
Lecture 22 – Examples of Turing Machines
COSE215: Theory of Computation

Jihyeok Park

2023 Spring

COSE215 @ Korea University Lecture 22 – Examples of TMs May 24, 2023 1 / 17



Recall

Tape

Finite 
Automaton

<latexit sha1_base64="OxNWMMW8gio5nPun+01zUjW0INo=">AAAB7XicbVDLSgNBEOyNrxhfUY9eFoPgKeyKr2PQi8cI5gHJEmZnJ8mY2ZllplcIS/7BiwdFvPo/3vwbJ8keNLGgoajqprsrTAQ36HnfTmFldW19o7hZ2tre2d0r7x80jUo1ZQ2qhNLtkBgmuGQN5ChYO9GMxKFgrXB0O/VbT0wbruQDjhMWxGQgeZ9TglZqdmmk0PTKFa/qzeAuEz8nFchR75W/upGiacwkUkGM6fhegkFGNHIq2KTUTQ1LCB2RAetYKknMTJDNrp24J1aJ3L7StiS6M/X3REZiY8ZxaDtjgkOz6E3F/7xOiv3rIOMySZFJOl/UT4WLyp2+7kZcM4pibAmhmttbXTokmlC0AZVsCP7iy8ukeVb1L6sX9+eV2k0eRxGO4BhOwYcrqMEd1KEBFB7hGV7hzVHOi/PufMxbC04+cwh/4Hz+ALGXjzk=</latexit>· · ·<latexit sha1_base64="OxNWMMW8gio5nPun+01zUjW0INo=">AAAB7XicbVDLSgNBEOyNrxhfUY9eFoPgKeyKr2PQi8cI5gHJEmZnJ8mY2ZllplcIS/7BiwdFvPo/3vwbJ8keNLGgoajqprsrTAQ36HnfTmFldW19o7hZ2tre2d0r7x80jUo1ZQ2qhNLtkBgmuGQN5ChYO9GMxKFgrXB0O/VbT0wbruQDjhMWxGQgeZ9TglZqdmmk0PTKFa/qzeAuEz8nFchR75W/upGiacwkUkGM6fhegkFGNHIq2KTUTQ1LCB2RAetYKknMTJDNrp24J1aJ3L7StiS6M/X3REZiY8ZxaDtjgkOz6E3F/7xOiv3rIOMySZFJOl/UT4WLyp2+7kZcM4pibAmhmttbXTokmlC0AZVsCP7iy8ukeVb1L6sX9+eV2k0eRxGO4BhOwYcrqMEd1KEBFB7hGV7hzVHOi/PufMxbC04+cwh/4Hz+ALGXjzk=</latexit>· · · <latexit sha1_base64="27aF9gcNyV8Ah3PdmkHdxk/9Dsc=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHaNryPBi0dI5JHAhswOvTAyO7uZmTUhhC/w4kFjvPpJ3vwbB9iDgpV0UqnqTndXkAiujet+O7m19Y3Nrfx2YWd3b/+geHjU1HGqGDZYLGLVDqhGwSU2DDcC24lCGgUCW8Hobua3nlBpHssHM07Qj+hA8pAzaqxUr/aKJbfszkFWiZeREmSo9Ypf3X7M0gilYYJq3fHcxPgTqgxnAqeFbqoxoWxEB9ixVNIItT+ZHzolZ1bpkzBWtqQhc/X3xIRGWo+jwHZG1Az1sjcT//M6qQlv/QmXSWpQssWiMBXExGT2NelzhcyIsSWUKW5vJWxIFWXGZlOwIXjLL6+S5kXZuy5f1S9LlWoWRx5O4BTOwYMbqMA91KABDBCe4RXenEfnxXl3PhatOSebOYY/cD5/AJehjNA=</latexit>

