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Recall
• Closure Properties of Regular Languages
• Pumping Lemma for Regular Languages

<latexit sha1_base64="54UZt6j5pS5xz/B1Y4GxQxIAlZk=">AAAB8XicbVDJSgNBEO2JW4xb1KOXwSB4CjPidowL4jGCWTAZQk+nJmnS0zN014hhyF948aCIV//Gm39jJ5mDJj4oeLxXRVU9PxZco+N8W7mFxaXllfxqYW19Y3OruL1T11GiGNRYJCLV9KkGwSXUkKOAZqyAhr6Ahj+4GvuNR1CaR/IehzF4Ie1JHnBG0UgPbYQnTK9vLkadYskpOxPY88TNSIlkqHaKX+1uxJIQJDJBtW65ToxeShVyJmBUaCcaYsoGtActQyUNQXvp5OKRfWCUrh1EypREe6L+nkhpqPUw9E1nSLGvZ72x+J/XSjA491Iu4wRBsumiIBE2Rvb4fbvLFTAUQ0MoU9zcarM+VZShCalgQnBnX54n9aOye1o+uTsuVS6zOPJkj+yTQ+KSM1Iht6RKaoQRSZ7JK3mztPVivVsf09aclc3skj+wPn8AeBaQzA==</latexit>

DFA

<latexit sha1_base64="eyvEj5fTRTWjLByz0l5ELsilBUI=">AAAB8XicbVBNS8NAEN3Ur1q/qh69BIvgqSTi17EqiCepYD+wDWWznbRLN5uwOxFL6L/w4kERr/4bb/4bt20O2vpg4PHeDDPz/FhwjY7zbeUWFpeWV/KrhbX1jc2t4vZOXUeJYlBjkYhU06caBJdQQ44CmrECGvoCGv7gauw3HkFpHsl7HMbghbQnecAZRSM9tBGeML29vhh1iiWn7ExgzxM3IyWSodopfrW7EUtCkMgE1brlOjF6KVXImYBRoZ1oiCkb0B60DJU0BO2lk4tH9oFRunYQKVMS7Yn6eyKlodbD0DedIcW+nvXG4n9eK8Hg3Eu5jBMEyaaLgkTYGNnj9+0uV8BQDA2hTHFzq836VFGGJqSCCcGdfXme1I/K7mn55O64VLnM4siTPbJPDolLzkiF3JAqqRFGJHkmr+TN0taL9W59TFtzVjazS/7A+vwBh1yQ1g==</latexit>

NFA
<latexit sha1_base64="4cSHh/b3ZimxiTZ5Jn+lq6G84q0=">AAAB/HicbVDJSgNBEO2JW4xbNEcvg0HwYpgRt2NUEE8SwSyQGUJPp5I06ekZumvEMMRf8eJBEa9+iDf/xs5y0MQHBY/3qqiqF8SCa3ScbyuzsLi0vJJdza2tb2xu5bd3ajpKFIMqi0SkGgHVILiEKnIU0IgV0DAQUA/6VyO//gBK80je4yAGP6RdyTucUTRSK1/wINZcRNJDeMT08Pb6YtjKF52SM4Y9T9wpKZIpKq38l9eOWBKCRCao1k3XidFPqULOBAxzXqIhpqxPu9A0VNIQtJ+Ojx/a+0Zp251ImZJoj9XfEykNtR6EgekMKfb0rDcS//OaCXbO/ZTLOEGQbLKokwgbI3uUhN3mChiKgSGUKW5utVmPKsrQ5JUzIbizL8+T2lHJPS2d3B0Xy5fTOLJkl+yRA+KSM1ImN6RCqoSRAXkmr+TNerJerHfrY9KasaYzBfIH1ucP0tKU5A==</latexit>

✏-NFA
<latexit sha1_base64="/zCSF5YzKE75PzK8Z+pFFvsDV74=">AAACAnicbVDLSgNBEJz1GeNr1ZN4GQyCp7ArQT0GvXiMYB6QxDA76SRDZmeXmV4xLMGLv+LFgyJe/Qpv/o2Th6CJBQPVVd30dAWxFAY978tZWFxaXlnNrGXXNza3tt2d3YqJEs2hzCMZ6VrADEihoIwCJdRiDSwMJFSD/uXIr96BNiJSNziIoRmyrhIdwRlaqeXuNxDuETFlw1tFf4rAFi035+W9Meg88ackR6YotdzPRjviSQgKuWTG1H0vxmbKNAouYZhtJAZixvusC3VLFQvBNNPxCUN6ZJU27UTaPoV0rP6eSFlozCAMbGfIsGdmvZH4n1dPsHPeTIWKEwTFJ4s6iaQY0VEetC00cJQDSxjXwv6V8h7TjKNNLWtD8GdPnieVk7x/mi9cF3LFi2kcGXJADskx8ckZKZIrUiJlwskDeSIv5NV5dJ6dN+d90rrgTGf2yB84H9+H45gr</latexit>

anbn

<latexit sha1_base64="FfGvy2Bl9BlkuPdjQXa1mWGKkP0=">AAACBnicbVDLSgMxFM3UV62vUZciBItQN2VGiroR6gNxIVLBPqAtJZOmbWjmQXJHLENXbvwVNy4Uces3uPNvzLQjaOuBwLnn3MvNPU4guALL+jJSM7Nz8wvpxczS8srqmrm+UVF+KCkrU1/4suYQxQT3WBk4CFYLJCOuI1jV6Z/FfvWOScV97xYGAWu6pOvxDqcEtNQyt69yDWD3EJ1fnAz38DH+qa/jumVmrbw1Ap4mdkKyKEGpZX422j4NXeYBFUSpum0F0IyIBE4FG2YaoWIBoX3SZXVNPeIy1YxGZwzxrlbauONL/TzAI/X3RERcpQauoztdAj016cXif149hM5RM+JeEALz6HhRJxQYfBxngttcMgpioAmhkuu/YtojklDQyWV0CPbkydOksp+3D/KFm0K2eJrEkUZbaAflkI0OURFdohIqI4oe0BN6Qa/Go/FsvBnv49aUkcxsoj8wPr4BsymXXw==</latexit>

L(DFA) = L(NFA)

<latexit sha1_base64="t3AFnXOnd4TRIQ1cdPhmks19jx4=">AAACAHicbVDLSsNAFJ3UV62vqAsXbgaL4KokUtRl0Y3LCvYBbSyT6aQdOpmEmRuxhGz8FTcuFHHrZ7jzb5y2EbT1wIUz59zL3Hv8WHANjvNlFZaWV1bXiuuljc2t7R17d6+po0RR1qCRiFTbJ5oJLlkDOAjWjhUjoS9Yyx9dTfzWPVOaR/IWxjHzQjKQPOCUgJF69kEX2AMApCS7k/jn4Wc9u+xUnCnwInFzUkY56j37s9uPaBIyCVQQrTuuE4OXEgWcCpaVuolmMaEjMmAdQyUJmfbS6QEZPjZKHweRMiUBT9XfEykJtR6HvukMCQz1vDcR//M6CQQXXsplnACTdPZRkAgMEZ6kgftcMQpibAihiptdMR0SRSiYzEomBHf+5EXSPK24Z5XqTbVcu8zjKKJDdIROkIvOUQ1dozpqIIoy9IRe0Kv1aD1bb9b7rLVg5TP76A+sj2/0dZdL</latexit>

anb

<latexit sha1_base64="GYtzptKTolIxAeYLkDREUwkwl5Q=">AAACHXicbVDLSgMxFM34tr6qLt0Ei1A3ZUaLuiy6cSUK1hY6pWQyt20w8zC501qG+RE3/oobF4q4cCP+jWntQlsPJBzOuZfkHC+WQqNtf1kzs3PzC4tLy7mV1bX1jfzm1o2OEsWhyiMZqbrHNEgRQhUFSqjHCljgSah5t2dDv9YDpUUUXuMghmbAOqFoC87QSK182U1pn7qB8M3FsOt56UVW7O9TF+4S0aM2dRHuMaXFIPJpRg+Nk7XyBbtkj0CniTMmBTLGZSv/4foRTwIIkUumdcOxY2ymTKHgErKcm2iIGb9lHWgYGrIAdDMdpcvonlF82o6UOSHSkfp7I2WB1oPAM5PDBHrSG4r/eY0E2yfNVIRxghDyn4faiaQY0WFV1BcKOMqBIYwrYf5KeZcpxtEUmjMlOJORp8nNQck5KpWvyoXK6biOJbJDdkmROOSYVMg5uSRVwskDeSIv5NV6tJ6tN+v9Z3TGGu9skz+wPr8BQSugJA==</latexit>{w | N(w) ⌘ 0 (mod 3)}

<latexit sha1_base64="Q9FEOIzPBFaGuNUWo3qf90+LtJw=">AAACAXicbVDLSgNBEJz1GeMr6kXwMhgEPRh2xddFiAriQSSCUSEbwuykEwdnZ5eZXjEs8eKvePGgiFf/wpt/4yTZg6+ChqKqm+6uIJbCoOt+OkPDI6Nj47mJ/OTU9MxsYW7+wkSJ5lDlkYz0VcAMSKGgigIlXMUaWBhIuAxuDnv+5S1oIyJ1jp0Y6iFrK9ESnKGVGoXFPXqy6kNshIyUj3CH6frp0X53rVEouiW3D/qXeBkpkgyVRuHDb0Y8CUEhl8yYmufGWE+ZRsEldPN+YiBm/Ia1oWapYiGYetr/oEtXrNKkrUjbUkj76veJlIXGdMLAdoYMr81vryf+59USbO3WU6HiBEHxwaJWIilGtBcHbQoNHGXHEsa1sLdSfs0042hDy9sQvN8v/yUXGyVvu7R1tlksH2Rx5MgSWSarxCM7pEyOSYVUCSf35JE8kxfnwXlyXp23QeuQk80skB9w3r8AIMaWEA==</latexit>

