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Recall ’NPLRG

® Regular Languages

P(Xx)
L(DFA) = L(NFA)
ELREL LieNFa) | NPA

a”b". -
( } w00
a"b @ DFA —> RE

{w | N(w) = 0 (mod 3)}

COSE215 @ Korea University Lecture 8 — Closure Properties of RLs April 3, 2023 2/19



Contents ’NPLRG

1. Closure Properties of Regular Languages
Union
Concatenation and Kleene Star
Complement
Intersection
Difference
Reversal
Homomorphism

COSE215 @ Korea University Lecture 8 — Closure Properties of RLs April 3, 2023 3/19



Closure Properties of Regular Languages 7N PLRG

Definition (Closure Properties)

The class of regular languages is closed under an n-ary operator op if and
only if op(Ly,- -, Ly) is regular for any regular languages Li,--- ,L,. We
say that such properties are closure properties of regular languages.
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’VNPLRG
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Closure Properties of Regular Languages

Definition (Closure Properties)

’VNPLRG

The class of regular languages is closed under an n-ary operator op if and

only if op(Ly,---

, Lp) is regular for any regular languages Ly, - -

,Ln. We

say that such properties are closure properties of regular languages.

A language L is regular
A language L is regular
A language L is regular
A language L is regular

@ Construct a regular expression R such that L(R) = op(Ly, - - -

1ree

using the regular expressions Ry, - - -

i=1,---,n

® Construct a finite automaton A such that L(A) = op(Ly, - --
, Ap such that L(A
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the finite automata Aq, - -
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Closure under Union ’NPLRG

Theorem (Closure under Union)

If Ly and L, are regular languages, then so is L1 U L.

Proof) Let R; and R be the regular expressions such that L(R;) = L; and
L(R>) = Lo, respectively. Consider the following regular expression:

Ril Ry

Then, by the definition of the union operator (1), L(R11Rx) = L1 U Ly, [
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Closure under Concatenation and Kleene Star ’VNPLRG

Theorem (Closure under Concatenation)

If Ly and Ly are regular languages, then so is Ly - L».

Proof) Let R; and R, be the regular expressions such that L(R;) = L; and
L(R2) = Ly, respectively. Consider the following regular expression:

Ri- R

Then, by the definition of the concatenation operator (),
L(Ry - R) = Ly - Lo. O

Theorem (Closure under Kleene Star)

If L is a regular language, then so is L*.

Proof) Let R be the regular expressions such that L(R) = L. Consider the
following regular expression:

R*
Then, by the definition of the Kleene star operator (*), L(R*) = L*. O
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Closure under Complement 7V PLRG
Consider the following DFA D such that L(D) = {w00 | w € {0,1}*}.

How to construct a DFA D such that L(D) = L(D)?

COSE215 @ Korea University Lecture 8 — Closure Properties of RLs April 3, 2023 7/19



Closure under Complement 7V PLRG
Consider the following DFA D such that L(D) = {w00 | w € {0,1}*}.

COSE215 @ Korea University Lecture 8 — Closure Properties of RLs April 3, 2023 7/19



Closure under Complement 7V PLRG

Theorem (Closure under Complement)

If L is a regular language, then so is L.

Proof) Let D = (Q, X, 4, qo, F) be the DFA such that L(D) = L. Consider
the following DFA:

5:(072767C’07Q\F)'

Then,

Yw e £, w e L(D) 0*(qo, w)
6*(q05 W)
w & L(D)
wel
welL

€EQ\F
¢ F

11117
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Closure under Intersection ’NPLRG

Consider two DFA Dy and D; such that L(Dg) = {w € {0,1}* | w has 0}
and L(Dy) = {w € {0,1}* | w has 1}, respectively.

1 0,1 0 0,1

Dy = D; =
0 1
start @ start @

How to construct a DFA D such that L(D) = L(Do) N L(D1)?
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Closure under Intersection ’NPLRG

Theorem (Closure under Intersection)

If Ly and Ly are regular languages, then so is Lo N Ly.

Proof) Let Dy = (Qo, X, do, qo, Fo) and Dy = (Q1, X, 01, q1, F1) be the
DFA such that L(Dy) = Lo and L(D;) = Ly. Consider the following DFA:

D= (QO X Qlazaéa(q07q1)7F0 X Fl)

where vq € QO: q, € Qla a€l. (5((6], ql)a a) = (50(q7 a)7 51(q/7 a))
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Closure under Intersection ’NPLRG

Theorem (Closure under Intersection)

If Ly and Ly are regular languages, then so is Lo N Ly.