B
<latexit sha1_base64="GQuMYZhMmwPAndQ0tTFN44pZFYg=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV3xdQx68ZiAeUCyhNlJbzJmdnaZmRXCki/w4kERr36SN//GSbIHTSxoKKq66e4KEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6m/qtJ1Sax/LBjBP0IzqQPOSMGivV3V6p7FbcGcgy8XJShhy1Xumr249ZGqE0TFCtO56bGD+jynAmcFLsphoTykZ0gB1LJY1Q+9ns0Ak5tUqfhLGyJQ2Zqb8nMhppPY4C2xlRM9SL3lT8z+ukJrzxMy6T1KBk80VhKoiJyfRr0ucKmRFjSyhT3N5K2JAqyozNpmhD8BZfXibN84p3VbmsX5Srt3kcBTiGEzgDD66hCvdQgwYwQHiGV3hzHp0X5935mLeuOPnMEfyB8/kDfFmMvg==</latexit>

0
<latexit sha1_base64="xTnVU9LIIvMUIutHcVm1RgxoeJo=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV3xdQx68ZiAeUCyhNlJbzJmdnaZmRXCki/w4kERr36SN//GSbIHTSxoKKq66e4KEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6m/qtJ1Sax/LBjBP0IzqQPOSMGivVvV6p7FbcGcgy8XJShhy1Xumr249ZGqE0TFCtO56bGD+jynAmcFLsphoTykZ0gB1LJY1Q+9ns0Ak5tUqfhLGyJQ2Zqb8nMhppPY4C2xlRM9SL3lT8z+ukJrzxMy6T1KBk80VhKoiJyfRr0ucKmRFjSyhT3N5K2JAqyozNpmhD8BZfXibN84p3VbmsX5Srt3kcBTiGEzgDD66hCvdQgwYwQHiGV3hzHp0X5935mLeuOPnMEfyB8/kDfd2Mvw==</latexit>

1
<latexit sha1_base64="GQuMYZhMmwPAndQ0tTFN44pZFYg=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV3xdQx68ZiAeUCyhNlJbzJmdnaZmRXCki/w4kERr36SN//GSbIHTSxoKKq66e4KEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6m/qtJ1Sax/LBjBP0IzqQPOSMGivV3V6p7FbcGcgy8XJShhy1Xumr249ZGqE0TFCtO56bGD+jynAmcFLsphoTykZ0gB1LJY1Q+9ns0Ak5tUqfhLGyJQ2Zqb8nMhppPY4C2xlRM9SL3lT8z+ukJrzxMy6T1KBk80VhKoiJyfRr0ucKmRFjSyhT3N5K2JAqyozNpmhD8BZfXibN84p3VbmsX5Srt3kcBTiGEzgDD66hCvdQgwYwQHiGV3hzHp0X5935mLeuOPnMEfyB8/kDfFmMvg==</latexit>

0
<latexit sha1_base64="xTnVU9LIIvMUIutHcVm1RgxoeJo=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV3xdQx68ZiAeUCyhNlJbzJmdnaZmRXCki/w4kERr36SN//GSbIHTSxoKKq66e4KEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6m/qtJ1Sax/LBjBP0IzqQPOSMGivVvV6p7FbcGcgy8XJShhy1Xumr249ZGqE0TFCtO56bGD+jynAmcFLsphoTykZ0gB1LJY1Q+9ns0Ak5tUqfhLGyJQ2Zqb8nMhppPY4C2xlRM9SL3lT8z+ukJrzxMy6T1KBk80VhKoiJyfRr0ucKmRFjSyhT3N5K2JAqyozNpmhD8BZfXibN84p3VbmsX5Srt3kcBTiGEzgDD66hCvdQgwYwQHiGV3hzHp0X5935mLeuOPnMEfyB8/kDfd2Mvw==</latexit>

1
<latexit sha1_base64="GQuMYZhMmwPAndQ0tTFN44pZFYg=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV3xdQx68ZiAeUCyhNlJbzJmdnaZmRXCki/w4kERr36SN//GSbIHTSxoKKq66e4KEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6m/qtJ1Sax/LBjBP0IzqQPOSMGivV3V6p7FbcGcgy8XJShhy1Xumr249ZGqE0TFCtO56bGD+jynAmcFLsphoTykZ0gB1LJY1Q+9ns0Ak5tUqfhLGyJQ2Zqb8nMhppPY4C2xlRM9SL3lT8z+ukJrzxMy6T1KBk80VhKoiJyfRr0ucKmRFjSyhT3N5K2JAqyozNpmhD8BZfXibN84p3VbmsX5Srt3kcBTiGEzgDD66hCvdQgwYwQHiGV3hzHp0X5935mLeuOPnMEfyB8/kDfFmMvg==</latexit>