= L(✏-NFA)
<latexit sha1_base64="C7uN6ckxMmTD+41tN91yGNe9Lnk=">AAAB9HicbVDLSgNBEJyNrxhfUY9eBoMQL2FXfF2EoAgePEQxD0iWMDuZTYbMzq4zvcGw5Du8eFDEqx/jzb9xkuxBEwsaiqpuuru8SHANtv1tZRYWl5ZXsqu5tfWNza389k5Nh7GirEpDEaqGRzQTXLIqcBCsESlGAk+wute/Gvv1AVOah/IBhhFzA9KV3OeUgJHci9tiC9gTJPfXo8N2vmCX7AnwPHFSUkApKu38V6sT0jhgEqggWjcdOwI3IQo4FWyUa8WaRYT2SZc1DZUkYNpNJkeP8IFROtgPlSkJeKL+nkhIoPUw8ExnQKCnZ72x+J/XjME/dxMuoxiYpNNFfiwwhHicAO5wxSiIoSGEKm5uxbRHFKFgcsqZEJzZl+dJ7ajknJZO7o4L5cs0jizaQ/uoiBx0hsroBlVQFVH0iJ7RK3qzBtaL9W59TFszVjqzi/7A+vwB6rmRkA==</latexit>

= L(RE)

<latexit sha1_base64="I56QIHJycczSZdW8XCBAH9jEwKg=">AAAB8HicbVDJSgNBEK2JW4xb1KOXwSB4CjPidgyK4DGKWSQZQk+nJ2nS3TN014hhyFd48aCIVz/Hm39jZzlo9EHB470qquqFieAGPe/LyS0sLi2v5FcLa+sbm1vF7Z26iVNNWY3GItbNkBgmuGI15ChYM9GMyFCwRji4HPuNB6YNj9UdDhMWSNJTPOKUoJXu28geMbu9GnWKJa/sTeD+Jf6MlGCGaqf42e7GNJVMIRXEmJbvJRhkRCOngo0K7dSwhNAB6bGWpYpIZoJscvDIPbBK141ibUuhO1F/TmREGjOUoe2UBPtm3huL/3mtFKPzIOMqSZEpOl0UpcLF2B1/73a5ZhTF0BJCNbe3urRPNKFoMyrYEPz5l/+S+lHZPy2f3ByXKhezOPKwB/twCD6cQQWuoQo1oCDhCV7g1dHOs/PmvE9bc85sZhd+wfn4BgEGkI4=</latexit>

RE

<latexit sha1_base64="VqgtJZCfw/TH3r+ZNEVqNMu2PjM=">AAACJnicbVC7SgNBFJ2Nrxhfq2JlsxiEaBF2RaJl0MYyonlAEsPdySQZMrO7zNwV4pKPsRP9FzsRO7/DysmjMIkHBg7n3NccPxJco+t+Waml5ZXVtfR6ZmNza3vH3t2r6DBWlJVpKEJV80EzwQNWRo6C1SLFQPqCVf3+9civPjKleRjc4yBiTQndgHc4BTRSyz5oSMAeBZGUhrnGHe9KeDg9adlZN++O4SwSb0qyZIpSy/5ptEMaSxYgFaB13XMjbCagkFPBhplGrFkEtA9dVjc0AMl0MxmfP3SOjdJ2OqEyL0BnrP7tSEBqPZC+qRwdq+e9kfivp1GCGqj23H7sXDYTHkQxsoBO1ndi4WDojBJy2lwximJgCFDFzQ8c2gMFFE2OM/OR95+GGROWNx/NIqmc5b1CvnB7ni1eTWNLk0NyRHLEIxekSG5IiZQJJQl5Jq/kzXqx3q0P63NSmrKmPftkBtb3L7jnpkI=</latexit>P(⌃⇤)

<latexit sha1_base64="Zfh3tk4CZbvw/QaJs3y5dWL+59U=">AAACG3icbVC7TsNAEDyHVwivACWNRYREFdkIBcoIGsogkYcUW9H6cklOOZ+tuzVgrPwGHYJ/oUO0FPwKFZdHQRJGWmk0s3t7O0EsuEbH+bZyK6tr6xv5zcLW9s7uXnH/oKGjRFFWp5GIVCsAzQSXrI4cBWvFikEYCNYMhtdjv3nPlOaRvMM0Zn4Ifcl7nAIayXvwkD0iYgYw6hRLTtmZwF4m7oyUyAy1TvHH60Y0CZlEKkDrtuvE6GegkFPBRgUv0SwGOoQ+axsqIWTazyZ/HtknRunavUiZkmhP1L8TGYRap2FgOkPAgV70xuK/nsYQVKq6C/uxd+lnXMYJMkmn63uJsDGyx7HYXa4YRZEaAlRxc4FNB6CAoglv7n3kw6dRwYTlLkazTBpnZbdSrtyel6pXs9jy5Igck1PikgtSJTekRuqEkpg8k1fyZr1Y79aH9TltzVmzmUMyB+vrF65wo00=</latexit>waa

• How to test whether two finite automata are equivalent?
• How to minimize a finite automaton?
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Equivalence of Finite Automata
• Are the following two DFA equivalent (i.e., L(D0) = L(D1))?

D0 =
q0start q1

a

b

a

b

D1 =
q2start q3

q4

a

b

a

ba

b

• Yes, because L(D0) = L(D1) = {wb | w ∈ {a, b}∗}.
• We first define the equivalence of states and utilize it to test the

equivalence of DFA.

COSE215 @ Korea University Lecture 10 – Equiv. & Min. of FA April 8, 2024 5 / 24



Equivalence of States (≡)

Definition (Equivalence of States (≡))
For a given DFA D, qi is equivalent to qj (i.e., qi ≡ qj) if and only if

∀w ∈ Σ∗. δ∗(qi , w) ∈ F ⇐⇒ δ∗(qj , w) ∈ F

qi ≡ qj ⇐⇒ ∀w ∈ Σ∗.

<latexit sha1_base64="kz6cftJW6WyH1OhfBe5j4njC+Io=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PQi8eI5gHJEmYnvcmQ2dl1ZlYISz7BiwdFvPpF3vwbJ8keNFrQUFR1090VJIJr47pfTmFpeWV1rbhe2tjc2t4p7+41dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6nvqtR1Sax/LejBP0IzqQPOSMGivdPfR4r1xxq+4M5C/xclKBHPVe+bPbj1kaoTRMUK07npsYP6PKcCZwUuqmGhPKRnSAHUsljVD72ezUCTmySp+EsbIlDZmpPycyGmk9jgLbGVEz1IveVPzP66QmvPQzLpPUoGTzRWEqiInJ9G/S5wqZEWNLKFPc3krYkCrKjE2nZEPwFl/+S5onVe+8enZ7Wqld5XEU4QAO4Rg8uIAa3EAdGsBgAE/wAq+OcJ6dN+d93lpw8pl9+AXn4xtZJo3b</latexit>qi

<latexit sha1_base64="VihglsaGWVupHNt8GOAH0WQPGPE=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHaNryPRi0dI5JHAhswODYzMzm5mZjVkwxd48aAxXv0kb/6NA+xBwUo6qVR1p7sriAXXxnW/ndzK6tr6Rn6zsLW9s7tX3D9o6ChRDOssEpFqBVSj4BLrhhuBrVghDQOBzWB0O/Wbj6g0j+S9Gcfoh3QgeZ8zaqxUe+oWS27ZnYEsEy8jJchQ7Ra/Or2IJSFKwwTVuu25sfFTqgxnAieFTqIxpmxEB9i2VNIQtZ/ODp2QE6v0SD9StqQhM/X3REpDrcdhYDtDaoZ60ZuK/3ntxPSv/ZTLODEo2XxRPxHERGT6NelxhcyIsSWUKW5vJWxIFWXGZlOwIXiLLy+TxlnZuyxf1M5LlZssjjwcwTGcggdXUIE7qEIdGCA8wyu8OQ/Oi/PufMxbc042cwh/4Hz+AOf1jQU=</latexit>w

<latexit sha1_base64="VihglsaGWVupHNt8GOAH0WQPGPE=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHaNryPRi0dI5JHAhswODYzMzm5mZjVkwxd48aAxXv0kb/6NA+xBwUo6qVR1p7sriAXXxnW/ndzK6tr6Rn6zsLW9s7tX3D9o6ChRDOssEpFqBVSj4BLrhhuBrVghDQOBzWB0O/Wbj6g0j+S9Gcfoh3QgeZ8zaqxUe+oWS27ZnYEsEy8jJchQ7Ra/Or2IJSFKwwTVuu25sfFTqgxnAieFTqIxpmxEB9i2VNIQtZ/ODp2QE6v0SD9StqQhM/X3REpDrcdhYDtDaoZ60ZuK/3ntxPSv/ZTLODEo2XxRPxHERGT6NelxhcyIsSWUKW5vJWxIFWXGZlOwIXiLLy+TxlnZuyxf1M5LlZssjjwcwTGcggdXUIE7qEIdGCA8wyu8OQ/Oi/PufMxbc042cwh/4Hz+AOf1jQU=</latexit>w
<latexit sha1_base64="FRdlVU3H2pCqqQu520uRwNNGEyQ=">AAAB6nicbVDJSgNBEK2JW4xb1KOXxiB4CjPidgx68RjRLJAMoadTk7Tp6Rm7e4Qw5BO8eFDEq1/kzb+xsxw08UHB470qquoFieDauO63k1taXlldy68XNja3tneKu3t1HaeKYY3FIlbNgGoUXGLNcCOwmSikUSCwEQyux37jCZXmsbw3wwT9iPYkDzmjxkp3j52HTrHklt0JyCLxZqQEM1Q7xa92N2ZphNIwQbVueW5i/Iwqw5nAUaGdakwoG9AetiyVNELtZ5NTR+TIKl0SxsqWNGSi/p7IaKT1MApsZ0RNX897Y/E/r5Wa8NLPuExSg5JNF4WpICYm479JlytkRgwtoUxxeythfaooMzadgg3Bm395kdRPyt55+ez2tFS5msWRhwM4hGPw4AIqcANVqAGDHjzDK7w5wnlx3p2PaWvOmc3swx84nz9aqo3c</latexit>qj

