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Recall

<latexit sha1_base64="54UZt6j5pS5xz/B1Y4GxQxIAlZk=">AAAB8XicbVDJSgNBEO2JW4xb1KOXwSB4CjPidowL4jGCWTAZQk+nJmnS0zN014hhyF948aCIV//Gm39jJ5mDJj4oeLxXRVU9PxZco+N8W7mFxaXllfxqYW19Y3OruL1T11GiGNRYJCLV9KkGwSXUkKOAZqyAhr6Ahj+4GvuNR1CaR/IehzF4Ie1JHnBG0UgPbYQnTK9vLkadYskpOxPY88TNSIlkqHaKX+1uxJIQJDJBtW65ToxeShVyJmBUaCcaYsoGtActQyUNQXvp5OKRfWCUrh1EypREe6L+nkhpqPUw9E1nSLGvZ72x+J/XSjA491Iu4wRBsumiIBE2Rvb4fbvLFTAUQ0MoU9zcarM+VZShCalgQnBnX54n9aOye1o+uTsuVS6zOPJkj+yTQ+KSM1Iht6RKaoQRSZ7JK3mztPVivVsf09aclc3skj+wPn8AeBaQzA==</latexit>

DFA

<latexit sha1_base64="eyvEj5fTRTWjLByz0l5ELsilBUI=">AAAB8XicbVBNS8NAEN3Ur1q/qh69BIvgqSTi17EqiCepYD+wDWWznbRLN5uwOxFL6L/w4kERr/4bb/4bt20O2vpg4PHeDDPz/FhwjY7zbeUWFpeWV/KrhbX1jc2t4vZOXUeJYlBjkYhU06caBJdQQ44CmrECGvoCGv7gauw3HkFpHsl7HMbghbQnecAZRSM9tBGeML29vhh1iiWn7ExgzxM3IyWSodopfrW7EUtCkMgE1brlOjF6KVXImYBRoZ1oiCkb0B60DJU0BO2lk4tH9oFRunYQKVMS7Yn6eyKlodbD0DedIcW+nvXG4n9eK8Hg3Eu5jBMEyaaLgkTYGNnj9+0uV8BQDA2hTHFzq836VFGGJqSCCcGdfXme1I/K7mn55O64VLnM4siTPbJPDolLzkiF3JAqqRFGJHkmr+TN0taL9W59TFtzVjazS/7A+vwBh1yQ1g==</latexit>

NFA
<latexit sha1_base64="4cSHh/b3ZimxiTZ5Jn+lq6G84q0=">AAAB/HicbVDJSgNBEO2JW4xbNEcvg0HwYpgRt2NUEE8SwSyQGUJPp5I06ekZumvEMMRf8eJBEa9+iDf/xs5y0MQHBY/3qqiqF8SCa3ScbyuzsLi0vJJdza2tb2xu5bd3ajpKFIMqi0SkGgHVILiEKnIU0IgV0DAQUA/6VyO//gBK80je4yAGP6RdyTucUTRSK1/wINZcRNJDeMT08Pb6YtjKF52SM4Y9T9wpKZIpKq38l9eOWBKCRCao1k3XidFPqULOBAxzXqIhpqxPu9A0VNIQtJ+Ojx/a+0Zp251ImZJoj9XfEykNtR6EgekMKfb0rDcS//OaCXbO/ZTLOEGQbLKokwgbI3uUhN3mChiKgSGUKW5utVmPKsrQ5JUzIbizL8+T2lHJPS2d3B0Xy5fTOLJkl+yRA+KSM1ImN6RCqoSRAXkmr+TNerJerHfrY9KasaYzBfIH1ucP0tKU5A==</latexit>

✏-NFA

(Lecture 3)

(Lecture 4) (Lecture 5)

: Subset Construction

<latexit sha1_base64="n92EN7qKro3HBPjOFkdf9pTRcuY=">AAAB/3icbVDLSgMxFM3UV62vUcGNm2ARqosyI0VdFt24rGgf0BlKJs20oUlmSDJCGWfhr7hxoYhbf8Odf2PazkJbDwQO59zLPTlBzKjSjvNtFZaWV1bXiuuljc2t7R17d6+lokRi0sQRi2QnQIowKkhTU81IJ5YE8YCRdjC6nvjtByIVjcS9HsfE52ggaEgx0kbq2QceR3qIEUsbWSX17uiAo9PspGeXnaozBVwkbk7KIEejZ395/QgnnAiNGVKq6zqx9lMkNcWMZCUvUSRGeIQGpGuoQJwoP53mz+CxUfowjKR5QsOp+nsjRVypMQ/M5CStmvcm4n9eN9HhpZ9SESeaCDw7FCYM6ghOyoB9KgnWbGwIwpKarBAPkURYm8pKpgR3/suLpHVWdc+rtdtauX6V11EEh+AIVIALLkAd3IAGaAIMHsEzeAVv1pP1Yr1bH7PRgpXv7IM/sD5/AI22lc4=</latexit>P(⌃⇤)

