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Recall ’NPLRG

® Not all languages are regular: e.g., L = {a"b" | n > 0}.

P ()
’ L(DFA) = L(ljg%g ‘ NFA

— L(RE) = L(e-NFA)
a"p"
° b ‘e’ \\DFA‘//‘—;\RE

\_

{w | N(w ) (mod 3)

—
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Recall ’NPLRG

® Not all languages are regular: e.g., L = {a"b" | n > 0}.

P ()
’ L(DFA) = L(l:g%gA ‘ NFA

= L(RE) = L( )
a"p"
° b ‘e’ \\DFA‘//‘—;\RE

\_ J

{w | N(w) Al 0 (mod 3)}

® How to prove that a language is NOT regular?
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Recall ’NPLRG

® Not all languages are regular: e.g., L = {a"b" | n > 0}.

P ()
r L(DFA) = L(l:g%gA \ NFA

o LRE) = L(NEA) \
* aib w.oo \ DFA‘//‘—;\RE

\_ J

{w | N(w) Al 0 (mod 3)}

® How to prove that a language is NOT regular? Pumping Lemma!
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Contents ’NPLRG

1. Pumping Lemma for Regular Languages
Pumping Lemma
Proof of Pumping Lemma
Application: Proving Languages are Not Regular

Examples
Example 1: L = {a"b" | n > 0}
Example 2: L = {ww® | w € {a,b}*}
Example 3: L = {a'™c" | I + m < n}
Example 4: L = {a"2 | n>0}
Example 5: L = {a™*c"* | n, k > 0}
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Pumping Lemma for Regular Languages ’VPLRG

Lemma (Pumping Lemma for Regular Languages)

For a given regular language L, there exists a positive integer n such that
for all w € L, if |w| > n, there exists w = xyz such that
0 |y|>0

® x| <n
9Vi20.xyiz€L
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Pumping Lemma for Regular Languages ’VPLRG

Lemma (Pumping Lemma for Regular Languages)

For a given regular language L, there exists a positive integer n such that
for all w € L, if |w| > n, there exists w = xyz such that

o |y/>0
@ [xy|<n
9Vi20.xyiz€L

L is regular

4

B = dn>0vVwel |w>n=3w=xyz. DAQ AR
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Proof of Pumping Lemma 7V PLRG

® et L be a regular language.
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Proof of Pumping Lemma 7V PLRG

® et L be a regular language.
® Then, 3DFA D =(Q, X%, 4, qo, F). s.t. L(D) = L.
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Proof of Pumping Lemma 7V PLRG

® et L be a regular language.
® Then, 3DFA D = (Q,X%,0,qo, F). s.t. L(D) = L. Let n=|Q] > 0.
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Proof of Pumping Lemma 7V PLRG

® et L be a regular language.
® Then, 3DFA D = (Q,X%,0,qo, F). s.t. L(D) = L. Let n=|Q] > 0.

® Take any w = ajay---ay, € Lsit. |w|=m>n.
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Proof of Pumping Lemma 7V PLRG

® et L be a regular language.
® Then, 3DFA D = (Q,X%,0,qo, F). s.t. L(D) = L. Let n=|Q] > 0.
® Take any w = ajay---ay, € Lsit. |w|=m>n.

o Let pj = 6*(qo,a1---a;) forall 0 < i< m.
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Proof of Pumping Lemma 7V PLRG

® et L be a regular language.

® Then, 3DFA D = (Q,X%,0,qo, F). s.t. L(D) = L. Let n=|Q] > 0.
® Take any w = ajay---ay, € Lsit. |w|=m>n.

e Let pj = 6*(qo,a1---a;) forall 0 < i< m. Then, pp =qo A pm € F.
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Proof of Pumping Lemma 7V PLRG

® et L be a regular language.
Then, 3DFA D = (Q, X, 6, qo, F). s.t. L(D) = L. Let n=|Q| > 0.

Take any w = ajay---am € Ls.t. |w|=m>n.

Let pj = 0*(qo,a1---a;) forall 0 < i < m. Then, po = qo A pm € F.

