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Recall ’NPLRG

@ Operations in Languages
® Union
® Concatenation
® Kleene Star
® Regular Expressions
® Definition
® Language of Regular Expressions
® Extended Regular Expressions
® Examples
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Equivalence of REs and FA ’VPLRG

P(Xx)
( L(DFA) = L(NFA) \
= L(e-NFA NFA e-NFA

= LRE) )

N 7\

a"b @ DFA —> RE
°

\_ ),

{w | N(w) = O (mod 3)}
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Contents ’NPLRG

1. Regular Expressions to e-NFA

2. DFA to Regular Expressions
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Regular Expressions to e-NFA 7V PLRG

Theorem (Regular Expressions to e-NFA)

For a given regular expression R, 3 e-NFA N.. L(R) = L(N,).

e-NFA N

0,1
(011)*00 »
m RO
start
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Regular Expressions to e-NFA 7V PLRG

For a given regular expression R and an integer i, we will construct an

e-NFA N, = (Q, %, 9, gj, F) that accepts the language of R. It satisfies the
following properties:

® Exactly one final state g; for some j greater than i (F = {q;j} Aj > i)
® States are gj, Gi+1, ---, and q; (Q = {qk | i < k <j})

® No transition to the initial state (Vg € Q. Va € X U{e}. qi € 0(q,a))
* No transition out of the final state (Va € X U {¢}. 0(qj, a) = @)

start @ Transitions q; )

™
=

e-NFA for (R, i)
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Regular Expressions to e-NFA 7V PLRG

// The type definitions of states and symbols
type State = Int
type Symbol = Char

// A transition allowing epsilon
type Transition = (State, Option[Symboll, State)

// A simplified epsilon-NFA
case class SimpleENFA(from: State, trans: Set[Transition], to: State)

// Convert a regular expression to a simple epsilon-NFA with an initial state
def RE2SimpleENFA(re: RE, i: State): SimpleENFA = re match

case REEmpty() => 777

case REEpsilon() => 777

case RESymbol(symbol)  => 777

case REUnion(rel, re2) => 777

case REConcat(rel, re2) => 777

case REStar(re) => 777

case REParen(re) => 777

// Convert a simple epsilon-NFA to an epsilon-NFA
def SimpleENFA2ENFA(senfa: SimpleENFA): ENFA = ...
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Regular Expressions to e-NFA

’VNPLRG

For a given regular expression R and an integer /, the e-NFA for (R, i) is:

° R=0:
start
* R—=¢
€
start @
®* R=a
a
start 0
case REEmpty() => SimpleENFA(
from = i, trans = Set(), to=1i+1,
)
case REEpsilon() => SimpleENFA(
from = i, trans = Set((i, None, i + 1)), to =1+ 1,
)
case RESymbol(symbol) => SimpleENFA(
from = i, trans = Set((i, Some(symbol), i + 1)), to =i + 1,

)
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Regular Expressions to e-NFA 7V PLRG

®* R=R; | Ry:
@ e-NFA for e
. (Rl, 1+ 1) ¢
start a
€
e-NFA for @
(R2v J + 1)

case REUnion(rel, re2) =>
val SimpleENFA(_, transil, j)
val SimpleENFA(_, trans2, k)
SimpleENFA (
from = 1i,
trans = transl ++ trans2 ++ Set(
(i, None, i + 1), (i, None, j + 1),
(j, None, k + 1), (k, None, k + 1),

RE2SimpleENFA(rel, i + 1)
RE2SimpleENFA(re2, j + 1)

),
to =k +1,
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Regular Expressions to e-NFA 7V PLRG

* R=FR; - Ro:
tart e-NFA for € e-NFA for
e (Ru. 1) (Ro j+1)
o R=R::
€
e e-NFA for
start

°* R=(Ry):

ctart 6 e-NFA for e
(Ru. i)

