRG

Theorem (PDAgs to PDAgs)

For a given PDA P = (Q,%,T,68,q0,Z,F), 3 PDA P'. Lg(P) = Lg(P').
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PDAEs to PDAEs 7VPLRG

Theorem (PDAfs to PDAEs)

For a given PDA P = (Q,%,T,68,q0,Z,F), 3 PDA P'. Lg(P) = Lg(P').

‘ VXGI:U{Z/}

VX eTu{z'}

6[):(%6}

COSE215 @ Korea University Lecture 16 — Equiv. of PDA and CFGs May 3, 2023 5/17



PDAEs to PDAEs 7VPLRG

Theorem (PDAgs to PDAEs)

For a given PDA P = (Q,X,T,0,q0,Z,F), 3 PDA P'. Le(P) = Le(P’).
Define a PDA

P =(QuU{qqi}.E.TU{Z'}, ¢, g5, Z',2)

where
8 (qp,€,2") {(q0,22")}
(geQ,acx, Xel) = 4(q,a,X)

) 7e,X U /,E ifge F
V(ge e, XelTU{Z'}) = { 5EZ c X; Ha ) otZerWise

5/((71767)( ely {Z/}) = {(C[i,e)}
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PDAgs to PDAEgs — Example ’NPLRG

LF(P) = Le(P') = {a"" | n > 0}

alZ - XZ]
a[X > XX]  b[X =

P =
start [Z] 6 1z - Z]e [z - Z]

e[X = X]
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PDAgs to PDAEgs — Example ’NPLRG

LF(P) = Le(P') = {a"" | n > 0}

alZ - XZ]
a[X > XX]  b[X =

P =
start [Z] 6 1z - Z]e [z - Z]

e[X = X]

¢

e[X —¢€
alZ —» XZ] e[z =€
a [X = XX] b[X — € e[z — €
i ()
start [Z’]—»@ m &

7 >z N S A S A\ xS

e[X = X] e[Z — €

e[Z — €
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PDAEs to PDAEs ’VNPLRG

Theorem (PDAgs to PDAEs)

For a given PDA P = (Q,%,T,5,qo, Z, F), 3 PDA P'. Le(P) = Le(P').
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PDAEs to PDAEs ’VNPLRG

Theorem (PDAgs to PDAgs)

For a given PDA P = (Q,%,T,5,q0,Z, F), 3 PDA P'. Le(P) = Le(P').

start[Z] @

start[Z’]
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PDAEs to PDAEs ’VNPLRG

Theorem (PDAgs to PDAEs)

Foragiven PDA PZ(Q,Z,F,(S,qo,Z,F), 3 PDA P'. LE(P): LF(PI)

Define a PDA

P = (Q U {qé); q1}727 ru {Z/}75/7 qé)v Zl? {qi})

where
5/(Q6,6, ZI) = {(qO’ZZI)}

V(geQ,acxr, Xel) = 6q,a X)
d(ge Q,e,XeT) = 4(q,¢,X)

5/((7 € Q,E, ZI) = {(qi,e)}
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PDAEgs to PDAFs — Example ’NPLRG

Le(P) = Le(P') = {a"" | n > 0}

alZ = X2]
a[X — XX] b[X —¢€

P = e[z = 7]
A&E[XHX] €[Z — ¢
start [Z] qo0 \31/ @
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PDAEgs to PDAFs — Example ’NPLRG

Le(P) = Le(P') = {a"" | n > 0}

alZ = X2]
a[X — XX] b[X —¢€

P = e[z = 7]
A&E[X*)X] €[Z — ¢
start [Z] qo0 \31/ @

a[Z = XZ)
a [X — XX] b[X — ¢
e[Z = Z]

P @ /()\e[X—)X] €[Z — ¢
= start [Z'] a5 90 g1
e[2 = 27

e[z — €
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Contents ’NPLRG

2. Equivalence of PDA and CFGs
CFGs to PDAEgs
PDAEgs to CFGs

PDAps —— CFG
(by empty stacks)
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CFGs to PDAEs ’NPLRG

Theorem (CFGs to PDAgs)

For a given CFG G = (V,%,S,R), 3 PDA P. L(G) = Lg(P).

Define a PDA
P = ({CI}HZ VUZ,(S,C],S,@)

where
é(q,e,A€ V) = {(q,0) |A=>aeR}

0(g,aceX,acy) = {(qg,¢)}
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CFGs to PDAgs — Example 7V PLRG

6(q,6,A€ V)
d(g,aeXr,acy)

Consider the following CFG:

{(g,a) | A= a € R}
{(g.€)}

S — €|aSb|bSa|SS
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CFGs to PDAgs — Example 7V PLRG

4(g,e,Ae V)
d(g,aeXr,acy)

Consider the following CFG:

{(g,a) | A= a € R}
{(g.€)}

S — €|aSb|bSa|SS
Then, the equivalent PDA (by empty stacks) is:

€[S —e€
€ [S — aSh]
e [S — bS3
e [S — SS]
ala —¢€
bb—e€

start [S] @
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CFGs to PDAgs — Example 7V PLRG