<latexit sha1_base64="t6b91mFvNn+CE6H2BjUV9hn/6zg=">AAAB/3icbVDLSgMxFM3UV62vUcGNm2ARxEWZEV/LohuXFe0DOmO5k6ZtaCYzJBmljF34K25cKOLW33Dn35i2s9DWA4HDOfdyT04Qc6a043xbubn5hcWl/HJhZXVtfcPe3KqpKJGEVknEI9kIQFHOBK1qpjltxJJCGHBaD/qXI79+T6VikbjVg5j6IXQF6zAC2kgte8frRBI4xw/YYwJ7N6wbwt1hyy46JWcMPEvcjBRRhkrL/vLaEUlCKjThoFTTdWLtpyA1I5wOC16iaAykD13aNFRASJWfjvMP8b5R2tgEMU9oPFZ/b6QQKjUIAzMZgu6paW8k/uc1E90591Mm4kRTQSaHOgnHOsKjMnCbSUo0HxgCRDKTFZMeSCDaVFYwJbjTX54ltaOSe1o6uT4uli+yOvJoF+2hA+SiM1RGV6iCqoigR/SMXtGb9WS9WO/Wx2Q0Z2U72+gPrM8fwNOVTA==</latexit>8w 2 ⌃⇤
<latexit sha1_base64="yDBEN1Bw23xIIxqLNFKqANaNyAo=">AAAB7nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PQi8cI5gHJEmYnvcmQ2dllZjYQlnyEFw+KePV7vPk3TpI9aGJBQ1HVTXdXkAiujet+O4W19Y3NreJ2aWd3b/+gfHjU1HGqGDZYLGLVDqhGwSU2DDcC24lCGgUCW8Hofua3xqg0j+WTmSToR3QgecgZNVZqdQM+GCP2yhW36s5BVomXkwrkqPfKX91+zNIIpWGCat3x3MT4GVWGM4HTUjfVmFA2ogPsWCpphNrP5udOyZlV+iSMlS1pyFz9PZHRSOtJFNjOiJqhXvZm4n9eJzXhrZ9xmaQGJVssClNBTExmv5M+V8iMmFhCmeL2VsKGVFFmbEIlG4K3/PIqaV5Uvevq1eNlpXaXx1GEEziFc/DgBmrwAHVoAIMRPMMrvDmJ8+K8Ox+L1oKTzxzDHzifP1nOj5g=</latexit>_

<latexit sha1_base64="kYMDYEKAtOK18Y/aLGfLa9bGmZo=">AAAB9XicbVDJTgJBEK1xRdxQj146EhNPZMa4HYlePGIiSwLjpKcpoKVnobsHQyb8hxcPGuPVf/Hm39jAHBR8SSUv71Wlqp4fC660bX9bS8srq2vruY385tb2zm5hb7+mokQyrLJIRLLhU4WCh1jVXAtsxBJp4Aus+/2biV8folQ8Cu/1KEY3oN2Qdzij2kgPA4+TFg4SPiQD79ErFO2SPQVZJE5GipCh4hW+Wu2IJQGGmgmqVNOxY+2mVGrOBI7zrURhTFmfdrFpaEgDVG46vXpMjo3SJp1Imgo1maq/J1IaKDUKfNMZUN1T895E/M9rJrpz5aY8jBONIZst6iSC6IhMIiBtLpFpMTKEMsnNrYT1qKRMm6DyJgRn/uVFUjstORel87uzYvk6iyMHh3AEJ+DAJZThFipQBQYSnuEV3qwn68V6tz5mrUtWNnMAf2B9/gAgdpJJ</latexit>qi ⌘ qj
<latexit sha1_base64="mAI9v3/ObbF9dZ3lIqjk5A+zH6Y=">AAAB63icbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PQi8cIxgSSJcxOZpMh81hmZoWw5Be8eFDEqz/kzb9xNtmDJhY0FFXddHdFCWfG+v63V1pZXVvfKG9WtrZ3dveq+wePRqWa0BZRXOlOhA3lTNKWZZbTTqIpFhGn7Wh8m/vtJ6oNU/LBThIaCjyULGYE21zqsTjuV2t+3Z8BLZOgIDUo0OxXv3oDRVJBpSUcG9MN/MSGGdaWEU6nlV5qaILJGA9p11GJBTVhNrt1ik6cMkCx0q6kRTP190SGhTETEblOge3ILHq5+J/XTW18HWZMJqmlkswXxSlHVqH8cTRgmhLLJ45gopm7FZER1phYF0/FhRAsvrxMHs/qwWX94v681rgp4ijDERzDKQRwBQ24gya0gMAInuEV3jzhvXjv3se8teQVM4fwB97nDwSIjj0=</latexit>()

<latexit sha1_base64="kz6cftJW6WyH1OhfBe5j4njC+Io=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PQi8eI5gHJEmYnvcmQ2dl1ZlYISz7BiwdFvPpF3vwbJ8keNFrQUFR1090VJIJr47pfTmFpeWV1rbhe2tjc2t4p7+41dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6nvqtR1Sax/LejBP0IzqQPOSMGivdPfR4r1xxq+4M5C/xclKBHPVe+bPbj1kaoTRMUK07npsYP6PKcCZwUuqmGhPKRnSAHUsljVD72ezUCTmySp+EsbIlDZmpPycyGmk9jgLbGVEz1IveVPzP66QmvPQzLpPUoGTzRWEqiInJ9G/S5wqZEWNLKFPc3krYkCrKjE2nZEPwFl/+S5onVe+8enZ7Wqld5XEU4QAO4Rg8uIAa3EAdGsBgAE/wAq+OcJ6dN+d93lpw8pl9+AXn4xtZJo3b</latexit>qi

<latexit sha1_base64="VihglsaGWVupHNt8GOAH0WQPGPE=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHaNryPRi0dI5JHAhswODYzMzm5mZjVkwxd48aAxXv0kb/6NA+xBwUo6qVR1p7sriAXXxnW/ndzK6tr6Rn6zsLW9s7tX3D9o6ChRDOssEpFqBVSj4BLrhhuBrVghDQOBzWB0O/Wbj6g0j+S9Gcfoh3QgeZ8zaqxUe+oWS27ZnYEsEy8jJchQ7Ra/Or2IJSFKwwTVuu25sfFTqgxnAieFTqIxpmxEB9i2VNIQtZ/ODp2QE6v0SD9StqQhM/X3REpDrcdhYDtDaoZ60ZuK/3ntxPSv/ZTLODEo2XxRPxHERGT6NelxhcyIsSWUKW5vJWxIFWXGZlOwIXiLLy+TxlnZuyxf1M5LlZssjjwcwTGcggdXUIE7qEIdGCA8wyu8OQ/Oi/PufMxbc042cwh/4Hz+AOf1jQU=</latexit>w

<latexit sha1_base64="VihglsaGWVupHNt8GOAH0WQPGPE=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHaNryPRi0dI5JHAhswODYzMzm5mZjVkwxd48aAxXv0kb/6NA+xBwUo6qVR1p7sriAXXxnW/ndzK6tr6Rn6zsLW9s7tX3D9o6ChRDOssEpFqBVSj4BLrhhuBrVghDQOBzWB0O/Wbj6g0j+S9Gcfoh3QgeZ8zaqxUe+oWS27ZnYEsEy8jJchQ7Ra/Or2IJSFKwwTVuu25sfFTqgxnAieFTqIxpmxEB9i2VNIQtZ/ODp2QE6v0SD9StqQhM/X3REpDrcdhYDtDaoZ60ZuK/3ntxPSv/ZTLODEo2XxRPxHERGT6NelxhcyIsSWUKW5vJWxIFWXGZlOwIXiLLy+TxlnZuyxf1M5LlZssjjwcwTGcggdXUIE7qEIdGCA8wyu8OQ/Oi/PufMxbc042cwh/4Hz+AOf1jQU=</latexit>w
<latexit sha1_base64="FRdlVU3H2pCqqQu520uRwNNGEyQ=">AAAB6nicbVDJSgNBEK2JW4xb1KOXxiB4CjPidgx68RjRLJAMoadTk7Tp6Rm7e4Qw5BO8eFDEq1/kzb+xsxw08UHB470qquoFieDauO63k1taXlldy68XNja3tneKu3t1HaeKYY3FIlbNgGoUXGLNcCOwmSikUSCwEQyux37jCZXmsbw3wwT9iPYkDzmjxkp3j52HTrHklt0JyCLxZqQEM1Q7xa92N2ZphNIwQbVueW5i/Iwqw5nAUaGdakwoG9AetiyVNELtZ5NTR+TIKl0SxsqWNGSi/p7IaKT1MApsZ0RNX897Y/E/r5Wa8NLPuExSg5JNF4WpICYm479JlytkRgwtoUxxeythfaooMzadgg3Bm395kdRPyt55+ez2tFS5msWRhwM4hGPw4AIqcANVqAGDHjzDK7w5wnlx3p2PaWvOmc3swx84nz9aqo3c</latexit>qj

However, it is difficult to make it as an algorithm. Let’s consider qi ̸≡ qj :

qi ̸≡ qj ⇐⇒ ∃w ∈ Σ∗. (δ∗(qi , w) ∈ F ⇐⇒ δ∗(qj , w) ̸∈ F )

qi ̸≡ qj ⇐⇒ ∃w ∈ Σ∗.