Consider the first n+ 1 states: pg — p; - --- =2 pp,.
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Proof of Pumping Lemma 7V PLRG

® et L be a regular language.
Then, 3DFA D = (Q, X, 6, qo, F). s.t. L(D) = L. Let n=|Q| > 0.

Take any w = ajay---am € Ls.t. |w|=m>n.

Let pj = 0*(qo,a1---a;) forall 0 < i < m. Then, po = qo A pm € F.

Consider the first n+ 1 states: pg — p; - --- =2 pp,.

By Pigeonhole Principle, there exists i < j < ns.t. p; = p;.
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Proof of Pumping Lemma 7V PLRG

Let L be a regular language.
Then, 3DFA D = (Q, X, 6, qo, F). s.t. L(D) = L. Let n=|Q| > 0.

Take any w = ajay---am € Ls.t. |w|=m>n.

Let pj = 0*(qo,a1---a;) forall 0 < i < m. Then, po = qo A pm € F.

Consider the first n+ 1 states: pg — p; - --- =2 pp,.

By Pigeonhole Principle, there exists i < j < ns.t. p; = p;.

Split w = xyz:

X:al...a’- y:al+1aj Z:aj+1...am
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Proof of Pumping Lemma 7V PLRG

Let L be a regular language.
Then, 3DFA D = (Q, X, 6, qo, F). s.t. L(D) = L. Let n=|Q| > 0.

Take any w = ajay---am € Ls.t. |w|=m>n.

Let pj = 0*(qo,a1---a;) forall 0 < i < m. Then, po = qo A pm € F.

Consider the first n+ 1 states: pg — p; - --- =2 pp,.

By Pigeonhole Principle, there exists i < j < ns.t. p; = p;.

Split w = xyz:

X:al...a’- y:al+1aj Z:aj+1...am
x| =i lyl=Jj—i>0 byl =j<n

COSE215 @ Korea University Lecture 9 — Pumping Lemma for RLs April 5, 2023 5/17



Proof of Pumping Lemma 7V PLRG

® et L be a regular language.
Then, 3DFA D = (Q, X, 6, qo, F). s.t. L(D) = L. Let n=|Q| > 0.

® Take any w = ajay---ay, € Lsit. |w|=m>n.
e Let pj = 6*(qo,a1---a;) forall 0 < i< m. Then, pp =qo A pm € F.
e Consider the first n+ 1 states: pg = py - -+ =% pp.
® By Pigeonhole Principle, there exists i < j < ns.t. p; = p;.
e Split w = xyz:
X:al...a’- y:al+1aj Z:aj+1...am
x| =i lyl=j—i>0 Ixyl|=j<n
6*(qo, x) = pi 6*(pi,y) = pi 6*(pi,z) = pm
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Proof of Pumping Lemma 7V PLRG

® et L be a regular language.
Then, 3DFA D = (Q, X, 6, qo, F). s.t. L(D) = L. Let n=|Q| > 0.

Take any w = ajay---am € Ls.t. |w|=m>n.

e Let pj = 6*(qo,a1---a;) forall 0 < i< m. Then, pp =qo A pm € F.
e Consider the first n+ 1 states: pg = py - -+ =% pp.
® By Pigeonhole Principle, there exists i < j < ns.t. p; = p;.
e Split w = xyz:
X:al...a’- y:al+1aj Z:aj+1...am
x| =i y[=j—i>0 Iyl =j<n
6*(qo, x) = pi 0" (piry) = pi 6*(pi,z) = pm
e Then, ¥i > 0. 6*(qo, xy'z) = pm (by induction on /).
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Proof of Pumping Lemma 7V PLRG

® et L be a regular language.

® Then, 3DFA D = (Q,X%,0,qo, F). s.t. L(D) = L. Let n=|Q] > 0.
® Take any w = ajay---ay, € Lsit. |w|=m>n.

e Let pj = 6*(qo,a1---a;) forall 0 < i< m. Then, pp =qo A pm € F.
e Consider the first n+ 1 states: pg = py - -+ =% pp.

