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Recall
• A pushdown automaton (PDA) is an extension of ϵ-NFA with a

stack. Thus, PDA is non-deterministic.
• Acceptance by final states
• Acceptance by empty stacks

• Then, how about deterministic PDA (DPDA)?
• What is the language class of DPDA? Still, CFL?
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CFL
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CFG

<latexit sha1_base64="Nb0tZ5iL7Lq/dGOvgncbKwaTCP0=">AAAB/XicbZDJSgNBEIZ7XGPcxuXmpTEInsKMuB3jgniMaBZIhqGn05M06VnorhHjMPgqXjwo4tX38Obb2EnmoIk/NHz8VUVV/14suALL+jZmZufmFxYLS8XlldW1dXNjs66iRFJWo5GIZNMjigkeshpwEKwZS0YCT7CG178Y1hv3TCoehXcwiJkTkG7IfU4JaMs1t9vAHiCtXp5l7hivbjPXLFllayQ8DXYOJZSr6ppf7U5Ek4CFQAVRqmVbMTgpkcCpYFmxnSgWE9onXdbSGJKAKScdXZ/hPe10sB9J/ULAI/f3REoCpQaBpzsDAj01WRua/9VaCfinTsrDOAEW0vEiPxEYIjyMAne4ZBTEQAOhkutbMe0RSSjowIo6BHvyy9NQPyjbx+Wjm8NS5TyPo4B20C7aRzY6QRV0jaqohih6RM/oFb0ZT8aL8W58jFtnjHxmC/2R8fkD1WWVfA==</latexit>

PDAFS

(by final states) 

<latexit sha1_base64="eXj1CxNou8ujGQbQWdPUYw4QrGM=">AAAB/XicbZDJSgNBEIZ7XGPcxuXmpTEInsKMuB3jBh4jmgWSYejp9CRNeha6a8Q4DL6KFw+KePU9vPk2dpI5aOIPDR9/VVHVvxcLrsCyvo2Z2bn5hcXCUnF5ZXVt3dzYrKsokZTVaCQi2fSIYoKHrAYcBGvGkpHAE6zh9S+G9cY9k4pH4R0MYuYEpBtyn1MC2nLN7TawB0irl2eZO8ar28w1S1bZGglPg51DCeWquuZXuxPRJGAhUEGUatlWDE5KJHAqWFZsJ4rFhPZJl7U0hiRgyklH12d4Tzsd7EdSvxDwyP09kZJAqUHg6c6AQE9N1obmf7VWAv6pk/IwToCFdLzITwSGCA+jwB0uGQUx0ECo5PpWTHtEEgo6sKIOwZ788jTUD8r2cfno5rBUOc/jKKAdtIv2kY1OUAVdoyqqIYoe0TN6RW/Gk/FivBsf49YZI5/ZQn9kfP4A09+Vew==</latexit>

PDAES

(by empty stacks) 

=
=
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Definition of Deterministic Pushdown Automata

Definition (Deterministic Pushdown Automata (DPDA))
A deterministic pushdown automaton (DPDA) is a pushdown
automaton having at most one one-step move (⊢) from any configuration.

We can check it with the following conditions:
1 |δ(q, a, X )| ≤ 1 for all q ∈ Q, a ∈ Σ ∪ {ϵ}, and X ∈ Γ.
2 If δ(q, ϵ, X ) ̸= ∅, then δ(q, a, X ) = ∅ for all a ∈ Σ.

For example, is the following PDA deterministic?

q0start [Z ] q1 q2

a [Z → XZ ]
a [X → XX ]

ϵ [Z → Z ]
ϵ [X → X ]

b [X → ϵ]

ϵ [Z → Z ]

No, because it has multiple transitions for (q0, a, Z ).
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Definition of Deterministic Pushdown Automata

Definition (Deterministic Pushdown Automata (DPDA))
A deterministic pushdown automaton (DPDA) is a pushdown
automaton having at most one one-step move (⊢) from any configuration.

We can check it with the following conditions:
1 |δ(q, a, X )| ≤ 1 for all q ∈ Q, a ∈ Σ ∪ {ϵ}, and X ∈ Γ.
2 If δ(q, ϵ, X ) ̸= ∅, then δ(q, a, X ) = ∅ for all a ∈ Σ.

However, the following PDA is deterministic:

q0start [Z ] q1

q2

a [Z → XZ ]

a [X → XX ]

b [X → ϵ]

b [X → ϵ]
ϵ [Z → ϵ]

(q0, aabb, Z ) ⊢ (q1, abb, XZ )
⊢ (q1, bb, XXZ )
⊢ (q2, b, XZ )
⊢ (q2, ϵ, Z )
⊢ (q0, ϵ, ϵ)
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Deterministic Context-Free Languages (DCFLs)

Definition (Deterministic Context-Free Languages (DCFLs))
A language L is a deterministic context-free language (DCFL) if and
only if there exists a DPDA P such that L = LF (P) where LF (P) is the
language accepted by final states of P.