<latexit sha1_base64="kz6cftJW6WyH1OhfBe5j4njC+Io=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PQi8eI5gHJEmYnvcmQ2dl1ZlYISz7BiwdFvPpF3vwbJ8keNFrQUFR1090VJIJr47pfTmFpeWV1rbhe2tjc2t4p7+41dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6nvqtR1Sax/LejBP0IzqQPOSMGivdPfR4r1xxq+4M5C/xclKBHPVe+bPbj1kaoTRMUK07npsYP6PKcCZwUuqmGhPKRnSAHUsljVD72ezUCTmySp+EsbIlDZmpPycyGmk9jgLbGVEz1IveVPzP66QmvPQzLpPUoGTzRWEqiInJ9G/S5wqZEWNLKFPc3krYkCrKjE2nZEPwFl/+S5onVe+8enZ7Wqld5XEU4QAO4Rg8uIAa3EAdGsBgAE/wAq+OcJ6dN+d93lpw8pl9+AXn4xtZJo3b</latexit>qi

<latexit sha1_base64="VihglsaGWVupHNt8GOAH0WQPGPE=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHaNryPRi0dI5JHAhswODYzMzm5mZjVkwxd48aAxXv0kb/6NA+xBwUo6qVR1p7sriAXXxnW/ndzK6tr6Rn6zsLW9s7tX3D9o6ChRDOssEpFqBVSj4BLrhhuBrVghDQOBzWB0O/Wbj6g0j+S9Gcfoh3QgeZ8zaqxUe+oWS27ZnYEsEy8jJchQ7Ra/Or2IJSFKwwTVuu25sfFTqgxnAieFTqIxpmxEB9i2VNIQtZ/ODp2QE6v0SD9StqQhM/X3REpDrcdhYDtDaoZ60ZuK/3ntxPSv/ZTLODEo2XxRPxHERGT6NelxhcyIsSWUKW5vJWxIFWXGZlOwIXiLLy+TxlnZuyxf1M5LlZssjjwcwTGcggdXUIE7qEIdGCA8wyu8OQ/Oi/PufMxbc042cwh/4Hz+AOf1jQU=</latexit>w

<latexit sha1_base64="VihglsaGWVupHNt8GOAH0WQPGPE=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHaNryPRi0dI5JHAhswODYzMzm5mZjVkwxd48aAxXv0kb/6NA+xBwUo6qVR1p7sriAXXxnW/ndzK6tr6Rn6zsLW9s7tX3D9o6ChRDOssEpFqBVSj4BLrhhuBrVghDQOBzWB0O/Wbj6g0j+S9Gcfoh3QgeZ8zaqxUe+oWS27ZnYEsEy8jJchQ7Ra/Or2IJSFKwwTVuu25sfFTqgxnAieFTqIxpmxEB9i2VNIQtZ/ODp2QE6v0SD9StqQhM/X3REpDrcdhYDtDaoZ60ZuK/3ntxPSv/ZTLODEo2XxRPxHERGT6NelxhcyIsSWUKW5vJWxIFWXGZlOwIXiLLy+TxlnZuyxf1M5LlZssjjwcwTGcggdXUIE7qEIdGCA8wyu8OQ/Oi/PufMxbc042cwh/4Hz+AOf1jQU=</latexit>w
<latexit sha1_base64="FRdlVU3H2pCqqQu520uRwNNGEyQ=">AAAB6nicbVDJSgNBEK2JW4xb1KOXxiB4CjPidgx68RjRLJAMoadTk7Tp6Rm7e4Qw5BO8eFDEq1/kzb+xsxw08UHB470qquoFieDauO63k1taXlldy68XNja3tneKu3t1HaeKYY3FIlbNgGoUXGLNcCOwmSikUSCwEQyux37jCZXmsbw3wwT9iPYkDzmjxkp3j52HTrHklt0JyCLxZqQEM1Q7xa92N2ZphNIwQbVueW5i/Iwqw5nAUaGdakwoG9AetiyVNELtZ5NTR+TIKl0SxsqWNGSi/p7IaKT1MApsZ0RNX897Y/E/r5Wa8NLPuExSg5JNF4WpICYm479JlytkRgwtoUxxeythfaooMzadgg3Bm395kdRPyt55+ez2tFS5msWRhwM4hGPw4AIqcANVqAGDHjzDK7w5wnlx3p2PaWvOmc3swx84nz9aqo3c</latexit>qj

<latexit sha1_base64="yDBEN1Bw23xIIxqLNFKqANaNyAo=">AAAB7nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PQi8cI5gHJEmYnvcmQ2dllZjYQlnyEFw+KePV7vPk3TpI9aGJBQ1HVTXdXkAiujet+O4W19Y3NreJ2aWd3b/+gfHjU1HGqGDZYLGLVDqhGwSU2DDcC24lCGgUCW8Hofua3xqg0j+WTmSToR3QgecgZNVZqdQM+GCP2yhW36s5BVomXkwrkqPfKX91+zNIIpWGCat3x3MT4GVWGM4HTUjfVmFA2ogPsWCpphNrP5udOyZlV+iSMlS1pyFz9PZHRSOtJFNjOiJqhXvZm4n9eJzXhrZ9xmaQGJVssClNBTExmv5M+V8iMmFhCmeL2VsKGVFFmbEIlG4K3/PIqaV5Uvevq1eNlpXaXx1GEEziFc/DgBmrwAHVoAIMRPMMrvDmJ8+K8Ox+L1oKTzxzDHzifP1nOj5g=</latexit>_
<latexit sha1_base64="mAI9v3/ObbF9dZ3lIqjk5A+zH6Y=">AAAB63icbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PQi8cIxgSSJcxOZpMh81hmZoWw5Be8eFDEqz/kzb9xNtmDJhY0FFXddHdFCWfG+v63V1pZXVvfKG9WtrZ3dveq+wePRqWa0BZRXOlOhA3lTNKWZZbTTqIpFhGn7Wh8m/vtJ6oNU/LBThIaCjyULGYE21zqsTjuV2t+3Z8BLZOgIDUo0OxXv3oDRVJBpSUcG9MN/MSGGdaWEU6nlV5qaILJGA9p11GJBTVhNrt1ik6cMkCx0q6kRTP190SGhTETEblOge3ILHq5+J/XTW18HWZMJqmlkswXxSlHVqH8cTRgmhLLJ45gopm7FZER1phYF0/FhRAsvrxMHs/qwWX94v681rgp4ijDERzDKQRwBQ24gya0gMAInuEV3jzhvXjv3se8teQVM4fwB97nDwSIjj0=</latexit>()

<latexit sha1_base64="kz6cftJW6WyH1OhfBe5j4njC+Io=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PQi8eI5gHJEmYnvcmQ2dl1ZlYISz7BiwdFvPpF3vwbJ8keNFrQUFR1090VJIJr47pfTmFpeWV1rbhe2tjc2t4p7+41dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6nvqtR1Sax/LejBP0IzqQPOSMGivdPfR4r1xxq+4M5C/xclKBHPVe+bPbj1kaoTRMUK07npsYP6PKcCZwUuqmGhPKRnSAHUsljVD72ezUCTmySp+EsbIlDZmpPycyGmk9jgLbGVEz1IveVPzP66QmvPQzLpPUoGTzRWEqiInJ9G/S5wqZEWNLKFPc3krYkCrKjE2nZEPwFl/+S5onVe+8enZ7Wqld5XEU4QAO4Rg8uIAa3EAdGsBgAE/wAq+OcJ6dN+d93lpw8pl9+AXn4xtZJo3b</latexit>qi

<latexit sha1_base64="VihglsaGWVupHNt8GOAH0WQPGPE=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHaNryPRi0dI5JHAhswODYzMzm5mZjVkwxd48aAxXv0kb/6NA+xBwUo6qVR1p7sriAXXxnW/ndzK6tr6Rn6zsLW9s7tX3D9o6ChRDOssEpFqBVSj4BLrhhuBrVghDQOBzWB0O/Wbj6g0j+S9Gcfoh3QgeZ8zaqxUe+oWS27ZnYEsEy8jJchQ7Ra/Or2IJSFKwwTVuu25sfFTqgxnAieFTqIxpmxEB9i2VNIQtZ/ODp2QE6v0SD9StqQhM/X3REpDrcdhYDtDaoZ60ZuK/3ntxPSv/ZTLODEo2XxRPxHERGT6NelxhcyIsSWUKW5vJWxIFWXGZlOwIXiLLy+TxlnZuyxf1M5LlZssjjwcwTGcggdXUIE7qEIdGCA8wyu8OQ/Oi/PufMxbc042cwh/4Hz+AOf1jQU=</latexit>w