Proof) Let Dy = (Qo, X, do, qo, Fo) and Dy = (Q1, X, 01, q1, F1) be the
DFA such that L(Dy) = Lo and L(D;) = Ly. Consider the following DFA:

D= (QO X 0172757(q07q1)7 FO X Fl)

where Vg € Qv,q' € Q1,2 € X.6((q,9¢'),a) = (do(g,a),01(¢’,a)). Then,
Yw e ¥, w e L(D) 5*((go, q1),w) € Fo x F1

5*(qo, w) € Fo and 6*(q1,w) € F1

w € L(Do) and w € L(Dx)

w e L(Do) N L(Dl)

welLgnLl

11117

O
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Closure under Intersection ’NPLRG

Theorem (Closure under Intersection)

If Ly and Ly are regular languages, then so is Lo N Ly.

Proof) Another proof is to use De Morgan's law:

Lonli=LoUL;

Since we already know that the regular languages are closed under
complement and union, we are done.
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Closure under Difference ’VPLRG

Theorem (Closure under Difference)

If Ly and Ly are regular languages, then so is Lo \ L;.

Proof) Similarly, we can use the following fact:

Lo\ L1 =LoNLy

Since we already know that the regular languages are closed under
complement and intersection, we are done.
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Closure under Reversal ’NPLRG

Consider the following e-NFA N, such that
L(N¢) = {w00 or w1l | w € {0,1}*}:

COSE215 @ Korea University Lecture 8 — Closure Properties of RLs April 3, 2023 13 /19



Closure under Reversal ’NPLRG
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Closure under Reversal ’NPLRG

Theorem (Closure under Reversal)

If L is a regular language, then so is LF.

Proof) Let N, = (Q, X, 0, go, F) be the e-NFA such that L(N,) = L.
Consider the following
NER = (Q 2 {qs}a Za 6R7 qS7 {qO})

where
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Closure under Reversal ’NPLRG

Theorem (Closure under Reversal)

If L is a regular language, then so is LF.

Proof) Another proof is to use the structural induction on the regular

expressions. Let R be a regular expression. Then, we define its reverse R”
as follows:

e f R=0, then RR =g

® If R=¢, then RF =¢.

® If R =a, then RF = a.

® If R= Ryl Ry, then RR = RFIRRK.
® If R=Ry- Ry, then RR = RR. RE.
* If R =R}, then RR = (RF)*.

* If R=(Ry), then RR = (RK).
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Closure under Reversal ’NPLRG

Theorem (Closure under Reversal)

If L is a regular language, then so is LF.

Proof) Another proof is to use the structural induction on the regular

expressions. Let R be a regular expression. Then, we define its reverse R”
as follows:

e f R=0, then RR =g

® If R=¢, then RF =¢.

® If R =a, then RF = a. R = ab(cd)*|ef
® If R= Ryl Ry, then RR = RFIRRK.
® If R=Ry- Ry, then RR = RR. RE.
* If R =R}, then RR = (RF)*.

* If R=(Ry), then RR = (RK).

R = (dc)*balfe

O
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Closure under Homomorphism 7V PLRG

Definition (Homomorphism)

Suppose ¥ and I are two finite sets of symbols. Then, a function
h:¥X—T*
is called a homomorphism. For a given word w = ajas - - - ap,
h(w) = h(a1)h(az) - h(an)

For a language L,

h(L) = {h(w) | w € L}

Example (Homomorphism)

Let ¥ = {0,1}, I = {a,b}, and h(0) = ab, h(1) = a. Then,

h(10) = aab h(010) = abaab h(1100) = aaabab
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Closure under Homomorphism 7V PLRG

Theorem (Closure under Homomorphism)

If h is a homomorphism and L is a regular language, then so is h(L).

Proof) Let R be the regular expression such that L(R) = L. Then, we
define its homomorphic regular expression h(R) as follows:

® If R=g, then h(R) =

® If R=¢, then h(R) = .

® If R =a, then h(R) = h(a).

° If R= Ryl Ry, then h( ) h(Ro) [ h(Rl)

® If R=Ry- Ry, then h(R) = h(Rp) - h(R1).

o If R = R}, then h(R) = (h(Ro))*.

e If R = (Ry), then h(R) = (h(Ry)).
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Closure under Homomorphism 7V PLRG

Theorem (Closure under Homomorphism)

If h is a homomorphism and L is a regular language, then so is h(L).

Proof) Let R be the regular expression such that L(R) = L. Then, we
define its homomorphic regular expression h(R) as follows:

® If R=g, then h(R) =

e If R =, then h(R) = c. Zgizb
o If R =a, then h(R) = h(a).

* If R = Rol Ry, then h(R) = h(Ro)Ih(R1). g _ 0011)%0"
o If R=Ry- Ry, then h(R) = h(Ro) - h(R.).

o If R =R}, then h(R) = (h(Ro))*.

e If R= (Ry), then h(R) = (h(Ry)). h(R) = ab(abla)* (ab)*

O]
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Summary 7V PLRG
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Next Lecture ’NPLRG

® The Pumping Lemma for Regular Languages

Jihyeok Park
jihyeok park@korea.ac.kr
https://plrg.korea.ac.kr
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