For example, the following language is a DCFL:

L = {anbn | n ≥ 0}

because it is accepted by final states of the following DPDA:

q0start [Z ] q1

q2

a [Z → XZ ]

a [X → XX ]

b [X → ϵ]

b [X → ϵ]
ϵ [Z → ϵ]
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Fact 1: DCFL ⊊ CFL

Fact 1: DCFL ⊊ CFL
1 All DCFLs are CFLs BUT 2 there exists a CFL that is not a DCFL.

1 DCFL ⊆ CFL : By definition of DCFL, we can easily prove it.

2 CFL \ DCFL ̸= ∅ : What is an example of a CFL that is not a DCFL?

The following language is a CFL but not a DCFL:

L = {wwR | w ∈ {a, b}∗} ∈ CFL \ DCFL

The formal proof is complex, but we can intuitively understand it with
the following two example words in L:

• wwR = abba ∈ L where w = ab
• wwR = abbbba ∈ L where w = abb

When we read b after ab, we need to consider two possible actions:
1 pop Y for b (for abba) or 2 push Y for b (for abbbba).
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Fact 2: RL ⊊ DCFL

Fact 2: RL ⊊ DCFL
1 All RLs are DCFLs BUT 2 there exists a DCFL that is not an RL.

1 RL ⊆ DCFL : For a given RL L, consider its corresponding DFA D:

D = (Q, Σ, δ, q0, F )

Then, we can construct a DPDA P that accepts L as follows:

P = (Q, Σ, {Z}, δP , q0, Z , F )

where ∀q ∈ Q. ∀a ∈ Σ. δP(q, a, Z ) = {(δ(q, a), Z )} because

(q0, w , Z ) ⊢∗ (q, ϵ, Z ) ⇐⇒ δ∗(q0, w) = q

2 DCFL \ RL ̸= ∅ : We already know that the following language is a
DCFL but not an RL:

L = {anbn | n ≥ 0} ∈ DCFL \ RL
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Languages Accepted by Empty Stacks of DPDA (DCFLES)

Definition (DCFLES)
A language L is a deterministic context-free language by empty
stacks (DCFLES) if and only if there exists a DPDA P such that
L = LE (P) where LE (P) is the language accepted by empty stacks of P.

For example, the following language is a DCFLES:

L = {ancbn | n ≥ 0}

because it is accepted by empty stacks of the following DPDA:

q0start [Z ] q1 q2

a [Z → XZ ]
a [X → XX ]

c [Z → Z ]
c [X → X ]

b [X → ϵ]

ϵ [Z → ϵ]
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Fact 3: DCFLES ⊊ DCFL

Fact 3: DCFLES ⊊ DCFL
1 All DCFLESs are DCFLs BUT 2 there is a DCFL but not a DCFLES.

1 DCFLES ⊆ DCFL : For a given DCFLES L, consider its corresponding
DPDA P that accepts L by empty stacks.

Then, we can construct a DPDA P ′ that accepts L by final states as:

<latexit sha1_base64="6a1il+76/Bz1NtMkVsJKpITOQ2Q=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PQi8eI5gHJEmYnvcmQ2dl1ZlYISz7BiwdFvPpF3vwbJ8keNFrQUFR1090VJIJr47pfTmFpeWV1rbhe2tjc2t4p7+41dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6nvqtR1Sax/LejBP0IzqQPOSMGivdPfTcXrniVt0ZyF/i5aQCOeq98me3H7M0QmmYoFp3PDcxfkaV4UzgpNRNNSaUjegAO5ZKGqH2s9mpE3JklT4JY2VLGjJTf05kNNJ6HAW2M6JmqBe9qfif10lNeOlnXCapQcnmi8JUEBOT6d+kzxUyI8aWUKa4vZWwIVWUGZtOyYbgLb78lzRPqt559ez2tFK7yuMowgEcwjF4cAE1uIE6NIDBAJ7gBV4d4Tw7b877vLXg5DP78AvOxzcCwo2i</latexit>q0