<latexit sha1_base64="VihglsaGWVupHNt8GOAH0WQPGPE=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHaNryPRi0dI5JHAhswODYzMzm5mZjVkwxd48aAxXv0kb/6NA+xBwUo6qVR1p7sriAXXxnW/ndzK6tr6Rn6zsLW9s7tX3D9o6ChRDOssEpFqBVSj4BLrhhuBrVghDQOBzWB0O/Wbj6g0j+S9Gcfoh3QgeZ8zaqxUe+oWS27ZnYEsEy8jJchQ7Ra/Or2IJSFKwwTVuu25sfFTqgxnAieFTqIxpmxEB9i2VNIQtZ/ODp2QE6v0SD9StqQhM/X3REpDrcdhYDtDaoZ60ZuK/3ntxPSv/ZTLODEo2XxRPxHERGT6NelxhcyIsSWUKW5vJWxIFWXGZlOwIXiLLy+TxlnZuyxf1M5LlZssjjwcwTGcggdXUIE7qEIdGCA8wyu8OQ/Oi/PufMxbc042cwh/4Hz+AOf1jQU=</latexit>w
<latexit sha1_base64="FRdlVU3H2pCqqQu520uRwNNGEyQ=">AAAB6nicbVDJSgNBEK2JW4xb1KOXxiB4CjPidgx68RjRLJAMoadTk7Tp6Rm7e4Qw5BO8eFDEq1/kzb+xsxw08UHB470qquoFieDauO63k1taXlldy68XNja3tneKu3t1HaeKYY3FIlbNgGoUXGLNcCOwmSikUSCwEQyux37jCZXmsbw3wwT9iPYkDzmjxkp3j52HTrHklt0JyCLxZqQEM1Q7xa92N2ZphNIwQbVueW5i/Iwqw5nAUaGdakwoG9AetiyVNELtZ5NTR+TIKl0SxsqWNGSi/p7IaKT1MApsZ0RNX897Y/E/r5Wa8NLPuExSg5JNF4WpICYm479JlytkRgwtoUxxeythfaooMzadgg3Bm395kdRPyt55+ez2tFS5msWRhwM4hGPw4AIqcANVqAGDHjzDK7w5wnlx3p2PaWvOmc3swx84nz9aqo3c</latexit>qj

<latexit sha1_base64="yVAhvpfPCe9UVOQyAOga67nPu2E=">AAAB+3icbVDLSsNAFL3xWesr1qWbwSK4Kon4WhbduKxgH9CEMJlO2rGTSTozKZbQX3HjQhG3/og7/8bpY6GtBy4czrmXe+8JU86Udpxva2V1bX1js7BV3N7Z3du3D0oNlWSS0DpJeCJbIVaUM0HrmmlOW6mkOA45bYb924nfHFKpWCIe9Cilfoy7gkWMYG2kwC4NAoY8kWiPDjI2RIPgMbDLTsWZAi0Td07KMEctsL+8TkKymApNOFaq7Tqp9nMsNSOcjotepmiKSR93adtQgWOq/Hx6+xidGKWDokSaEhpN1d8TOY6VGsWh6Yyx7qlFbyL+57UzHV37ORNppqkgs0VRxpFO0CQI1GGSEs1HhmAimbkVkR6WmGgTV9GE4C6+vEwaZxX3snJxf16u3szjKMARHMMpuHAFVbiDGtSBwBM8wyu8WWPrxXq3PmatK9Z85hD+wPr8Ac9ylE8=</latexit>

qi 6⌘ qj
<latexit sha1_base64="TulKYwm/soEn2hBv8QQgBW3x9d0=">AAAB/3icbVDLSsNAFJ34rPUVFdy4GSyCuCiJ+FoW3bisaB/QxDKZ3rZDJ5MwM1FL7MJfceNCEbf+hjv/xmmbhbYeuHA4517uvSeIOVPacb6tmdm5+YXF3FJ+eWV1bd3e2KyqKJEUKjTikawHRAFnAiqaaQ71WAIJAw61oHcx9Gt3IBWLxI3ux+CHpCNYm1GijdS0tz14MFsUvsceE9i7Zp2Q3B407YJTdEbA08TNSAFlKDftL68V0SQEoSknSjVcJ9Z+SqRmlMMg7yUKYkJ7pAMNQwUJQfnp6P4B3jNKC7cjaUpoPFJ/T6QkVKofBqYzJLqrJr2h+J/XSHT7zE+ZiBMNgo4XtROOdYSHYeAWk0A17xtCqGTmVky7RBKqTWR5E4I7+fI0qR4W3ZPi8dVRoXSexZFDO2gX7SMXnaISukRlVEEUPaJn9IrerCfrxXq3PsatM1Y2s4X+wPr8AfNjlWw=</latexit>9w 2 ⌃⇤
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Distinguishable States ( ̸≡ )
We can inductively test qi is distinguishable with qj (i.e., qi ̸≡ qj):

• (Basis Case) w = ϵ
<latexit sha1_base64="kz6cftJW6WyH1OhfBe5j4njC+Io=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PQi8eI5gHJEmYnvcmQ2dl1ZlYISz7BiwdFvPpF3vwbJ8keNFrQUFR1090VJIJr47pfTmFpeWV1rbhe2tjc2t4p7+41dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6nvqtR1Sax/LejBP0IzqQPOSMGivdPfR4r1xxq+4M5C/xclKBHPVe+bPbj1kaoTRMUK07npsYP6PKcCZwUuqmGhPKRnSAHUsljVD72ezUCTmySp+EsbIlDZmpPycyGmk9jgLbGVEz1IveVPzP66QmvPQzLpPUoGTzRWEqiInJ9G/S5wqZEWNLKFPc3krYkCrKjE2nZEPwFl/+S5onVe+8enZ7Wqld5XEU4QAO4Rg8uIAa3EAdGsBgAE/wAq+OcJ6dN+d93lpw8pl9+AXn4xtZJo3b</latexit>qi

<latexit sha1_base64="FRdlVU3H2pCqqQu520uRwNNGEyQ=">AAAB6nicbVDJSgNBEK2JW4xb1KOXxiB4CjPidgx68RjRLJAMoadTk7Tp6Rm7e4Qw5BO8eFDEq1/kzb+xsxw08UHB470qquoFieDauO63k1taXlldy68XNja3tneKu3t1HaeKYY3FIlbNgGoUXGLNcCOwmSikUSCwEQyux37jCZXmsbw3wwT9iPYkDzmjxkp3j52HTrHklt0JyCLxZqQEM1Q7xa92N2ZphNIwQbVueW5i/Iwqw5nAUaGdakwoG9AetiyVNELtZ5NTR+TIKl0SxsqWNGSi/p7IaKT1MApsZ0RNX897Y/E/r5Wa8NLPuExSg5JNF4WpICYm479JlytkRgwtoUxxeythfaooMzadgg3Bm395kdRPyt55+ez2tFS5msWRhwM4hGPw4AIqcANVqAGDHjzDK7w5wnlx3p2PaWvOmc3swx84nz9aqo3c</latexit>qj

<latexit sha1_base64="yDBEN1Bw23xIIxqLNFKqANaNyAo=">AAAB7nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PQi8cI5gHJEmYnvcmQ2dllZjYQlnyEFw+KePV7vPk3TpI9aGJBQ1HVTXdXkAiujet+O4W19Y3NreJ2aWd3b/+gfHjU1HGqGDZYLGLVDqhGwSU2DDcC24lCGgUCW8Hofua3xqg0j+WTmSToR3QgecgZNVZqdQM+GCP2yhW36s5BVomXkwrkqPfKX91+zNIIpWGCat3x3MT4GVWGM4HTUjfVmFA2ogPsWCpphNrP5udOyZlV+iSMlS1pyFz9PZHRSOtJFNjOiJqhXvZm4n9eJzXhrZ9xmaQGJVssClNBTExmv5M+V8iMmFhCmeL2VsKGVFFmbEIlG4K3/PIqaV5Uvevq1eNlpXaXx1GEEziFc/DgBmrwAHVoAIMRPMMrvDmJ8+K8Ox+L1oKTzxzDHzifP1nOj5g=</latexit>_
<latexit sha1_base64="kz6cftJW6WyH1OhfBe5j4njC+Io=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PQi8eI5gHJEmYnvcmQ2dl1ZlYISz7BiwdFvPpF3vwbJ8keNFrQUFR1090VJIJr47pfTmFpeWV1rbhe2tjc2t4p7+41dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6nvqtR1Sax/LejBP0IzqQPOSMGivdPfR4r1xxq+4M5C/xclKBHPVe+bPbj1kaoTRMUK07npsYP6PKcCZwUuqmGhPKRnSAHUsljVD72ezUCTmySp+EsbIlDZmpPycyGmk9jgLbGVEz1IveVPzP66QmvPQzLpPUoGTzRWEqiInJ9G/S5wqZEWNLKFPc3krYkCrKjE2nZEPwFl/+S5onVe+8enZ7Wqld5XEU4QAO4Rg8uIAa3EAdGsBgAE/wAq+OcJ6dN+d93lpw8pl9+AXn4xtZJo3b</latexit>qi