<latexit sha1_base64="/zCSF5YzKE75PzK8Z+pFFvsDV74=">AAACAnicbVDLSgNBEJz1GeNr1ZN4GQyCp7ArQT0GvXiMYB6QxDA76SRDZmeXmV4xLMGLv+LFgyJe/Qpv/o2Th6CJBQPVVd30dAWxFAY978tZWFxaXlnNrGXXNza3tt2d3YqJEs2hzCMZ6VrADEihoIwCJdRiDSwMJFSD/uXIr96BNiJSNziIoRmyrhIdwRlaqeXuNxDuETFlw1tFf4rAFi035+W9Meg88ackR6YotdzPRjviSQgKuWTG1H0vxmbKNAouYZhtJAZixvusC3VLFQvBNNPxCUN6ZJU27UTaPoV0rP6eSFlozCAMbGfIsGdmvZH4n1dPsHPeTIWKEwTFJ4s6iaQY0VEetC00cJQDSxjXwv6V8h7TjKNNLWtD8GdPnieVk7x/mi9cF3LFi2kcGXJADskx8ckZKZIrUiJlwskDeSIv5NV5dJ6dN+d90rrgTGf2yB84H9+H45gr</latexit>

anbn

<latexit sha1_base64="FfGvy2Bl9BlkuPdjQXa1mWGKkP0=">AAACBnicbVDLSgMxFM3UV62vUZciBItQN2VGiroR6gNxIVLBPqAtJZOmbWjmQXJHLENXbvwVNy4Uces3uPNvzLQjaOuBwLnn3MvNPU4guALL+jJSM7Nz8wvpxczS8srqmrm+UVF+KCkrU1/4suYQxQT3WBk4CFYLJCOuI1jV6Z/FfvWOScV97xYGAWu6pOvxDqcEtNQyt69yDWD3EJ1fnAz38DH+qa/jumVmrbw1Ap4mdkKyKEGpZX422j4NXeYBFUSpum0F0IyIBE4FG2YaoWIBoX3SZXVNPeIy1YxGZwzxrlbauONL/TzAI/X3RERcpQauoztdAj016cXif149hM5RM+JeEALz6HhRJxQYfBxngttcMgpioAmhkuu/YtojklDQyWV0CPbkydOksp+3D/KFm0K2eJrEkUZbaAflkI0OURFdohIqI4oe0BN6Qa/Go/FsvBnv49aUkcxsoj8wPr4BsymXXw==</latexit>

L(DFA) = L(NFA)

<latexit sha1_base64="t3AFnXOnd4TRIQ1cdPhmks19jx4=">AAACAHicbVDLSsNAFJ3UV62vqAsXbgaL4KokUtRl0Y3LCvYBbSyT6aQdOpmEmRuxhGz8FTcuFHHrZ7jzb5y2EbT1wIUz59zL3Hv8WHANjvNlFZaWV1bXiuuljc2t7R17d6+po0RR1qCRiFTbJ5oJLlkDOAjWjhUjoS9Yyx9dTfzWPVOaR/IWxjHzQjKQPOCUgJF69kEX2AMApCS7k/jn4Wc9u+xUnCnwInFzUkY56j37s9uPaBIyCVQQrTuuE4OXEgWcCpaVuolmMaEjMmAdQyUJmfbS6QEZPjZKHweRMiUBT9XfEykJtR6HvukMCQz1vDcR//M6CQQXXsplnACTdPZRkAgMEZ6kgftcMQpibAihiptdMR0SRSiYzEomBHf+5EXSPK24Z5XqTbVcu8zjKKJDdIROkIvOUQ1dozpqIIoy9IRe0Kv1aD1bb9b7rLVg5TP76A+sj2/0dZdL</latexit>