<latexit sha1_base64="6a1il+76/Bz1NtMkVsJKpITOQ2Q=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PQi8eI5gHJEmYnvcmQ2dl1ZlYISz7BiwdFvPpF3vwbJ8keNFrQUFR1090VJIJr47pfTmFpeWV1rbhe2tjc2t4p7+41dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6nvqtR1Sax/LejBP0IzqQPOSMGivdPfTcXrniVt0ZyF/i5aQCOeq98me3H7M0QmmYoFp3PDcxfkaV4UzgpNRNNSaUjegAO5ZKGqH2s9mpE3JklT4JY2VLGjJTf05kNNJ6HAW2M6JmqBe9qfif10lNeOlnXCapQcnmi8JUEBOT6d+kzxUyI8aWUKa4vZWwIVWUGZtOyYbgLb78lzRPqt559ez2tFK7yuMowgEcwjF4cAE1uIE6NIDBAJ7gBV4d4Tw7b877vLXg5DP78AvOxzcCwo2i</latexit>q0

<latexit sha1_base64="O9XCgCCQGHMDFbfYUuZowv9ZUO8=">AAACDHicbVC7TsMwFHXKq5RXgZHFokIwVQniJbFUsDAWiT7UJKoc12mtOnZkO6Aq6gew8CssDCDEygew8Tc4bQZoOZKlo3PO1fU9Qcyo0rb9bRUWFpeWV4qrpbX1jc2t8vZOU4lEYtLAggnZDpAijHLS0FQz0o4lQVHASCsYXmd+655IRQW/06OY+BHqcxpSjLSRuuWKR2JFmeDQu4Qu7BxCT9L+QCMpxQPsZIJvUnbVngDOEycnFZCj3i1/eT2Bk4hwjRlSynXsWPspkppiRsYlL1EkRniI+sQ1lKOIKD+dHDOGB0bpwVBI87iGE/X3RIoipUZRYJIR0gM162Xif56b6PDCTymPE004ni4KEwa1gFkzsEclwZqNDEFYUvNXiAdIIqxNfyVTgjN78jxpHleds+rp7UmldpXXUQR7YB8cAQecgxq4AXXQABg8gmfwCt6sJ+vFerc+ptGClc/sgj+wPn8A3R+ZmQ==</latexit>

✏ [Z 0 ! ZZ 0]
<latexit sha1_base64="RXDJwH+2Eb0Wk/0vz2Em0fL6XFI=">AAAB63icbVDLSgNBEOyNrxhfUY9eBoPoKexKfByDXjxGMA9IljA7mU2GzMyuM7NCWPILXjwo4tUf8ubfOJvsQRMLGoqqbrq7gpgzbVz32ymsrK6tbxQ3S1vbO7t75f2Dlo4SRWiTRDxSnQBrypmkTcMMp51YUSwCTtvB+Dbz209UaRbJBzOJqS/wULKQEWwy6fG07/bLFbfqzoCWiZeTCuRo9MtfvUFEEkGlIRxr3fXc2PgpVoYRTqelXqJpjMkYD2nXUokF1X46u3WKTqwyQGGkbEmDZurviRQLrScisJ0Cm5Fe9DLxP6+bmPDaT5mME0MlmS8KE45MhLLH0YApSgyfWIKJYvZWREZYYWJsPCUbgrf48jJpnVe9y+rFfa1Sv8njKMIRHMMZeHAFdbiDBjSBwAie4RXeHOG8OO/Ox7y14OQzh/AHzucPY4WN0w==</latexit>

q00
<latexit sha1_base64="GDPDLJoqrddXmAVrAX4JdsN9H90=">AAAB63icbVDLSgNBEOyNrxhfUY9eBoPoKexKfByDXjxGMA9IljA7mU2GzMyuM7NCWPILXjwo4tUf8ubfOJvsQRMLGoqqbrq7gpgzbVz32ymsrK6tbxQ3S1vbO7t75f2Dlo4SRWiTRDxSnQBrypmkTcMMp51YUSwCTtvB+Dbz209UaRbJBzOJqS/wULKQEWwy6fG07/XLFbfqzoCWiZeTCuRo9MtfvUFEEkGlIRxr3fXc2PgpVoYRTqelXqJpjMkYD2nXUokF1X46u3WKTqwyQGGkbEmDZurviRQLrScisJ0Cm5Fe9DLxP6+bmPDaT5mME0MlmS8KE45MhLLH0YApSgyfWIKJYvZWREZYYWJsPCUbgrf48jJpnVe9y+rFfa1Sv8njKMIRHMMZeHAFdbiDBjSBwAie4RXeHOG8OO/Ox7y14OQzh/AHzucPZQmN1A==</latexit>