COSE215 @ Korea University Lecture 7 — Equiv. of REs and FA March 29, 2023 10/21



Regular Expressions to e-NFA — Examples ’VPLRG

® R=¢c-alo
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Regular Expressions to e-NFA — Examples ’VPLRG

® R=¢c-alo
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Regular Expressions to e-NFA — Examples ’VPLRG

®* R=0-1*
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Regular Expressions to e-NFA — Examples ’VPLRG

®* R=0-1*
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Regular Expressions to e-NFA — Examples ’VPLRG

e R=(0I1)"-0-0
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Regular Expressions to e-NFA — Examples ’VPLRG

e R=(0I1)"-0-0
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DFA to Regular Expressions 7VPLRG

Theorem (DFA to Regular Expressions)

For a given DFA D = ({q1,92, - ,qn}, X,9,q1, F), 3 RE R. L(D) = L(R).

Let R,-(j) be the regular expression that accepts the paths from g; to g;
whose intermediate states are g1, go, - , gx. Then,
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DFA to Regular Expressions 7VPLRG

Theorem (DFA to Regular Expressions)

For a given DFA D = ({q1,92, - ,qn}, X,9,q1, F), 3 RE R. L(D) = L(R).

Let R,-(j) be the regular expression that accepts the paths from g; to g;
whose intermediate states are g1, go, - , gx. Then,

intermediate states
consisting of 41,92, ,qk
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DFA to Regular Expressions 7VPLRG

Theorem (DFA to Regular Expressions)

For a given DFA D = ({q1,92, - ,qn}, X,9,q1, F), 3 RE R. L(D) = L(R).

Let R,-(j) be the regular expression that accepts the paths from g; to g;

whose intermediate states are g1, g2, -+, gk. Then,
. intermediate states .
@ consisting of 41,92, ,qk @
_ p(n) | p(n) (n) _
R = RL,rl | Rl’le Ilem where F = {qf, 9%, ,qr, }
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DFA to Regular Expressions 7VPLRG

Theorem (DFA to Regular Expressions)
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Let R,-(j) be the regular expression that accepts the paths from g; to g;

whose intermediate states are g1, g2, -+, gk. Then,
. intermediate states .
@ consisting of 41,92, ,qk @
_ p(n) | p(n) (n) _
R = RL,rl | Rl’le Ilem where F = {qf, 9%, ,qr, }
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DFA to Regular Expressions 7VPLRG

Theorem (DFA to Regular Expressions)

For a given DFA D = ({q1,92, - ,qn}, X,9,q1, F), 3 RE R. L(D) = L(R).

Let R,-(j) be the regular expression that accepts the paths from g; to g;

whose intermediate states are g1, g2, -+, gk. Then,
. intermediate states .
@ consisting of 41,92, ,qk @
_ p(n) | p(n) (n) _
R = RL,rl | Rl’le Ilem where F = {qf, 9%, ,qr, }

L(R£23)) > b aa abaa

& a b a aab
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DFA to Regular Expressions 7VPLRG

¢ (Basis Case) k=0
It means that no intermediate states in the path.

o Ifi#j,
0
R =ailal - lap
ai az am .. .
where g; — gj,9i — qj, -+ ,q; — qj are transitions In D.
o Ifi=j,
0
Ri(,j) =clailazl - lan
ai az am “. .
where g; — gj,9i — qj, -+ ,q; — qj are transitions In D.
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DFA to Regular Expressions 7VPLRG

¢ (Induction Case) R,.(jfl) are given for all / and j.