0
<latexit sha1_base64="27aF9gcNyV8Ah3PdmkHdxk/9Dsc=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHaNryPBi0dI5JHAhswOvTAyO7uZmTUhhC/w4kFjvPpJ3vwbB9iDgpV0UqnqTndXkAiujet+O7m19Y3Nrfx2YWd3b/+geHjU1HGqGDZYLGLVDqhGwSU2DDcC24lCGgUCW8Hobua3nlBpHssHM07Qj+hA8pAzaqxUr/aKJbfszkFWiZeREmSo9Ypf3X7M0gilYYJq3fHcxPgTqgxnAqeFbqoxoWxEB9ixVNIItT+ZHzolZ1bpkzBWtqQhc/X3xIRGWo+jwHZG1Az1sjcT//M6qQlv/QmXSWpQssWiMBXExGT2NelzhcyIsSWUKW5vJWxIFWXGZlOwIXjLL6+S5kXZuy5f1S9LlWoWRx5O4BTOwYMbqMA91KABDBCe4RXenEfnxXl3PhatOSebOYY/cD5/AJehjNA=</latexit>

B
<latexit sha1_base64="27aF9gcNyV8Ah3PdmkHdxk/9Dsc=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHaNryPBi0dI5JHAhswOvTAyO7uZmTUhhC/w4kFjvPpJ3vwbB9iDgpV0UqnqTndXkAiujet+O7m19Y3Nrfx2YWd3b/+geHjU1HGqGDZYLGLVDqhGwSU2DDcC24lCGgUCW8Hobua3nlBpHssHM07Qj+hA8pAzaqxUr/aKJbfszkFWiZeREmSo9Ypf3X7M0gilYYJq3fHcxPgTqgxnAqeFbqoxoWxEB9ixVNIItT+ZHzolZ1bpkzBWtqQhc/X3xIRGWo+jwHZG1Az1sjcT//M6qQlv/QmXSWpQssWiMBXExGT2NelzhcyIsSWUKW5vJWxIFWXGZlOwIXjLL6+S5kXZuy5f1S9LlWoWRx5O4BTOwYMbqMA91KABDBCe4RXenEfnxXl3PhatOSebOYY/cD5/AJehjNA=</latexit>

B
<latexit sha1_base64="27aF9gcNyV8Ah3PdmkHdxk/9Dsc=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHaNryPBi0dI5JHAhswOvTAyO7uZmTUhhC/w4kFjvPpJ3vwbB9iDgpV0UqnqTndXkAiujet+O7m19Y3Nrfx2YWd3b/+geHjU1HGqGDZYLGLVDqhGwSU2DDcC24lCGgUCW8Hobua3nlBpHssHM07Qj+hA8pAzaqxUr/aKJbfszkFWiZeREmSo9Ypf3X7M0gilYYJq3fHcxPgTqgxnAqeFbqoxoWxEB9ixVNIItT+ZHzolZ1bpkzBWtqQhc/X3xIRGWo+jwHZG1Az1sjcT//M6qQlv/QmXSWpQssWiMBXExGT2NelzhcyIsSWUKW5vJWxIFWXGZlOwIXjLL6+S5kXZuy5f1S9LlWoWRx5O4BTOwYMbqMA91KABDBCe4RXenEfnxXl3PhatOSebOYY/cD5/AJehjNA=</latexit>

B

Tape Head

• A Turing machine (TM) is a finite automaton with a tape:
1 A finite automaton with a deterministic transition function.
2 A tape is a one-dimensional infinite array of cells.

• Each cell contains a tape symbol.
• The blank symbol B is a special symbol representing an empty cell.