q01

<latexit sha1_base64="tQUBastdyCVDxx3PrBkV0Rhu3bE=">AAAB9XicbVC5TgMxEJ0NVwhXgJLGIkKiinYRVxlBQxkkckjJEnkdb2LF613Zs0C0yn/QUIAQLf9Cx9/gHAUkPGmkp/dm7JkXJFIYdN1vJ7e0vLK6ll8vbGxube8Ud/fqJk414zUWy1g3A2q4FIrXUKDkzURzGgWSN4LB9dhvPHBtRKzucJhwP6I9JULBKFrpvo38CU2YGaQaR51iyS27E5BF4s1ICWaodopf7W7M0ogrZJIa0/LcBP3MviWY5KNCOzU8oWxAe7xlqaIRN3422XpEjqzSJWGsbSkkE/X3REYjY4ZRYDsjin0z743F/7xWiuGlnwmVpMgVm34UppJgTMYRkK7QnKEcWkKZFnZXwvpUU4Y2qIINwZs/eZHUT8reefns9rRUuZrFkYcDOIRj8OACKnADVagBAw3P8ApvzqPz4rw7H9PWnDOb2Yc/cD5/AIPzkzA=</latexit>

start
<latexit sha1_base64="SJLx9+oOHnH6WtCPZEVdflY0VvA=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PQi8eI5oGbJcxOepMhs7PLzKwQQj7BiwdFvPpF3vwbJ8keNFrQUFR1090VpoJr47pfTmFpeWV1rbhe2tjc2t4p7+41dZIphg2WiES1Q6pRcIkNw43AdqqQxqHAVji8nvqtR1SaJ/LejFIMYtqXPOKMGivd+Q9Bt1xxq+4M5C/xclKBHPVu+bPTS1gWozRMUK19z01NMKbKcCZwUupkGlPKhrSPvqWSxqiD8ezUCTmySo9EibIlDZmpPyfGNNZ6FIe2M6ZmoBe9qfif52cmugzGXKaZQcnmi6JMEJOQ6d+kxxUyI0aWUKa4vZWwAVWUGZtOyYbgLb78lzRPqt559ez2tFK7yuMowgEcwjF4cAE1uIE6NIBBH57gBV4d4Tw7b877vLXg5DP78AvOxzcd2Y20</latexit>

[Z]

<latexit sha1_base64="tQUBastdyCVDxx3PrBkV0Rhu3bE=">AAAB9XicbVC5TgMxEJ0NVwhXgJLGIkKiinYRVxlBQxkkckjJEnkdb2LF613Zs0C0yn/QUIAQLf9Cx9/gHAUkPGmkp/dm7JkXJFIYdN1vJ7e0vLK6ll8vbGxube8Ud/fqJk414zUWy1g3A2q4FIrXUKDkzURzGgWSN4LB9dhvPHBtRKzucJhwP6I9JULBKFrpvo38CU2YGaQaR51iyS27E5BF4s1ICWaodopf7W7M0ogrZJIa0/LcBP3MviWY5KNCOzU8oWxAe7xlqaIRN3422XpEjqzSJWGsbSkkE/X3REYjY4ZRYDsjin0z743F/7xWiuGlnwmVpMgVm34UppJgTMYRkK7QnKEcWkKZFnZXwvpUU4Y2qIINwZs/eZHUT8reefns9rRUuZrFkYcDOIRj8OACKnADVagBAw3P8ApvzqPz4rw7H9PWnDOb2Yc/cD5/AIPzkzA=</latexit>

start
<latexit sha1_base64="GgB4xpQMNoV0hsVctIihk7lv0Z0=">AAAB63icbVDLSsNAFL3xWeur6tLNYBFdlUR8LYtuXFawD0xDmUwn7dCZSZiZCCX0F9y4UMStP+TOv3HSZqGtBy4czrmXe+8JE860cd1vZ2l5ZXVtvbRR3tza3tmt7O23dJwqQpsk5rHqhFhTziRtGmY47SSKYhFy2g5Ht7nffqJKs1g+mHFCA4EHkkWMYJNL/uNJ0KtU3Zo7BVokXkGqUKDRq3x1+zFJBZWGcKy177mJCTKsDCOcTsrdVNMEkxEeUN9SiQXVQTa9dYKOrdJHUaxsSYOm6u+JDAutxyK0nQKboZ73cvE/z09NdB1kTCapoZLMFkUpRyZG+eOozxQlho8twUQxeysiQ6wwMTaesg3Bm395kbTOat5l7eL+vFq/KeIowSEcwSl4cAV1uIMGNIHAEJ7hFd4c4bw4787HrHXJKWYO4A+czx9+uY3l</latexit>