anb

<latexit sha1_base64="Rroad1FYVO3+v6gzwOnKbhzw218=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8cK9gPaUDbbTbt0swm7E7WE/g0vHhTx6p/x5r9x2+agrQ8GHu/NMDMvSKQw6LrfTmFldW19o7hZ2tre2d0r7x80TZxqxhsslrFuB9RwKRRvoEDJ24nmNAokbwWjm6nfeuDaiFjd4zjhfkQHSoSCUbRS97GL/AkRM9ed9MoVt+rOQJaJl5MK5Kj3yl/dfszSiCtkkhrT8dwE/YxqFEzySambGp5QNqID3rFU0YgbP5vdPCEnVumTMNa2FJKZ+nsio5Ex4yiwnRHFoVn0puJ/XifF8MrPhEpS5IrNF4WpJBiTaQCkLzRnKMeWUKaFvZWwIdWUoY2pZEPwFl9eJs2zqndRPb87r9Su8ziKcATHcAoeXEINbqEODWCQwDO8wpuTOi/Ou/Mxby04+cwh/IHz+QM9bpHT</latexit>

w00

<latexit sha1_base64="GYtzptKTolIxAeYLkDREUwkwl5Q=">AAACHXicbVDLSgMxFM34tr6qLt0Ei1A3ZUaLuiy6cSUK1hY6pWQyt20w8zC501qG+RE3/oobF4q4cCP+jWntQlsPJBzOuZfkHC+WQqNtf1kzs3PzC4tLy7mV1bX1jfzm1o2OEsWhyiMZqbrHNEgRQhUFSqjHCljgSah5t2dDv9YDpUUUXuMghmbAOqFoC87QSK182U1pn7qB8M3FsOt56UVW7O9TF+4S0aM2dRHuMaXFIPJpRg+Nk7XyBbtkj0CniTMmBTLGZSv/4foRTwIIkUumdcOxY2ymTKHgErKcm2iIGb9lHWgYGrIAdDMdpcvonlF82o6UOSHSkfp7I2WB1oPAM5PDBHrSG4r/eY0E2yfNVIRxghDyn4faiaQY0WFV1BcKOMqBIYwrYf5KeZcpxtEUmjMlOJORp8nNQck5KpWvyoXK6biOJbJDdkmROOSYVMg5uSRVwskDeSIv5NV6tJ6tN+v9Z3TGGu9skz+wPr8BQSugJA==</latexit>{w | N(w) ⌘ 0 (mod 3)}

<latexit sha1_base64="Q9FEOIzPBFaGuNUWo3qf90+LtJw=">AAACAXicbVDLSgNBEJz1GeMr6kXwMhgEPRh2xddFiAriQSSCUSEbwuykEwdnZ5eZXjEs8eKvePGgiFf/wpt/4yTZg6+ChqKqm+6uIJbCoOt+OkPDI6Nj47mJ/OTU9MxsYW7+wkSJ5lDlkYz0VcAMSKGgigIlXMUaWBhIuAxuDnv+5S1oIyJ1jp0Y6iFrK9ESnKGVGoXFPXqy6kNshIyUj3CH6frp0X53rVEouiW3D/qXeBkpkgyVRuHDb0Y8CUEhl8yYmufGWE+ZRsEldPN+YiBm/Ia1oWapYiGYetr/oEtXrNKkrUjbUkj76veJlIXGdMLAdoYMr81vryf+59USbO3WU6HiBEHxwaJWIilGtBcHbQoNHGXHEsa1sLdSfs0042hDy9sQvN8v/yUXGyVvu7R1tlksH2Rx5MgSWSarxCM7pEyOSYVUCSf35JE8kxfnwXlyXp23QeuQk80skB9w3r8AIMaWEA==</latexit>

= L(✏-NFA)
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Operations in Languages
• The union of languages:

L1 ∪ L2

• The concatenation of languages:

L1 · L2 = {w1w2 | w1 ∈ L1 ∧ w2 ∈ L2}
• The Kleene star of a language:

L∗ = L0 ∪ L1 ∪ L2 ∪ · · · =
⋃
n≥0

Ln

L1 = {an | n ≥ 0} L2 = {bn | n ≥ 0}

L1 ∪ L2 = {an or bn | n ≥ 0}
L1 · L2 = {anbm | n,m ≥ 0}

L∗1 = L1 = {an | n ≥ 0}
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Definition of Regular Expressions

Definition (Regular Expressions)
A regular expression over a set of symbols Σ is inductively defined as
follows:
• (Basis Case) ∅, ϵ, and a ∈ Σ are regular expressions.
• (Induction Case) If R1 and R2 are regular expressions, then so are

R1 | R2, R1 · R2, R∗, and (R).