(9 _ R | Rl (R glh-)
RY) = RED | RAD (R )RS

° R’.(j_l): paths from g; to g NOT containing gy as intermediate states.
° Rl.(7k )(R,Ekk Dy R (k=1), : paths from g; to g; containing g at least
once as |ntermed|ate states.

q:; to gk repetition of gk to Gk gk to q;

consisting of consisting of _> consisting of
g1, 5 qk—1 g1, 5 qk—1 q1, 0 5 qk—1
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DFA to Regular Expressions — Examples ’VNPLRG

b a,b
start a
o R = e R = o R = «RY) =
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DFA to Regular Expressions — Examples ’VNPLRG
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DFA to Regular Expressions — Examples ’VNPLRG

a,b

b
a
start e

0R§?1)26|b ° £?2):a oRg)l):@ oRéoz):eIaIb

)

Note that (elR)T =R*, (elR)*=R*, @-R=2, @IR=R
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DFA to Regular Expressions — Examples ’VNPLRG

b a,b
a
start e

0R§?1)26|b ° £?2):a oRg)l):@ oRé?z):eIaIb

Note that (elR)T =R*, (elR)*=R*, @-R=2, @IR=R

o RY = R 1 RORDRE = (REDT = elby =v*
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DFA to Regular Expressions — Examples ’VNPLRG

b a,b
a
start e

0R§?1)26|b ° S)z):a oRg)l):@ oRé?z):eIaIb

Note that  (eIR)T =R*, (eIR)*=R*, @-R=0, @IR=R
e RY = R 1 RORDRY = (RIDT = (eIt =

e RY = RO 1 RORDRY = (REDRY = (e1b)"a=ba
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DFA to Regular Expressions — Examples ’VNPLRG

b a,b
a
start e

0R§?1)26|b ° S)z):a oRg)l)IQ oRé?z):eIaIb

Note that  (eIR)T =R*, (eIR)*=R*, @-R=0, @IR=R
e RY = R 1 RORDRY = (RIDT = (eIt =
e RY = RO 1 RQRDRY = (RED*RY = (clb)*a=1*a

o R = RO 1 R REDRE) = RV (RO = a(eimy = 2
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DFA to Regular Expressions — Examples ’VNPLRG

b a,b
a
start e

eRO=cb  oR%O=a oRY=0 RO =clalb
Note that (elR)T =R*, (eIR)*=R", @-R=92, SIR=R
o R = R TR RDRY) = R = (elmyt =1
o RY = R 1 RO R R = (RODRY = e1b)a=bra
o R = RO 1 R REDRE) = RV (RO = a(eimy = 2

e RY = RO 1 RORDRY = R 1 = R = elalb
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DFA to Regular Expressions — Examples ’VNPLRG

R =1 RY=pa eRY=0 «RY=clalp
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DFA to Regular Expressions — Examples ’VNPLRG

R =b" «RM=1va eRN)=0 R =clalb
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DFA to Regular Expressions — Examples ’VNPLRG
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DFA to Regular Expressions — Examples ’VNPLRG

R =1 RY=pa eRY=0 «RY=clalp

2 1 1 1)y* p(1 1 1)\ *
LR = R | AR R = RGRED

)

= b*a(elalb)*

COSE215 @ Korea University Lecture 7 — Equiv. of REs and FA March 29, 2023 19/21



DFA to Regular Expressions — Examples ’VNPLRG

R =1 RY=pa eRY=0 «RY=clalp

2 1 1 1)y* p(1 1 1)\ *
LR = R | AR R = RGRED

= b*a(elalb)*

= b*a(alb)*
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DFA to Regular Expressions — Examples ’VNPLRG

R =1 RY=pa eRY=0 «RY=clalp

2 1 1 1)y* p(1 1 1)\ *
LR = R | AR R = RGRED

)

= b*a(elalb)”
= b*a(alb)”
R= R§22) =Db"a(alb)” is the regular expression for the above DFA.

)
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Summary

( L(DFA)

a"p"
o

\_

P(Xx)
= L(NFA) )
— L(eNFA

ELRE)=

a"b @

)

w00

),

{w | N(w) = O (mod 3)}
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e-NFA

AWA

DFA —> RE
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Next Lecture ’NPLRG

® Properties of Regular Languages

Jihyeok Park
jihyeok park@korea.ac.kr
https://plrg.korea.ac.kr
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