<latexit sha1_base64="FRdlVU3H2pCqqQu520uRwNNGEyQ=">AAAB6nicbVDJSgNBEK2JW4xb1KOXxiB4CjPidgx68RjRLJAMoadTk7Tp6Rm7e4Qw5BO8eFDEq1/kzb+xsxw08UHB470qquoFieDauO63k1taXlldy68XNja3tneKu3t1HaeKYY3FIlbNgGoUXGLNcCOwmSikUSCwEQyux37jCZXmsbw3wwT9iPYkDzmjxkp3j52HTrHklt0JyCLxZqQEM1Q7xa92N2ZphNIwQbVueW5i/Iwqw5nAUaGdakwoG9AetiyVNELtZ5NTR+TIKl0SxsqWNGSi/p7IaKT1MApsZ0RNX897Y/E/r5Wa8NLPuExSg5JNF4WpICYm479JlytkRgwtoUxxeythfaooMzadgg3Bm395kdRPyt55+ez2tFS5msWRhwM4hGPw4AIqcANVqAGDHjzDK7w5wnlx3p2PaWvOmc3swx84nz9aqo3c</latexit>qj
<latexit sha1_base64="3xZC4IlDaGDOKiPzqaxlZBTKUac=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBA8hV3xdQx68RjBPCBZwuxsbzJmdnaZmVVCyD948aCIV//Hm3/jJNmDJhY0FFXddHcFqeDauO63s7S8srq2Xtgobm5t7+yW9vYbOskUwzpLRKJaAdUouMS64UZgK1VI40BgMxjcTPzmIyrNE3lvhin6Me1JHnFGjZUanScMe9gtld2KOwVZJF5OypCj1i19dcKEZTFKwwTVuu25qfFHVBnOBI6LnUxjStmA9rBtqaQxan80vXZMjq0SkihRtqQhU/X3xIjGWg/jwHbG1PT1vDcR//PamYmu/BGXaWZQstmiKBPEJGTyOgm5QmbE0BLKFLe3EtanijJjAyraELz5lxdJ47TiXVTO787K1es8jgIcwhGcgAeXUIVbqEEdGDzAM7zCm5M4L8678zFrXXLymQP4A+fzB5gDjyg=</latexit>^ <latexit sha1_base64="3xZC4IlDaGDOKiPzqaxlZBTKUac=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBA8hV3xdQx68RjBPCBZwuxsbzJmdnaZmVVCyD948aCIV//Hm3/jJNmDJhY0FFXddHcFqeDauO63s7S8srq2Xtgobm5t7+yW9vYbOskUwzpLRKJaAdUouMS64UZgK1VI40BgMxjcTPzmIyrNE3lvhin6Me1JHnFGjZUanScMe9gtld2KOwVZJF5OypCj1i19dcKEZTFKwwTVuu25qfFHVBnOBI6LnUxjStmA9rBtqaQxan80vXZMjq0SkihRtqQhU/X3xIjGWg/jwHbG1PT1vDcR//PamYmu/BGXaWZQstmiKBPEJGTyOgm5QmbE0BLKFLe3EtanijJjAyraELz5lxdJ47TiXVTO787K1es8jgIcwhGcgAeXUIVbqEEdGDzAM7zCm5M4L8678zFrXXLymQP4A+fzB5gDjyg=</latexit>^

( δ∗(qi , ϵ) ∈ F ⇐⇒ δ∗(qj , ϵ) ̸∈ F )

⇐⇒ ( qi ∈ F ⇐⇒ qj ̸∈ F )

• (Induction Case) w = ax

∃a ∈ Σ. ∃x ∈ Σ∗. <latexit sha1_base64="KWzY2bLzO31lK/gWLvxnXW12sCk=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV3xdQx68ZiAeUCyhNlJbzJmdnaZmRXCki/w4kERr36SN//GSbIHTSxoKKq66e4KEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6m/qtJ1Sax/LBjBP0IzqQPOSMGivVaa9UdivuDGSZeDkpQ45ar/TV7ccsjVAaJqjWHc9NjJ9RZTgTOCl2U40JZSM6wI6lkkao/Wx26IScWqVPwljZkobM1N8TGY20HkeB7YyoGepFbyr+53VSE974GZdJalCy+aIwFcTEZPo16XOFzIixJZQpbm8lbEgVZcZmU7QheIsvL5PmecW7qlzWL8rV2zyOAhzDCZyBB9dQhXuoQQMYIDzDK7w5j86L8+58zFtXnHzmCP7A+fwBxp2M7w==</latexit>a

<latexit sha1_base64="yDBEN1Bw23xIIxqLNFKqANaNyAo=">AAAB7nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PQi8cI5gHJEmYnvcmQ2dllZjYQlnyEFw+KePV7vPk3TpI9aGJBQ1HVTXdXkAiujet+O4W19Y3NreJ2aWd3b/+gfHjU1HGqGDZYLGLVDqhGwSU2DDcC24lCGgUCW8Hofua3xqg0j+WTmSToR3QgecgZNVZqdQM+GCP2yhW36s5BVomXkwrkqPfKX91+zNIIpWGCat3x3MT4GVWGM4HTUjfVmFA2ogPsWCpphNrP5udOyZlV+iSMlS1pyFz9PZHRSOtJFNjOiJqhXvZm4n9eJzXhrZ9xmaQGJVssClNBTExmv5M+V8iMmFhCmeL2VsKGVFFmbEIlG4K3/PIqaV5Uvevq1eNlpXaXx1GEEziFc/DgBmrwAHVoAIMRPMMrvDmJ8+K8Ox+L1oKTzxzDHzifP1nOj5g=</latexit>_
<latexit sha1_base64="KWzY2bLzO31lK/gWLvxnXW12sCk=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV3xdQx68ZiAeUCyhNlJbzJmdnaZmRXCki/w4kERr36SN//GSbIHTSxoKKq66e4KEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6m/qtJ1Sax/LBjBP0IzqQPOSMGivVaa9UdivuDGSZeDkpQ45ar/TV7ccsjVAaJqjWHc9NjJ9RZTgTOCl2U40JZSM6wI6lkkao/Wx26IScWqVPwljZkobM1N8TGY20HkeB7YyoGepFbyr+53VSE974GZdJalCy+aIwFcTEZPo16XOFzIixJZQpbm8lbEgVZcZmU7QheIsvL5PmecW7qlzWL8rV2zyOAhzDCZyBB9dQhXuoQQMYIDzDK7w5j86L8+58zFtXnHzmCP7A+fwBxp2M7w==</latexit>a

<latexit sha1_base64="kz6cftJW6WyH1OhfBe5j4njC+Io=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PQi8eI5gHJEmYnvcmQ2dl1ZlYISz7BiwdFvPpF3vwbJ8keNFrQUFR1090VJIJr47pfTmFpeWV1rbhe2tjc2t4p7+41dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6nvqtR1Sax/LejBP0IzqQPOSMGivdPfR4r1xxq+4M5C/xclKBHPVe+bPbj1kaoTRMUK07npsYP6PKcCZwUuqmGhPKRnSAHUsljVD72ezUCTmySp+EsbIlDZmpPycyGmk9jgLbGVEz1IveVPzP66QmvPQzLpPUoGTzRWEqiInJ9G/S5wqZEWNLKFPc3krYkCrKjE2nZEPwFl/+S5onVe+8enZ7Wqld5XEU4QAO4Rg8uIAa3EAdGsBgAE/wAq+OcJ6dN+d93lpw8pl9+AXn4xtZJo3b</latexit>qi

<latexit sha1_base64="FRdlVU3H2pCqqQu520uRwNNGEyQ=">AAAB6nicbVDJSgNBEK2JW4xb1KOXxiB4CjPidgx68RjRLJAMoadTk7Tp6Rm7e4Qw5BO8eFDEq1/kzb+xsxw08UHB470qquoFieDauO63k1taXlldy68XNja3tneKu3t1HaeKYY3FIlbNgGoUXGLNcCOwmSikUSCwEQyux37jCZXmsbw3wwT9iPYkDzmjxkp3j52HTrHklt0JyCLxZqQEM1Q7xa92N2ZphNIwQbVueW5i/Iwqw5nAUaGdakwoG9AetiyVNELtZ5NTR+TIKl0SxsqWNGSi/p7IaKT1MApsZ0RNX897Y/E/r5Wa8NLPuExSg5JNF4WpICYm479JlytkRgwtoUxxeythfaooMzadgg3Bm395kdRPyt55+ez2tFS5msWRhwM4hGPw4AIqcANVqAGDHjzDK7w5wnlx3p2PaWvOmc3swx84nz9aqo3c</latexit>qj

<latexit sha1_base64="KWzY2bLzO31lK/gWLvxnXW12sCk=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV3xdQx68ZiAeUCyhNlJbzJmdnaZmRXCki/w4kERr36SN//GSbIHTSxoKKq66e4KEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6m/qtJ1Sax/LBjBP0IzqQPOSMGivVaa9UdivuDGSZeDkpQ45ar/TV7ccsjVAaJqjWHc9NjJ9RZTgTOCl2U40JZSM6wI6lkkao/Wx26IScWqVPwljZkobM1N8TGY20HkeB7YyoGepFbyr+53VSE974GZdJalCy+aIwFcTEZPo16XOFzIixJZQpbm8lbEgVZcZmU7QheIsvL5PmecW7qlzWL8rV2zyOAhzDCZyBB9dQhXuoQQMYIDzDK7w5j86L8+58zFtXnHzmCP7A+fwBxp2M7w==</latexit>a