R ::= ∅ (Empty)
| ϵ (Epsilon)
| a (Symbol)
| R | R (Union)
| R · R (Concatenation)
| R∗ (Kleene Star)
| (R) (Parentheses)

a | ϵ · b∗

( a | ϵ ) · b∗

Precedence of operators:

| < · < ∗
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Definition of Regular Expressions

// The type definitions of symbols
type Symbol = Char

// The definition of regular expressions
trait RE
case class REEmpty() extends RE
case class REEpsilon() extends RE
case class RESymbol(symbol: Symbol) extends RE
case class REUnion(left: RE, right: RE) extends RE
case class REConcat(left: RE, right: RE) extends RE
case class REStar(re: RE) extends RE
case class REParen(re: RE) extends RE

// Two examples of regular expressions
val re1: RE = REUnion(

RESymbol('a'),
REConcat(REEpsilon(), REStar(RESymbol('b'))),

)
val re2: RE = REConcat(

REParen(REUnion(RESymbol('a'), REEpsilon())),
REStar(RESymbol('b')),

)
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Language of Regular Expressions

Definition (Language of Regular Expressions)
For a given regular expression R on a set of symbols Σ, the language L(R)
of R is inductively defined as follows:

L(∅) = ∅ L(R1 | R2) = L(R1) ∪ L(R2)
L(ϵ) = {ϵ} L(R1 · R2) = L(R1) · L(R2)
L(a) = {a} L(R∗) = L(R)∗

L((R)) = L(R)

L(a|ϵ · b∗) = L(a) ∪ L(ϵ · b∗) = {a} ∪ L(ϵ) · L(b∗)
= {a} ∪ {ϵ} · L(b)∗ = {a} ∪ {ϵ} · {b}∗
= {a} ∪ {b}∗ = {a or bn | n ≥ 0}

L((a|ϵ) · b∗) = L((a|ϵ)) · L(b∗) = L(a|ϵ) · L(b)∗
= (L(a) ∪ L(ϵ)) · L(b)∗ = ({a} ∪ {ϵ}) · {b}∗
= {abn or bn | n ≥ 0}
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Extended Regular Expressions
More operators:

R ::= · · ·
| R+ (Kleene plus)
| R? (Optional)

Actually, they are just syntactic sugar for the existing operators:

L(R+) = L(RR∗) = L(R) · L(R∗)

L(R?) = L(R|ϵ) = L(R) ∪ L(ϵ)

For examples,

L(a+) = L(aa∗) = L(a) · L(a∗) = {a} · {a}∗ = {an | n ≥ 1}

L(b?) = L(b|ϵ) = L(b) ∪ L(ϵ) = {b} ∪ {ϵ} = {b, ϵ}
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Examples

• L = {ϵ, a}

• L = {w ∈ {0, 1}∗ | w contains at least two 0′s}

• L = {w ∈ {0, 1}∗ | w contains exactly two 0′s}

• L = {w ∈ {0, 1}∗ | w has three consecutive 0′s}

• L = {w ∈ {a, b}∗ | a and b alternate in w}
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Examples

• L = {anbm | n ≥ 3 ∧m ≡ 0(mod 2)}

• L = {anbm | n +m ≡ 0(mod 2)}

• L = {w ∈ {0, 1}∗ | the number of 0’s is divisible by 3}

• L = {w ∈ {0, 1}∗ | N(w) ≡ 0 (mod 3)}
where N(w) is a natural number represented by w .

(0|1(01∗0)∗1)∗

• L = {anbn | n ≥ 0} – IMPOSSIBLE (∄ RE R. L(R) = L)
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Exercise #1

• Please see
https://github.com/ku-plrg-classroom/docs/tree/main/fa-examples.

• You don’t have to submit it. This is just exercise for your practice.
• The goal is to implement the finite automata (FA) objects in the
Implementation.scala file.
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Summary

1. Operations in Languages
Union
Concatenation
Kleene Star

2. Regular Expressions
Definition
Language of Regular Expressions
Extended Regular Expressions
Examples
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Next Lecture

• Equivalence of Regular Expressions and Finite Automata

Jihyeok Park
jihyeok_park@korea.ac.kr

https://plrg.korea.ac.kr
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