Final Exam
COSE215: Theory of Computation
2024 Spring

Instructor: Jihyeok Park

June 19, 2024. 13:30-14:45

If you are not good at English, please write your answers in Korean.
(ol 7} %ok Fe A9, Pote 22 A4S 2A8.)

Write answers in good handwriting.
If we cannot recognize your answers, you will not get any points.
(BEAE dot7] 9 A48 B2 & sy 2992 971 3 A=A L)

Write your answers in the boxes provided.
(H¢h= AlTd Hr2 qrofl 2Hd sl FA412.)
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1. A pushdown automaton (PDA) P = (Q,%,T',4, g, Z, F) is a 7-tuple where:

e () is a finite set of states

Y is a finite set of symbols

I' is a finite set of stack alphabets

0:Q x (XU{e}) xTI' = P(Q x I'*) is a transition function
qo € @ is the initial state

o Z €T is the initial stack alphabet (the stack is initially Z)
e IFC (Q is a set of final states

The languages Lg(P) accepted by empty stacks of PDA P is defined as:
Lg(P)={w e X" | (qo,w,Z) " (q,€,¢€) for some q € Q}
The language Lp(P) accepted by final states of a PDA P is defined as:

Lp(P)={weX"| (q,w,Z) " (q,¢, ) for some q € F,ae € T*}

Fill in the blanks about the following pushdown automaton (PDA) P;.

P =

start [X]

(a) Lp(P1) =A{ }
o) Lr(P) = | }

(c) The following context-free grammar (CFG) represents the language
Lg(Py) accepted by the empty stacks of the PDA P;:

S —

X
AO71 —

X
Al,l —

Y
AO71 —

Y
Al,l —

Note that each variable AZX] should generate all words that cause the PDA to move
from the state g; to the state g; by popping the alphabet X:

Ang =% w if and only if (gi,w, X) F* (gj,€,€)

and its right-hand side should consist of terminals and variables Aéfl, Afl, A({ 1 A}/’l.
You can omit the useless (non-generating and unreachable) variables.
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2. A deterministic pushdown automaton (DPDA) is a PDA that has at
most one one-step move (F) from any configuration. A language is a deterministic
context-free language (DCFL) if it is accepted by final states of some DPDA. A
language is a deterministic context-free language by empty stacks (DCFLgg) if it
is accepted by empty stacks of some DPDA.

(a) Design a DPDA P, using a transition diagram whose language Lp(P,)
accepted by final states is equal to the following language L:

Lp(Py) =Ly = {a/c* |i,j, k> 1ANi+j <2k}

(b) Explain why the language L; is not a DCFLgg with a concrete example.

¢) |2 points| Give an example of a regular expression whose language is not a DCFLggs.
g guag
If there is no such regular expression, write down “none”.

R =

(d) |2 points | Give an example of a regular expression whose language is a DCFLgs.
If there is no such regular expression, write down “none”.

R =
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3. Consider the following context-free grammar (CFG) Go:

S — A|aBB
o) Asac)a
=) B—e¢laBb|C
C — AA

(a) Construct a CFG G consisting of productions produced by replacing nullable
variables with € in all combinations and removing all e-productions in production rules

in G():

(b) Construct a CFG G5 by removing all unit productions and adding all

possible non-unit productions of Y to X for each unit pair (Y, X) in G;:

Go =

(c) Construct a CFG G5 by removing all productions that contain non-generating

variables or come from unreachable variables in G5:

Gs3 =

(d) Construct a CFG G4 by putting Gz in Chomsky normal form (CNF):

Gy =
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4. Design.a PDA P; whose %anguage L E(Pg) ac.cepted by empty stacks of Ps is
equal to the following language Lo using a transition diagram:

Lp(P3) =Ly ={w e {(,)}"| (wis a balanced) A N¢((w) = 1(mod 3)}

where N¢(w) denotes the number of (’s in w.

Py =

9. Fill in the blanks in the proof showing that the language L3 is not a context-
free language (CFL) using the pumping lemma for CFLs.

Ly = {a'b/c’ | i, > 0Ni > 25}

1. Assume that any positive integer n is given. (i.e., n > 1)

2. Pick a word L3 > z =

3. |z] = > n.

4. Assume that any split z = uvwzry satisfying (D) [vz| > 0 and (2) [vwz| < n is given.
5. Let ¢ = . We need to show that —(3) uv'waz'y & Ls:




COSE215, 2024 Spring Final Exam, Page 5 of 6 June 19, 2024

6. Consider the following Turing machine (TM) M; and fill in the blanks:

[X—X]R

[b—Db]|L
(X—X|L 4

[X—X]|R

(a) The language L(M;) accepted by the TM M is:

L(M;) = { w € {a,b}*

(b) Explain why the time complexity of the TM M is O(nlogyn).
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7. Draw a Turing machine (TM) M, computing a function f : {a}* — {a}*:

f(@") =a%" where n>0

8. |10 points| True/False questions. Answer O for True and X for False.

(Note that each question is worth 1 points, but you will get -1 points for each wrong
answer. So, if you are unsure about the answer, leave it blank.)

1. There are uncountably many recursively enumerable languages (RELS).

2. If a language is defined by an unambiguous grammar, it is DCFL.

3. All NP problems are polynomial-time reducible to a NP-hard problem.

4. A language L = {a"b" | n > 0} \ {a!%b!%} is a CFL.

5. All CFLs can be recognized by empty stacks of a PDA having a single state.

6. The universal language L, = {(M,w) | w € L(M)} is decidable.

7. The intersection of two CFLs is always a non-CFL.

8. There is no NP problem can be solved by a TM in polynomial time.

9. We can always construct a DPDA for any regular language.

10. If P = NP, then NP-complete problems are in P.

This is the last page.
I hope that your tests went well!