<latexit sha1_base64="KWzY2bLzO31lK/gWLvxnXW12sCk=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV3xdQx68ZiAeUCyhNlJbzJmdnaZmRXCki/w4kERr36SN//GSbIHTSxoKKq66e4KEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6m/qtJ1Sax/LBjBP0IzqQPOSMGivVaa9UdivuDGSZeDkpQ45ar/TV7ccsjVAaJqjWHc9NjJ9RZTgTOCl2U40JZSM6wI6lkkao/Wx26IScWqVPwljZkobM1N8TGY20HkeB7YyoGepFbyr+53VSE974GZdJalCy+aIwFcTEZPo16XOFzIixJZQpbm8lbEgVZcZmU7QheIsvL5PmecW7qlzWL8rV2zyOAhzDCZyBB9dQhXuoQQMYIDzDK7w5j86L8+58zFtXnHzmCP7A+fwBxp2M7w==</latexit>a
<latexit sha1_base64="kz6cftJW6WyH1OhfBe5j4njC+Io=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PQi8eI5gHJEmYnvcmQ2dl1ZlYISz7BiwdFvPpF3vwbJ8keNFrQUFR1090VJIJr47pfTmFpeWV1rbhe2tjc2t4p7+41dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6nvqtR1Sax/LejBP0IzqQPOSMGivdPfR4r1xxq+4M5C/xclKBHPVe+bPbj1kaoTRMUK07npsYP6PKcCZwUuqmGhPKRnSAHUsljVD72ezUCTmySp+EsbIlDZmpPycyGmk9jgLbGVEz1IveVPzP66QmvPQzLpPUoGTzRWEqiInJ9G/S5wqZEWNLKFPc3krYkCrKjE2nZEPwFl/+S5onVe+8enZ7Wqld5XEU4QAO4Rg8uIAa3EAdGsBgAE/wAq+OcJ6dN+d93lpw8pl9+AXn4xtZJo3b</latexit>qi

<latexit sha1_base64="FRdlVU3H2pCqqQu520uRwNNGEyQ=">AAAB6nicbVDJSgNBEK2JW4xb1KOXxiB4CjPidgx68RjRLJAMoadTk7Tp6Rm7e4Qw5BO8eFDEq1/kzb+xsxw08UHB470qquoFieDauO63k1taXlldy68XNja3tneKu3t1HaeKYY3FIlbNgGoUXGLNcCOwmSikUSCwEQyux37jCZXmsbw3wwT9iPYkDzmjxkp3j52HTrHklt0JyCLxZqQEM1Q7xa92N2ZphNIwQbVueW5i/Iwqw5nAUaGdakwoG9AetiyVNELtZ5NTR+TIKl0SxsqWNGSi/p7IaKT1MApsZ0RNX897Y/E/r5Wa8NLPuExSg5JNF4WpICYm479JlytkRgwtoUxxeythfaooMzadgg3Bm395kdRPyt55+ez2tFS5msWRhwM4hGPw4AIqcANVqAGDHjzDK7w5wnlx3p2PaWvOmc3swx84nz9aqo3c</latexit>qj

<latexit sha1_base64="RgNa1SfyIQg8ylvvOhnDEvB7jB8=">AAACGHicbVDLSsNAFJ3UV62vqEs3g0UQFzERX+Cm6MZlRfuAJpbJdNIOnUzCzERaQj/Djb/ixoUibrvzb5y2EWrrgQuHc+7l3nv8mFGpbPvbyC0sLi2v5FcLa+sbm1vm9k5VRonApIIjFom6jyRhlJOKooqReiwICn1Gan73ZuTXnoiQNOIPqh8TL0RtTgOKkdJS0zx2SU9vkRBBl3Lo3tN2iCzoXsFfozdlPB41zaJt2WPAeeJkpAgylJvm0G1FOAkJV5ghKRuOHSsvRUJRzMig4CaSxAh3UZs0NOUoJNJLx48N4IFWWjCIhC6u4FidnkhRKGU/9HVniFRHznoj8T+vkajg0kspjxNFOJ4sChIGVQRHKcEWFQQr1tcEYUH1rRB3kEBY6SwLOgRn9uV5Uj2xnHPr7O60WLrO4siDPbAPDoEDLkAJ3IIyqAAMnsEreAcfxovxZnwaX5PWnJHN7II/MIY/P9CeqQ==</latexit>9a 2 ⌃. 9x 2 ⌃⇤

<latexit sha1_base64="ZwKkaJcdU3hHlnhMyVD4tdz55QM=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHaNryPRi0dI5JHAhswODYzMzm5mZo1kwxd48aAxXv0kb/6NA+xBwUo6qVR1p7sriAXXxnW/ndzK6tr6Rn6zsLW9s7tX3D9o6ChRDOssEpFqBVSj4BLrhhuBrVghDQOBzWB0O/Wbj6g0j+S9Gcfoh3QgeZ8zaqxUe+oWS27ZnYEsEy8jJchQ7Ra/Or2IJSFKwwTVuu25sfFTqgxnAieFTqIxpmxEB9i2VNIQtZ/ODp2QE6v0SD9StqQhM/X3REpDrcdhYDtDaoZ60ZuK/3ntxPSv/ZTLODEo2XxRPxHERGT6NelxhcyIsSWUKW5vJWxIFWXGZlOwIXiLLy+TxlnZuyxf1M5LlZssjjwcwTGcggdXUIE7qEIdGCA8wyu8OQ/Oi/PufMxbc042cwh/4Hz+AOl5jQY=</latexit>x <latexit sha1_base64="ZwKkaJcdU3hHlnhMyVD4tdz55QM=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHaNryPRi0dI5JHAhswODYzMzm5mZo1kwxd48aAxXv0kb/6NA+xBwUo6qVR1p7sriAXXxnW/ndzK6tr6Rn6zsLW9s7tX3D9o6ChRDOssEpFqBVSj4BLrhhuBrVghDQOBzWB0O/Wbj6g0j+S9Gcfoh3QgeZ8zaqxUe+oWS27ZnYEsEy8jJchQ7Ra/Or2IJSFKwwTVuu25sfFTqgxnAieFTqIxpmxEB9i2VNIQtZ/ODp2QE6v0SD9StqQhM/X3REpDrcdhYDtDaoZ60ZuK/3ntxPSv/ZTLODEo2XxRPxHERGT6NelxhcyIsSWUKW5vJWxIFWXGZlOwIXiLLy+TxlnZuyxf1M5LlZssjjwcwTGcggdXUIE7qEIdGCA8wyu8OQ/Oi/PufMxbc042cwh/4Hz+AOl5jQY=</latexit>x

<latexit sha1_base64="ZwKkaJcdU3hHlnhMyVD4tdz55QM=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHaNryPRi0dI5JHAhswODYzMzm5mZo1kwxd48aAxXv0kb/6NA+xBwUo6qVR1p7sriAXXxnW/ndzK6tr6Rn6zsLW9s7tX3D9o6ChRDOssEpFqBVSj4BLrhhuBrVghDQOBzWB0O/Wbj6g0j+S9Gcfoh3QgeZ8zaqxUe+oWS27ZnYEsEy8jJchQ7Ra/Or2IJSFKwwTVuu25sfFTqgxnAieFTqIxpmxEB9i2VNIQtZ/ODp2QE6v0SD9StqQhM/X3REpDrcdhYDtDaoZ60ZuK/3ntxPSv/ZTLODEo2XxRPxHERGT6NelxhcyIsSWUKW5vJWxIFWXGZlOwIXiLLy+TxlnZuyxf1M5LlZssjjwcwTGcggdXUIE7qEIdGCA8wyu8OQ/Oi/PufMxbc042cwh/4Hz+AOl5jQY=</latexit>x <latexit sha1_base64="ZwKkaJcdU3hHlnhMyVD4tdz55QM=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHaNryPRi0dI5JHAhswODYzMzm5mZo1kwxd48aAxXv0kb/6NA+xBwUo6qVR1p7sriAXXxnW/ndzK6tr6Rn6zsLW9s7tX3D9o6ChRDOssEpFqBVSj4BLrhhuBrVghDQOBzWB0O/Wbj6g0j+S9Gcfoh3QgeZ8zaqxUe+oWS27ZnYEsEy8jJchQ7Ra/Or2IJSFKwwTVuu25sfFTqgxnAieFTqIxpmxEB9i2VNIQtZ/ODp2QE6v0SD9StqQhM/X3REpDrcdhYDtDaoZ60ZuK/3ntxPSv/ZTLODEo2XxRPxHERGT6NelxhcyIsSWUKW5vJWxIFWXGZlOwIXiLLy+TxlnZuyxf1M5LlZssjjwcwTGcggdXUIE7qEIdGCA8wyu8OQ/Oi/PufMxbc042cwh/4Hz+AOl5jQY=</latexit>x

∃a ∈ Σ. ∃x ∈ Σ∗. ( δ∗(qi , ax) ∈ F ⇐⇒ δ∗(qj , ax) ̸∈ F )

⇐⇒ ∃a ∈ Σ. ∃x ∈ Σ∗. ( δ∗(δ(qi , a), x) ∈ F ⇐⇒ δ∗(δ(qj , a), x) ̸∈ F )

⇐⇒ ∃a ∈ Σ. δ(qi , a) ̸≡ δ(qj , a)
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Distinguishable States ( ̸≡ )

Definition (Distinguishable States ( ̸≡ ))
For a given DFA D, qi is distinguishable with qj (i.e., qi ̸≡ qj) iff

• (Basis Case) qi ∈ F ⇐⇒ qj ̸∈ F .
• (Induction Case) ∃a ∈ Σ. δ(qi , a) ̸≡ δ(qj , a).