[Z 0] <latexit sha1_base64="JXzBjyZgmsI8ags2tosNzBng8sY=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69BIvgqSRS1GPRi8cK9gPaUDabTbt2sxt2J0Ip/Q9ePCji1f/jzX/jts1BWx8MPN6bYWZemApu0PO+ncLa+sbmVnG7tLO7t39QPjxqGZVpyppUCaU7ITFMcMmayFGwTqoZSULB2uHodua3n5g2XMkHHKcsSMhA8phTglZq9Wik0PTLFa/qzeGuEj8nFcjR6Je/epGiWcIkUkGM6fpeisGEaORUsGmplxmWEjoiA9a1VJKEmWAyv3bqnlklcmOlbUl05+rviQlJjBknoe1MCA7NsjcT//O6GcbXwYTLNEMm6WJRnAkXlTt73Y24ZhTF2BJCNbe3unRINKFoAyrZEPzll1dJ66LqX1Zr97VK/SaPowgncArn4MMV1OEOGtAECo/wDK/w5ijnxXl3PhatBSefOYY/cD5/ALFFjzg=</latexit>· · ·

<latexit sha1_base64="JXzBjyZgmsI8ags2tosNzBng8sY=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69BIvgqSRS1GPRi8cK9gPaUDabTbt2sxt2J0Ip/Q9ePCji1f/jzX/jts1BWx8MPN6bYWZemApu0PO+ncLa+sbmVnG7tLO7t39QPjxqGZVpyppUCaU7ITFMcMmayFGwTqoZSULB2uHodua3n5g2XMkHHKcsSMhA8phTglZq9Wik0PTLFa/qzeGuEj8nFcjR6Je/epGiWcIkUkGM6fpeisGEaORUsGmplxmWEjoiA9a1VJKEmWAyv3bqnlklcmOlbUl05+rviQlJjBknoe1MCA7NsjcT//O6GcbXwYTLNEMm6WJRnAkXlTt73Y24ZhTF2BJCNbe3unRINKFoAyrZEPzll1dJ66LqX1Zr97VK/SaPowgncArn4MMV1OEOGtAECo/wDK/w5ijnxXl3PhatBSefOYY/cD5/ALFFjzg=</latexit>· · ·

<latexit sha1_base64="InzWhOwgm6OUFexHJe+WaX1z/Fc=">AAACKHicbVC7TsMwFHXKq5RXgYGBxaJCMFUJQoWxgoWxSPQhmqhyXKe16jiRfYMUqvAzbAj+hQ115TOYcB8DbTmS5aNz7kP3+LHgGmx7ZOVWVtfWN/Kbha3tnd294v5BQ0eJoqxOIxGplk80E1yyOnAQrBUrRkJfsKY/uB37zSemNI/kA6Qx80LSkzzglICROsUjl8Wai0i+tPHjGXYhGn8e7hRLdtmeAC8TZ0ZKaIZap/jjdiOahEwCFUTrtmPH4A2JAk4FywpuollM6ID0WNtQSUKmveHkgAyfGqWLg0iZJwFP1L8dQxJqnYa+qQwJ9PWiNxb/9TSERKWqu7AfgmtvyGWcAJN0uj5IBDbHjzPCXa4YBZEaQqji5gJM+0QRCibJufnAB89ZwYTlLEazTBoXZadSrtxflqo3s9jy6BidoHPkoCtURXeohuqIogy9onf0Yb1Zn9aXNZqW5qxZzyGag/X9C7KPph8=</latexit>

✏ [Z 0 ! Z 0]
<latexit sha1_base64="InzWhOwgm6OUFexHJe+WaX1z/Fc=">AAACKHicbVC7TsMwFHXKq5RXgYGBxaJCMFUJQoWxgoWxSPQhmqhyXKe16jiRfYMUqvAzbAj+hQ115TOYcB8DbTmS5aNz7kP3+LHgGmx7ZOVWVtfWN/Kbha3tnd294v5BQ0eJoqxOIxGplk80E1yyOnAQrBUrRkJfsKY/uB37zSemNI/kA6Qx80LSkzzglICROsUjl8Wai0i+tPHjGXYhGn8e7hRLdtmeAC8TZ0ZKaIZap/jjdiOahEwCFUTrtmPH4A2JAk4FywpuollM6ID0WNtQSUKmveHkgAyfGqWLg0iZJwFP1L8dQxJqnYa+qQwJ9PWiNxb/9TSERKWqu7AfgmtvyGWcAJN0uj5IBDbHjzPCXa4YBZEaQqji5gJM+0QRCibJufnAB89ZwYTlLEazTBoXZadSrtxflqo3s9jy6BidoHPkoCtURXeohuqIogy9onf0Yb1Zn9aXNZqW5qxZzyGag/X9C7KPph8=</latexit>