® By Pigeonhole Principle, there exists i < j < ns.t. p; = p;.

e Split w = xyz:

X:al...a’- y:al+1aj Z:aj+1...am
x| =i ly|=j—i>0 Ixy| =j<n
6*(q0,x) = pj 8 (piy) = pi 8*(piyz) = pm

e Then, ¥i > 0. 6*(qo, xy'z) = pm (by induction on /).
e Finally, Vi > 0. xy’z € L.
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Proof of Pumping Lemma 7V PLRG

® et L be a regular language.

® Then, 3DFA D = (Q,X%,0,qo, F). s.t. L(D) = L. Let n=|Q] > 0.
® Take any w = ajap---am € Ls.t. |[w|=m > n.

o Let pj = 6*(qo,a1---a;) forall 0 < i< m. Then, pp =qo A pm € F.
e Consider the first n+ 1 states: pg = py - - -+ =% pp.

® By Pigeonhole Principle, there exists i < j < ns.t. p; = p;.

® Split w = xyz:

X:al...a’- y:al+1aj Z:aj+1...am
x| =i @O-lyl=j-i>0 Ixy| =j<n-(2
0*(qo, x) = pj *(piy) = pi *(pi, z) = pm

® Then, Vi > 0. 6*(qo, xy'z) = pm (by induction on /).
® Finally, Vi > 0. xy'z € L - (3).
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Proof of Pumping Lemma 7V PLRG

Lemma (Pumping Lemma for Regular Languages)

For a given regular language L, there exists a positive integer n such that
for all w € L, if |w| > n, there exists w = xyz such that

o |y/>0
@ [xy|<n
9Vi20.xyiz€L

L is regular

4

B = dn>0vVwel |w>n=3w=xyz. DAQ AR
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Application: Proving Languages are Not Regular ’VPLRG

Lemma (Pumping Lemma for Regular Languages)

A = L is regular

)
B = dn>0vVwel |wl>n=3w=xz.DAQAQ
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Application: Proving Languages are Not Regular ’VPLRG

Lemma (Pumping Lemma for Regular Languages)

A = L is regular

)
B = dn>0vVwel |wl>n=3w=xz.DAQAQ

A = B (0)
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Application: Proving Languages are Not Regular ’VPLRG

Lemma (Pumping Lemma for Regular Languages)

A = L is regular
)
B = dn>0vVwel |wl>n=3w=xz.DAQAQ
A = B (0)
B = A (X)
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Application: Proving Languages are Not Regular ’VPLRG

Lemma (Pumping Lemma for Regular Languages)

A = L is regular
)
B = dn>0vVwel |wl>n=3w=xz.DAQAQ
A = B (0)
B = A (X
-B = -A (0O)
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Application: Proving Languages are Not Regular ’VPLRG

Lemma (Pumping Lemma for Regular Languages)

A = L is regular
)
B = dn>0vVwel |wl>n=3w=xz.DAQAQ
A = B (0)
B = A (X
-B = -A (0O)

-B
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Application: Proving Languages are Not Regular ’VPLRG

Lemma (Pumping Lemma for Regular Languages)

A = L is regular

)
B = dn>0vVwel |wl>n=3w=xz.DAQAQ

-B = Vn>0.~(YweLl|w>n=3w=xz OADAD)
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Application: Proving Languages are Not Regular ’VPLRG

Lemma (Pumping Lemma for Regular Languages)

A = L is regular
)
B = dn>0vVwel |wl>n=3w=xz.DAQAQ
A = B (0)
B = A (X)

-B = Vn>0.~(YweLl|w>n=3w=xz OADAD)
= Vn>0.3wel ~(lw|>n=3Iw=xyz. DA AD)
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Application: Proving Languages are Not Regular ’VPLRG

Lemma (Pumping Lemma for Regular Languages)

A = L is regular

)
B = dn>0vVwel |wl>n=3w=xz.DAQAQ

-B = Vn>0.~(YweLl|w>n=3w=xz OADAD)
= Vn>0.3wel ~(lw|>n=3Iw=xyz. DA AD)
= Vn>0.3wel|w>nA-Bw=xyz. DA AD)
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Application: Proving Languages are Not Regular ’VPLRG