3 A tape head is a device that can read and write symbols on the tape.
• It can move left or right one cell at a time.

• We can use Turing machines as computing machines.
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Example 1: L = {anbncn | n ≥ 0}
Construct a Turing machine that accepts the language:

L(M) = {anbncn | n ≥ 0}

· · · B a a b b c c B · · ·

1: while there are a’s do
2: Find and Replace a with X
3: Find and Replace b with Y
4: Find and Replace c with Z
5: end while
6: Check if only Y ’s and Z ’s are left
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Example 1: L = {anbncn | n ≥ 0}
Construct a Turing machine that accepts the language:

L(M) = {anbncn | n ≥ 0}

See the example for aabbcc ∈ L(M).1

q0start q1 q2 q3

q4 q5

[a→X ]R

[Y→Y ]R
[ a→ a ]R

[b→Y ]R

[Z→Z ]R
[b→b ]R

[c→Z ]L

[ a→ a ]L
[Y→Y ]L
[ b→ b ]L
[Z→Z ]L

[X→X ]R

[Y
→
Y
]R [B→

B
]L

[Y→Y ]R
[Z→Z ]R [B→B]L

1https://plrg.korea.ac.kr/courses/cose215/materials/tm-an-bn-cn.pdf
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Example 2: L = {ww | w ∈ {a, b}∗}
Construct a Turing machine that accepts the language:

L(M) = {ww | w ∈ {a, b}∗}

· · · B a b b a b b B · · ·

1: Find the middle of the input
2: Replace all X ’s (or Y ’s) with a’s (or b’s) in the first half
3: while there are input symbols in the first half do
4: Replace a (or b) with X (or Y ) in the first half
5: Find and Replace matched X (or Y ) with Z in the second half
6: end while
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Example 2: L = {ww | w ∈ {a, b}∗}
Construct a Turing machine that accepts the language:

L(M) = {ww | w ∈ {a, b}∗}
See the example for abbabb ∈ L(M).2

q0start

q1 q2

q3

q4 q5

q6

q7

q8

q9

[a→X ]R
[b→Y ]R

[a→a]R
[b→b]R [X→X ]L

[Y→Y ]L
[B→B ]L

[a→X ]L
[b→Y ]L

[a→a]L
[b→b]L

[X→X ]R
[Y→Y ]R

[X→
X
]L

[Y→
Y
]L

[B→B]L

[X→a]L
[Y→b]L

[B→B]R

[a→X ]R

[Z→Z ]L

[b→Y ]R

[a→a ]R
[b→b ]R
[Z→Z ]R

[X→Z ]L

[a→a ]R
[b→b ]R
[Z→Z ]R

[Y→Z ]L

[a→a ]L
[b→b ]L
[Z→Z ]L

[X
→X ]

R

[Y
→Y

]R

2https://plrg.korea.ac.kr/courses/cose215/materials/tm-w-w.pdf
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Example 3: L = {aibjci×j | i , j ≥ 0}
Construct a Turing machine that accepts the language:

L(M) = {aibjci×j | i , j ≥ 0}

· · · B a a b b b c c c c c c B · · ·

1: while there are a’s do
2: Find and Replace a with X
3: while there are b’s do
4: Find and Replace b with Y
5: Find and Replace c with Z
6: end while
7: Roll back all Y ’s to b’s
8: end while
9: Check if only b’s and Z ’s are left
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Example 3: L = {aibjci×j | i , j ≥ 0}
Construct a Turing machine that accepts the language:

L(M) = {aibjci×j | i , j ≥ 0}
See the example for aabbbcccccc ∈ L(M).3

q0start

q4

q1

q3

q2

q5

q6

q7

[a→X ]R

[a→a]R

[b→Y ]R

[Z→Z ]R
[b→b ]R

[c→
Z
]L

[Z→Z ]L
[b→b ]L

[Y
→Y

]R

[Z→
Z
]L

[B→
B
]L

[ a→a]L
[Y→b]L

[X
→X

]R

[b→
b]R

[b→b]R
[Z→

Z
]R

[B→B]L

[Z→Z ]R
[B
→B

]L

[B→
B
]L

3https://plrg.korea.ac.kr/courses/cose215/materials/tm-ai-bj-cij.pdf
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Example 4: Flip Bits – f (w) = (flip of w)