✏ [Z 0 ! Z 0]
<latexit sha1_base64="InzWhOwgm6OUFexHJe+WaX1z/Fc=">AAACKHicbVC7TsMwFHXKq5RXgYGBxaJCMFUJQoWxgoWxSPQhmqhyXKe16jiRfYMUqvAzbAj+hQ115TOYcB8DbTmS5aNz7kP3+LHgGmx7ZOVWVtfWN/Kbha3tnd294v5BQ0eJoqxOIxGplk80E1yyOnAQrBUrRkJfsKY/uB37zSemNI/kA6Qx80LSkzzglICROsUjl8Wai0i+tPHjGXYhGn8e7hRLdtmeAC8TZ0ZKaIZap/jjdiOahEwCFUTrtmPH4A2JAk4FywpuollM6ID0WNtQSUKmveHkgAyfGqWLg0iZJwFP1L8dQxJqnYa+qQwJ9PWiNxb/9TSERKWqu7AfgmtvyGWcAJN0uj5IBDbHjzPCXa4YBZEaQqji5gJM+0QRCibJufnAB89ZwYTlLEazTBoXZadSrtxflqo3s9jy6BidoHPkoCtURXeohuqIogy9onf0Yb1Zn9aXNZqW5qxZzyGag/X9C7KPph8=</latexit>

✏ [Z 0 ! Z 0]
<latexit sha1_base64="InzWhOwgm6OUFexHJe+WaX1z/Fc=">AAACKHicbVC7TsMwFHXKq5RXgYGBxaJCMFUJQoWxgoWxSPQhmqhyXKe16jiRfYMUqvAzbAj+hQ115TOYcB8DbTmS5aNz7kP3+LHgGmx7ZOVWVtfWN/Kbha3tnd294v5BQ0eJoqxOIxGplk80E1yyOnAQrBUrRkJfsKY/uB37zSemNI/kA6Qx80LSkzzglICROsUjl8Wai0i+tPHjGXYhGn8e7hRLdtmeAC8TZ0ZKaIZap/jjdiOahEwCFUTrtmPH4A2JAk4FywpuollM6ID0WNtQSUKmveHkgAyfGqWLg0iZJwFP1L8dQxJqnYa+qQwJ9PWiNxb/9TSERKWqu7AfgmtvyGWcAJN0uj5IBDbHjzPCXa4YBZEaQqji5gJM+0QRCibJufnAB89ZwYTlLEazTBoXZadSrtxflqo3s9jy6BidoHPkoCtURXeohuqIogy9onf0Yb1Zn9aXNZqW5qxZzyGag/X9C7KPph8=</latexit>

✏ [Z 0 ! Z 0]
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Fact 3: DCFLES ⊊ DCFL

Fact 3: DCFLES ⊊ DCFL
1 All DCFLESs are DCFLs BUT 2 there is a DCFL but not a DCFLES.

2 DCFL\DCFLES ̸= ∅ : The following is a DCFL but not a DCFLES:

L = {anbn | n ≥ 0} ∈ DCFL \ DCFLES

Why?
The DPDA needs to accept the following two words by empty stacks:

• w = ϵ ∈ L
• w = ab ∈ L

However, if a DPDA accepts the ϵ by empty stacks, then the stack
must be empty at the beginning.

Thus, the PDA cannot accept ab by empty stacks.

We can generalize it as prefix property of DCFLES.
COSE215 @ Korea University Lecture 17 – DPDA May 8, 2024 14 / 23



Fact 4: DCFLES = DCFL having Prefix Property

Definition (Prefix Property)
A language L has the prefix property if and only if for any word w ∈ L,
any proper prefix of w is not in L:

∀x , y ∈ Σ∗. ((xy ∈ L ∧ y ̸= ϵ) =⇒ x /∈ L)

Fact 4: DCFLES = DCFL having Prefix Property
A language L is a DCFLES if and only if the language L is a DCFL having
the prefix property.

For example, the following language is a DCFL but does NOT have the
prefix property because ϵ ∈ L is a proper prefix of

L = {anbn | n ≥ 0}

Thus, L is a DCFL but NOT a DCFLES.
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Fact 5: RL ̸⊂ DCFLES

Fact 5: RL ̸⊂ DCFLES

There exists a RL that is not a DCFLES.

• RL \ DCFLES ̸= ∅ : For example, the following language is a RL but
does NOT have the prefix property:

L = {an | n ≥ 0} ∈ RL \ DCFLES

because aa ∈ L is a proper prefix of aaaa ∈ L.

Thus, L is a RL but NOT a DCFLES.
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Inherent Ambiguity of DCFLs

Definition (Inherent Ambiguity)
A language L is inherently ambiguous if all CFGs whose languages are L
are ambiguous. (i.e. there is no unambiguous grammar for L)

What is the relationship of inherently ambiguous languages and DCFLs?