Lemma (Pumping Lemma for Regular Languages)

A = L is regular
)
B = dn>0vVwel |wl>n=3w=xz.DAQAQ

-B = Vn>0.~(YweLl|w>n=3w=xz OADAD)
Vn>0.3we L =(jw|>n=3Iw=xyz. DA AD)
Vn>0.3we L |w|>nA-Bw=xyz. DA AD)
= Vn>0.3wel |w>nAVw=xyz. -(DAQ)ADB))
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Application: Proving Languages are Not Regular ’VPLRG

Lemma (Pumping Lemma for Regular Languages)

A = L is regular
)
B = dn>0vVwel |wl>n=3w=xz.DAQAQ

-B = Vn>0.~(YweLl|w>n=3w=xz OADAD)
Vn>0.3we L =(jw|>n=3Iw=xyz. DA AD)
Vn>0.3we L |w|>nA-Bw=xyz. DA AD)
Vn>0.3we L |w|>nAVYw =xyz. (DA AR)
= ¥Yn>0.3wel |w>nAVw=xyz. -(DAQ) V-3
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Application: Proving Languages are Not Regular ’VPLRG

Lemma (Pumping Lemma for Regular Languages)

A = L is regular

)
B = dn>0vVwel |wl>n=3w=xz.DAQAQ

-B = Vn>0.~(YweLl|w>n=3w=xz OADAD)
Vn>0.3we L =(jw|>n=3Iw=xyz. DA AD)
Vn>0.3we L |w|>nA-Bw=xyz. DA AD)
Vn>0.3we L |w|>nAVYw =xyz. (DA AR)
Vn>0.3we L |w| > nAVYw = xyz. «(DAQR) V-3
= Vn>0.3wel |w>nAVw=xyz. (DAQ) = —(3)
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Application: Proving Languages are Not Regular ’VPLRG

To prove a language L is NOT regular, we need to show that

Yn>0.3we L |w|>nAVw =xyz. (DAQ) = -3)
®y>0
@ |xy|<n
©O@Vi>0xy'zel
Note that =(3) =3/ > 0. xy’z & L.
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Application: Proving Languages are Not Regular ’VPLRG
To prove a language L is NOT regular, we need to show that

Yn>0.3we L |w|>nAVw =xyz. (DAQ) = -3)

®|y>0
@ [xy[<n
OViZO.xyizeL
Note that =(3) =3/ > 0. xy’z & L.

We can prove this by following the steps below:
@ Assume any positive integer n is given.
® Pick aword w € L.
© Show that |w| > n.
© Assume any split w = xyz is given, and (1) |y| > 0 A (2) |xy| < n.
© —(3) Pick i > 0, and show that xy’z ¢ L using (1) and (2).
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Example 1 ’VPLRG

Let's prove that L is NOT regular using the Pumping Lemma:

L={a"b" | n> 0}
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Example 1 ’VPLRG

Let's prove that L is NOT regular using the Pumping Lemma:

L={a"" | n>0}
@ Assume any positive integer n is given.
@ Let w=2a"p"c L.
® |w|=n+n=2n>n.
O Assume any split w = xyz is given, and (1) |y| > 0 A (2) |xy| < n.
© Let i = 0. We need to show that —(3) xy°z ¢ L:
® Since (2) |xy| < n,

x =aP y=af z=ab"
where 0 < p,q,r<nand p+qg+r=n.
® Since (1) |y| > 0, we know g > 0.
® Finally, xy°z = xz = aPa’®" = a" 9" (" p+ q+r = n).
But, 2" 9%" ¢ L (.- g > 0). O
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Example 2 ’VPLRG

Let's prove that L is NOT regular using the Pumping Lemma:

L={wwf|we{ab}}
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Example 2 ’VPLRG

Let's prove that L is NOT regular using the Pumping Lemma:

L={wwR|we {ab}}
@ Assume any positive integer n is given.
® Let w =a"d™"a" ¢ L.
® |w|=n+n+n+n=4n>n.
O Assume any split w = xyz is given, and (1) |y| > 0 A (2) |xy| < n.
© Let i = 0. We need to show that —(3) xy°z ¢ L:
® Since (2) |xy| < n,

x =aP y =a‘ z=a"b"b"a"
where 0 < p,g,r<nand p+qg+r=n.