Construct a Turing machine that computes the function:

f (w) = (the flip of each bit in w)

· · · B 1 0 1 1 1 0 0 B · · ·

1: Flip each bit of the input: 1 → 0 and 0 → 1
2: Go to the first input symbol
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Example 4: Flip Bits – f (w) = (flip of w)

f (w) = (the flip of each bit in w)

See the example for f (1011100) = 0100011.4

q0start q1 q2

[0→1]R
[1→0]R

[B→B]L

[0→0]L
[1→1]L

[B→B]R

4https://plrg.korea.ac.kr/courses/cose215/materials/tm-flip.pdf
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Example 5: Unary Addition – f (a, b) = a + b

Construct a Turing machine that computes the function:

f (a, b) = a+ b where a and b are unary numbers

· · · B 1 1 1 + 1 1 B · · ·

1: Find + after 1’s
2: if the last symbol is 1 then
3: Find and Remove the last 1
4: Find and Replace the + with 1
5: else
6: Remove the +
7: end if
8: Go to the first input symbol
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Example 5: Unary Addition – f (a, b) = a + b

Construct a Turing machine that computes the function:

f (a, b) = a+ b where a and b are unary numbers

See the example for f (111+11) = 11111.5

q0start q1 q2

q3

q4 q5

[1→1]R

[+→+]R

[1→1]R

[B→B]L

[1→
B
]L

[+→B]L

[1→1]L

[+→
1]L

[B→B]R

[1→1]L

5https://plrg.korea.ac.kr/courses/cose215/materials/tm-unary-add.pdf
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Example 6: Data Copy – f (w) = ww

Construct a Turing machine that computes the function:

f (w) = ww where w ∈ {0, 1}∗

· · · B 0 1 1 B B B B · · ·

1: while there are input symbols do
2: Find and Replace 0 (or 1) with Z
3: Find and Fill the first blank with X (or Y ) for 0 (or 1)
4: Roll back Z to the original 0 (or 1)
5: end while
6: Replace X ’s and Y ’s with 0’s and 1’s
7: Go to the first input symbol
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Example 6: Data Copy – f (w) = ww

Construct a Turing machine that computes the function:

f (w) = ww where w ∈ {0, 1}∗

See the example for f (011) = 011011.6

q0start

q1 q2

q3 q4

q5 q6 q7

[0→
Z
]R

[ 0→ 0 ]R
[ 1→ 1 ]R
[X→X ]R
[Y→Y ]R

[B→X ]L
[ 0→ 0 ]L
[ 1→ 1 ]L
[X→X ]L
[Y→Y ]L

[Z
→
0]
R

[1
→
Z
]R

[ 0→ 0 ]R
[ 1→ 1 ]R
[X→X ]R
[Y→Y ]R

[B→Y ]L

[ 0→ 0 ]L
[ 1→ 1 ]L
[X→X ]L
[Y→Y ]L

[Z→
1]R

[X→0]R

[Y→1]R

[X→0]R
[Y→1]R

[B→B]L

[0→0]L
[1→1]L

[B→B]R

6https://plrg.korea.ac.kr/courses/cose215/materials/tm-data-copy.pdf
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Summary

1. Turing Machines as Word Recognizers
Example 1: L = {anbncn | n ≥ 0}
Example 2: L = {ww | w ∈ {a, b}∗}
Example 3: L = {aibjci×j | i , j ≥ 0}

2. Turing Machines as Computing Machines
Example 4: Flip Bits – f (w) = (flip of w)
Example 5: Unary Addition – f (a, b) = a+ b
Example 6: Data Copy – f (w) = ww
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Next Lecture

• Extensions of Turing Machines

Jihyeok Park
jihyeok_park@korea.ac.kr

https://plrg.korea.ac.kr
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