It satisfies the following fact:

DCFL ⊊ Non Inherently Ambiguous Languages

We prove this fact by the following three steps:
1 DCFLES ⊆ Non Inherently Ambiguous Languages

2 DCFL ⊆ Non Inherently Ambiguous Languages (using 1 )

3 Non Inherently Ambiguous Languages \ DCFL ̸= ∅
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Fact 6: DCFL ⊊ Non Inherently Ambiguous Languages

Fact 6: DCFL ⊊ Non Inherently Ambiguous Languages
All DCFLs have at least one corresponding unambiguous grammars BUT
there exists a non inherently ambiguous language that is not a DCFL.

1 A DCFLES has an unambiguous grammar : For a given DCFLES L
and its corresponding DPDA P, we can define a CFG for P as follows:

• For all 0 ≤ j < n,
S → AZ

0,j
• For all transition (qj , X1 · · · Xm) ∈ δ(qi , a, X ) where qi ∈ Q,

a ∈ Σ ∪ {ϵ}, and X ∈ Γ and combinations 0 ≤ k1, · · · , km < n:

AX
i,km

→ a AX1
j,k1

AX2
k1,k2

· · · AXm
km−1,km

For any word w ∈ L, w has a unique moves from the initial
configuration to the final configuration in P. And, we know that:

AX
i ,j ⇒∗ w if and only if (qi , w , X ) ⊢∗ (qj , ϵ, ϵ)

Thus, the above CFG is unambiguous.
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Fact 6: DCFL ⊊ Non Inherently Ambiguous Languages

Fact 6: DCFL ⊊ Non Inherently Ambiguous Languages
All DCFLs have at least one corresponding unambiguous grammars BUT
there exists a non inherently ambiguous language that is not a DCFL.

2 A DCFL has an unambiguous grammar : For a given DCFL L, we can
define another DCFL L′ with a special symbol $ as follows:

L′ = L$ = {w$ | w ∈ L}
Then, L′ is a DCFLES because it has the prefix property, and L′ has an
unambiguous grammar G ′. Now, we can define an unambiguous
grammar G for L by treating $ as a variable with a rule $ → ϵ.
For example, L = {anbn | n ≥ 0} is DCFL, then L′ = {anbn$ | n ≥ 0} is a
DCFLES and its unambiguous grammar G ′ is:

S → X$ X → aXb | ϵ

Then, the unambiguous grammar G for L is:
S → X$ X → aXb | ϵ $ → ϵ
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Fact 6: DCFL ⊊ Non Inherently Ambiguous Languages

Fact 6: DCFL ⊊ Non Inherently Ambiguous Languages
All DCFLs have at least one corresponding unambiguous grammars BUT
there exists a non inherently ambiguous language that is not a DCFL.

3 Non Inherently Ambiguous Languages \ DCFL ̸= ∅ : The following
language is a non inherently ambiguous language but not a DCFL:

L = {wwR | w ∈ {a, b}∗}

because the following unambiguous grammar G represents L:

S → aSa | bSb | ϵ

but we already know that L is not a DCFL.
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Summary
<latexit sha1_base64="n92EN7qKro3HBPjOFkdf9pTRcuY=">AAAB/3icbVDLSgMxFM3UV62vUcGNm2ARqosyI0VdFt24rGgf0BlKJs20oUlmSDJCGWfhr7hxoYhbf8Odf2PazkJbDwQO59zLPTlBzKjSjvNtFZaWV1bXiuuljc2t7R17d6+lokRi0sQRi2QnQIowKkhTU81IJ5YE8YCRdjC6nvjtByIVjcS9HsfE52ggaEgx0kbq2QceR3qIEUsbWSX17uiAo9PspGeXnaozBVwkbk7KIEejZ395/QgnnAiNGVKq6zqx9lMkNcWMZCUvUSRGeIQGpGuoQJwoP53mz+CxUfowjKR5QsOp+nsjRVypMQ/M5CStmvcm4n9eN9HhpZ9SESeaCDw7FCYM6ghOyoB9KgnWbGwIwpKarBAPkURYm8pKpgR3/suLpHVWdc+rtdtauX6V11EEh+AIVIALLkAd3IAGaAIMHsEzeAVv1pP1Yr1bH7PRgpXv7IM/sD5/AI22lc4=</latexit>P(⌃⇤)