q0start q1 q2

q3 q4 q5

a

b

a

b a, b

a
b

a
b

a

b

q2 ̸≡ q4
(∵ q2 ∈ F ∧ q4 ̸∈ F )

q1 ̸≡ q3
(∵ δ(q1, a) = q2 ̸≡ q4 = δ(q3, a)))

q0 ̸≡ q4
(∵ δ(q0, b) = q3 ̸≡ q1 = δ(q4, b)))
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Table-Filling Algorithm

q0start q1 q2

q3 q4 q5

a

b

a

b a, b

a
b

a
b

a

b

q a b
→ q0 q1 q3

q1 q2 q1
∗q2 q2 q2
q3 q4 q3
q4 q2 q1
q5 q4 q2

(Basis case) w = ϵ.
qi ∈ F ⇐⇒ qj ̸∈ F

(Induction case) w = ax .
∃a ∈ Σ. δ(qi , a) ̸≡ δ(qj , a)

q1
q2
q3
q4
q5

q0 q1 q2 q3 q4
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Table-Filling Algorithm

q0start q1 q2

q3 q4 q5

a

b

a

b a, b

a
b

a
b

a

b

q a b
→ q0 q1 q3

q1 q2 q1
∗q2 q2 q2
q3 q4 q3
q4 q2 q1
q5 q4 q2

(Basis case) w = ϵ.
qi ∈ F ⇐⇒ qj ̸∈ F

(Induction case) w = ax .
∃a ∈ Σ. δ(qi , a) ̸≡ δ(qj , a)

q1
q2 x x
q3 x
q4 x
q5 x

q0 q1 q2 q3 q4
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Table-Filling Algorithm

q0start q1 q2

q3 q4 q5

a

b

a

b a, b

a
b

a
b

a

b

q a b
→ q0 q1 q3

q1 q2 q1
∗q2 q2 q2
q3 q4 q3
q4 q2 q1
q5 q4 q2

(Basis case) w = ϵ.
qi ∈ F ⇐⇒ qj ̸∈ F

(Induction case) w = ax .
∃a ∈ Σ. δ(qi , a) ̸≡ δ(qj , a)

q1 x
q2 x x
q3 x x
q4 x x x
q5 x x x x x

q0 q1 q2 q3 q4

q0 ≡ q3 ∧ q1 ≡ q4
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Equivalence of Finite Automata

Theorem (Equivalence of Finite Automata)
Consider two DFA D = (Q, Σ, δ, q0, F ) and D′ = (Q′, Σ, δ′, q′

0, F ′). Then,

L(D) = L(D′) ⇐⇒ q0 ≡ q′
0

in a DFA D′′ = (Q ⊎ Q′, Σ, δ′′, q0, F ⊎ F ′) where

∀q′′ ∈ Q ⊎ Q′. δ′′(q, a) =
{

δ(q′′, a) q′′ ∈ Q
δ′(q′′, a) q′′ ∈ Q′

Proof) By the definition of equivalence of states, we have

L(D) = L(D′)
⇐⇒ ∀w ∈ Σ∗. (D accepts w ⇐⇒ D′ accepts w)
⇐⇒ ∀w ∈ Σ∗. (δ∗(q0, w) ∈ F ⇐⇒ δ′∗(q′

0, w) ∈ F ′)
⇐⇒ ∀w ∈ Σ∗. (δ′′∗(q0, w) ∈ F ∪ F ′ ⇐⇒ δ′′∗(q′

0, w) ∈ F ∪ F ′)
⇐⇒ q0 ≡ q′

0 in D′′
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Equivalence of Finite Automata – Example 1
Let’s test the equivalence of D0 and D1:

D0 =
q0start q1

a

b

a

b

D1 =
q2start q3

q4

a

b

a

ba

b

Let’s perform the table-filling algorithm:

q1 x
q2 x
q3 x
q4 x x x

q0 q1 q2 q3

• q0 ≡ q2 ≡ q3
• q1 ≡ q4

q0 ≡ q2 =⇒ L(D0) = L(D1) = {wb | w ∈ {a, b}∗}
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Equivalence of Finite Automata – Example 2
Let’s test the equivalence of D2 and D3:

D2 =
q0start q1 q2

q3 q4 q5

a

b

a

b a, b

a
b

a
b

a

b

D3 =
q6start q7 q8

a

b a

b a, b

Let’s perform the table-filling algorithm:

q1 x
q2 x x
q3 x x
q4 x x x
q5 x x x x x
q6 x x x x x x
q7 x x x x x
q8 x x x x x x x

q0 q1 q2 q3 q4 q5 q6 q7

• q0 ≡ q3
• q1 ≡ q4 ≡ q7
• q2 ≡ q8
• q5
• q6

q0 ̸≡ q6 =⇒ L(D2) ̸= L(D3) (∵ ba ̸∈ L(D2) but ba ∈ L(D3))
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Minimization of Finite Automata
Is it possible to minimize a DFA?

q0start q1

q2

a

b

a

ba

b

q0start q1

a

b

a

b

Yes, let’s utilize equivalence classes Q/≡ of states defined with ≡.

Note that ≡ is an equivalence relation:
• reflexive: ∀q ∈ Q. q ≡ q
• symmetric: ∀q, q′ ∈ Q. q ≡ q′ ⇔ q′ ≡ q
• transitive: ∀q, q′, q′′ ∈ Q. q ≡ q′ ∧ q′ ≡ q′′ ⇔ q ≡ q′′
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Minimization Algorithm
For a given DFA D = (Q, σ, δ, q0, F ), the minimization algorithm is:

1 Remove all unreachable states from the initial state q0.
2 Partition the remaining states into equivalence classes:

Q/≡ = {[q]≡ | q ∈ Q}

where the equivalence class of a state q is defined as:

[q]≡ = {q′ ∈ Q | q ≡ q′}

3 Construct a new DFA D/≡ = (Q/≡, Σ, δ/≡, [q0]≡, F/≡) where
• δ/≡ : Q/≡ × Σ → Q/≡ is defined by:

∀q ∈ Q. ∀a ∈ Σ. δ/≡([q]≡, a) = [δ(q, a)]≡

(We can prove ∀q′, q′′ ∈ [q]≡. ∀a ∈ Σ. [δ≡(q′, a)]≡ = [δ≡(q′′, a)]≡.)
• F/≡ = {[q]≡ | q ∈ F}
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Minimization Algorithm - Example 1

q0start q1

q2

a

b

a

ba

b

1 Remove unreachable states

q0start q1

q2

a

b

a

ba

b

2 Partition the states into Q/≡

Q/≡ = {
{q0, q1}, (∵ q0 ≡ q1)
{q2},

}

3 Construct a new DFA D/≡

q0, q1start q2

a

b

a

b
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Minimization Algorithm - Example 2

q0start q1 q2

q3 q4 q5

a

b

a

b a, b

a
b

a
b

a

b

1 Remove unreachable states

q0start q1 q2

q3 q4

a

b

a

b a, b

a
b

a
b

2 Partition the states into Q/≡

Q/≡ = {
{q0, q3}, (∵ q0 ≡ q3)
{q1, q4}, (∵ q1 ≡ q4)
{q2},

}

3 Construct a new DFA D/≡

q0, q3start q1, q4 q2
a

b

a

b a, b
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Proof of Minimum-State DFA

Theorem (Minimum-State DFA)
For a given DFA D = (Q, Σ, δ, q0, F ), its minimized DFA
D/≡ = (Q/≡, Σ, δ/≡, [q0]≡, F/≡) is a minimum-state DFA of D.

(i.e., ∄ DFA D′ = (Q′, Σ, δ′, q′
0, F ′). s.t. L(D′) = L(D) ∧ |Q′| < |Q/≡|).

• Assume that ∃ DFA D′. Then, m < n when m = |Q′| and n = |Q/≡|.

• For any state q ∈ Q/≡, we can find a state q′ ∈ Q′ such that q ≡ q′.

(We will prove it as a lemma in the next slide.)

• By Pigeonhole Principle, ∃qi ̸= qj ∈ Q/≡. ∃q′ ∈ Q′. qi ≡ q′ ∧ qj ≡ q′.

• It means that qi ≡ qj . However, it contradicts that Q/≡ is partitioned
into equivalence classes of states.
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Proof of Minimum-State DFA – Lemma

Lemma
Consider a given DFA D = (Q, Σ, δ, q0, F ). Then, let

• D/≡ = (Q/≡, Σ, δ/≡, [q0]≡, F/≡) be its minimized DFA
• D′ = (Q′, Σ, δ′, q′

0, F ′) be another DFA such that L(D) = L(D′)
Then, for any state q ∈ Q/≡, we can find a state q′ ∈ Q′ such that q ≡ q′.

For all q ∈ Q/≡. ∃w = a1 · · · ak . s.t. δ/≡(q0, w) = q. (∵ q is reachable.)

Let q′ = δ′(q′
0, w).

Then, δ′∗(q′
0, a1 · · · ai) ≡ δ/≡

∗(q0, a1 · · · ai) for all 0 ≤ i ≤ k.
• (Basis Case) δ′∗(q′

0, ϵ) = q′
0 ≡ q0 = δ/≡

∗(q0, ϵ) (∵ L(D′) = L(D/≡))
• (Induction Case) Assume δ′∗(q′

0, a1 · · · ai) ̸≡ δ/≡
∗(q0, a1 · · · ai).

Then, by the definition of distinguishable states,
δ′∗(q′

0, a1 · · · ai−1) ̸≡ δ/≡
∗(q0, a1 · · · ai−1).

But, it contradicts the induction hypothesis.
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Exercise #3
• Please see this document for the exercise.

https://github.com/ku-plrg-classroom/docs/tree/main/cose215/dfa-eq-min

• Please implement the following functions in Implementation.scala.

• nonEqPairs for the table-filling algorithm.

• isEqual for the equivalence of DFAs.

• minimize for the minimization of DFAs.

• It is just an exercise, and you don’t need to submit anything.
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