4(g,e,Ae V)
d(g,aeXr,acy)

Consider the following CFG:

{(g,a) | A= a € R}
{(g.€)}

S — €|aSb|bSa|SS

Then, the equivalent PDA (by empty stacks) is:

E E : Z]Sb] (q,abab,S) F (g,abab,aSb)
¢ [S - bSa] = (g, bab, Sb)
€[S — SS] +  (g,bab,bSab)
afa —¢ F (g, ab, Sab)
bb — H Eq, ab, z)ab)

F (g,b,b

F o (g,¢€€)

start [S] @
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PDAEgs to CFGs ’NPLRG

Theorem (PDAgs to CFGs)

Foragiven PDA P = (Q = {qO;'” 7qn—1}7zyr767 q0727 F),
3 CFG G. Le(P) = L(G).
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PDAEgs to CFGs ’NPLRG

Theorem (PDAgs to CFGs)

Foragiven PDA P = (Q = {qO;'” 7qn—1}7zar767 q0727 F),
3 CFG G. Le(P) = L(G).

Consider the set of variables V = {S} U{ A?Z' |0<i,j<nAXeTl}.
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PDAEgs to CFGs ’NPLRG

Theorem (PDAgs to CFGs)

Foragiven PDA P = (Q = {qO;'” 7qn—1}7zar767 q0727 F),
3 CFG G. Le(P) = L(G).

Consider the set of variables V = {S} U{ A?Z' |0<i,j<nAXeTl}.
Then, define a CFG:

® Forall 0 <j < n,
S — AS;
e Forall g € Q, ac X U{e}, and X €T, consider any
(g, X1---Xm) € 6(qi,a,X) and 0 < ki, -+ , km < n. Then,

X X1 X2 Xm
Aikn = @A 0 Ak Al 1k
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PDAEgs to CFGs ’NPLRG

Theorem (PDAgs to CFGs)

Foragiven PDA P = (Q = {qO;'” 7qn—1}7zar767 q0727 F),
3 CFG G. Le(P) = L(G).

Consider the set of variables V = {S} U{ Afi,- |0<i,j<nAXeTl}.
Then, define a CFG:
® Forall 0 <j < n,
S — AS;
e Forall g € Q, ac X U{e}, and X €T, consider any
(g, X1---Xm) € 6(qi,a,X) and 0 < ki, -+ , km < n. Then,

X X1 X2 Xm
Aikn = @A 0 Ak Al 1k

Note that each variable AIXJ generates all words that cause the PDA to go
from state g; to state q; by popping X:

A:X,j =" w if and only if (qi, w, X) F* (gj, €, €)
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PDAEgs to CFGs — Example ’NPLRG

V4 X X1 X2 . Xm
5= Ay Aikn = 3 A5 Ak A1

Consider the following PDA (by empty stacks):

alZ — XZ] €[Z —¢
a[X = XX] b[X — €

e[Z — Z]
start [Z]
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PDAEgs to CFGs — Example ’NPLRG

V4 X X1 X2 . Xm
5= Ay Aikn = 3 A5 Ak A1

Consider the following PDA (by empty stacks):

alZ — XZ] €[Z —¢
a[X = XX] b[X — €

e[Z — Z]
start [Z] @ idaindel e
Then, the equivalent CFG is:

S — Aol A5,

Aéo %aAgo A§O|aA§1 A§O|A§O
Age1—>aA9(0A9(1|aA01A11|A11
Ago = aAgo Ago | 2 Ayt Ao | A
Ag1 — aAgo Ada | a Ay Al | AT 1
Af; — €

Af1—>b
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PDAEgs to CFGs — Example ’NPLRG

V4 X X1 X2 . Xm
5= Ay Aikn = 3 A5 Ak A1

Consider the following PDA (by empty stacks):

alZ — XZ] €[Z —¢
a[X = XX] b[X — €

e[Z — Z]
start [Z] @ idaindel e
Then, the equivalent CFG is:

S —>A§O|A§1 S
Aéo %aAgo A§O|aA§1 A§O|A§O
Ag)(l—>aA9(0A9(l|aA9(1 A}(1|A}(1
A())(O—>aA9(OA9(O|aA9(1A}(O|A}(O

Ag1 — aAgo Ada | a Ay Al | AT 1
A12,1—>6

Af1—>b

AS 4

X AZ
a A0,1 A1,1
aa Agl A});l Alz1
aa A1,1 A1,1 A1,1
aab Afl Afl
aabb Afl
aabb

S R R
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Summary

1. Equivalence of PDA by Final States and Empty Stacks
PDAEs to PDAEs
PDAEs to PDAFs

2. Equivalence of PDA and CFGs
CFGs to PDAEgs
PDAEgs to CFGs

PDAps e——= PDAps ——= CFG
(by final states) (by empty stacks)
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Next Lecture ’NPLRG

® Deterministic Pushdown Automata (DPDA)

Jihyeok Park
jihyeok park@korea.ac.kr
https://plrg.korea.ac.kr
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