® Since (1) |y| > 0, we know g > 0.

® Finally, xy°z = xz = aPa’®"b"a" = a"~9%""a" (" p+q+r = n).
But, 2" 9b"b"a" & L (" ¢ > 0). O
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Example 3 ’VPLRG

Let's prove that L is NOT regular using the Pumping Lemma:

L={a'b™c" | 14+ m< n}
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Example 3 ’VPLRG

Let's prove that L is NOT regular using the Pumping Lemma:

L={ab™c" | I+ m < n}
@ Assume any positive integer n is given.
® Let w = a™"c?" € L.
® |w|=n+n+2n=4n>n.
O Assume any split w = xyz is given, and (1) |y| > 0 A (2) |xy| < n.
© Let i = 2. We need to show that —(3) xy?z ¢ L:
® Since (D) |y| > 0and (2) |xy| < n,

y=a

where 1 < k < n.
® Since (1) |y| > 0, we know g > 0.
® Finally, xy?z = xyyz = a"tkp"c®" & L
(. k>1. Thus, (n+k)+n=2n+ k> 2n). O
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Example 4 ’VPLRG

Let's prove that L is NOT regular using the Pumping Lemma:

L={a"|n>0}

COSE215 @ Korea University Lecture 9 — Pumping Lemma for RLs April 5, 2023 13 /17



Example 4 ’VPLRG

Let's prove that L is NOT regular using the Pumping Lemma:

L={a"|n>0}
@ Assume any positive integer n is given.
@ Let w=a" ¢ L.
® |w|=n%>n.
© Assume any split w = xyz is given, and (1) |y| > 0 A (2) |xy| < n.
© Let i = 2. We need to show that —(3) xy?z & L:
® Since (D) |y| > 0and (2) |xy| < n,
y=a
where 1 < k < n. Then,

mP<nr+k(:1<k) nmP+k<(n+1)?(-k<n)

* Finally, xy2z = xyyz =a" tk & L (- n? < n? + k < (n+1)2). O
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Example 5 ’VPLRG
Let's prove that L is NOT regular:

L= {a™"c"t | n,k >0}
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Example 5 ’VPLRG

Let's prove that L is NOT regular:

L= {a™"c"t | n,k >0}

It is much easier to use closure properties under homomorphisms.

Consider a homomorphism h: {a,b,c} — {a,b}*:

h(a) =a h(b) = a h(c)=b

Then,
h(L) = {an+kbn+k ’ n k> 0} _ {anbn | n> 0}

If L is regular, then h(L) must be regular as well.
® However, we know h(L) is NOT regular.
Therefore, L is NOT regular. O

COSE215 @ Korea University Lecture 9 — Pumping Lemma for RLs April 5, 2023 14 /17



Summary 7V PLRG

1. Pumping Lemma for Regular Languages
Pumping Lemma
Proof of Pumping Lemma
Application: Proving Languages are Not Regular

Examples
Example 1: L = {a"b" | n > 0}
Example 2: L = {ww® | w € {a,b}*}
Example 3: L = {a'™c" | I + m < n}
Example 4: L = {a"2 | n>0}
Example 5: L = {a™*c"* | n, k > 0}
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Homework #2 7NPLRG

® Please see
https://github.com/ku-plrg-classroom/docs/tree/main /equiv-re-fa.

® The due date is Apr. 13 (Thu.).

® Please only submit Implementation.scala file to Blackboard.
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Next Lecture ’NPLRG

® Equivalence and Minimization of Finite Automata

Jihyeok Park
jihyeok park@korea.ac.kr
https://plrg.korea.ac.kr
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