<latexit sha1_base64="/zCSF5YzKE75PzK8Z+pFFvsDV74=">AAACAnicbVDLSgNBEJz1GeNr1ZN4GQyCp7ArQT0GvXiMYB6QxDA76SRDZmeXmV4xLMGLv+LFgyJe/Qpv/o2Th6CJBQPVVd30dAWxFAY978tZWFxaXlnNrGXXNza3tt2d3YqJEs2hzCMZ6VrADEihoIwCJdRiDSwMJFSD/uXIr96BNiJSNziIoRmyrhIdwRlaqeXuNxDuETFlw1tFf4rAFi035+W9Meg88ackR6YotdzPRjviSQgKuWTG1H0vxmbKNAouYZhtJAZixvusC3VLFQvBNNPxCUN6ZJU27UTaPoV0rP6eSFlozCAMbGfIsGdmvZH4n1dPsHPeTIWKEwTFJ4s6iaQY0VEetC00cJQDSxjXwv6V8h7TjKNNLWtD8GdPnieVk7x/mi9cF3LFi2kcGXJADskx8ckZKZIrUiJlwskDeSIv5NV5dJ6dN+d90rrgTGf2yB84H9+H45gr</latexit>

anbn

<latexit sha1_base64="9tQw7V57vUA3ZdVPVKWNm/piBjo=">AAAB83icbVDLSgNBEJz1GeMr6tHLYBA8hV3xdQx68RjBPCC7htlJJxkyO7vM9IphyW948aCIV3/Gm3/jJNmDJhY0FFXddHeFiRQGXffbWVpeWV1bL2wUN7e2d3ZLe/sNE6eaQ53HMtatkBmQQkEdBUpoJRpYFEpohsObid98BG1ErO5xlEAQsb4SPcEZWsn3EZ4QMWPjB9Upld2KOwVdJF5OyiRHrVP68rsxTyNQyCUzpu25CQYZ0yi4hHHRTw0kjA9ZH9qWKhaBCbLpzWN6bJUu7cXalkI6VX9PZCwyZhSFtjNiODDz3kT8z2un2LsKMqGSFEHx2aJeKinGdBIA7QoNHOXIEsa1sLdSPmCacbQxFW0I3vzLi6RxWvEuKud3Z+XqdR5HgRySI3JCPHJJquSW1EidcJKQZ/JK3pzUeXHenY9Z65KTzxyQP3A+fwDAapIq</latexit>

an

<latexit sha1_base64="IzhZiHIq8VyVGAmL3vnQ9xvNIgY="></latexit>

Non Inherently
Ambiguous Languages

<latexit sha1_base64="sncdSnV/pHklkSFDDpVmmXpNVK8="></latexit>✓
At-least-one

Unambiguous Grammars

◆

<latexit sha1_base64="zQ/XgY2Rtxi2pP/K9kCqgK4U2rE=">AAAB7HicbVBNTwIxEJ3iF+IX6tFLIzHxRHaNX0eiF49oXCCBlXRLFxq63U3blZANv8GLB43x6g/y5r+xwB4UfckkL+/NZGZekAiujeN8ocLS8srqWnG9tLG5tb1T3t1r6DhVlHk0FrFqBUQzwSXzDDeCtRLFSBQI1gyG11O/+ciU5rG8N+OE+RHpSx5ySoyVvBEePdx1yxWn6syA/xI3JxXIUe+WPzu9mKYRk4YKonXbdRLjZ0QZTgWblDqpZgmhQ9JnbUsliZj2s9mxE3xklR4OY2VLGjxTf05kJNJ6HAW2MyJmoBe9qfif105NeOlnXCapYZLOF4WpwCbG089xjytGjRhbQqji9lZMB0QRamw+JRuCu/jyX9I4qbrn1bPb00rtKo+jCAdwCMfgwgXU4Abq4AEFDk/wAq9Iomf0ht7nrQWUz+zDL6CPb27ijnQ=</latexit>

wwR

<latexit sha1_base64="SBFzntk1dr+WaqMGrfHfvaEUUgk=">AAAB8XicbVBNS8NAEN3Ur1q/qh69BIvgqSTi17FYEA8eKtgPbEPZbCft0s0m7E7EEvovvHhQxKv/xpv/xm2bg7Y+GHi8N8PMPD8WXKPjfFu5peWV1bX8emFjc2t7p7i719BRohjUWSQi1fKpBsEl1JGjgFasgIa+gKY/rE785iMozSN5j6MYvJD2JQ84o2ikhw7CE6bV69txt1hyys4U9iJxM1IiGWrd4lenF7EkBIlMUK3brhOjl1KFnAkYFzqJhpiyIe1D21BJQ9BeOr14bB8ZpWcHkTIl0Z6qvydSGmo9Cn3TGVIc6HlvIv7ntRMMLr2UyzhBkGy2KEiEjZE9ed/ucQUMxcgQyhQ3t9psQBVlaEIqmBDc+ZcXSeOk7J6Xz+5OS5WrLI48OSCH5Ji45IJUyA2pkTphRJJn8kreLG29WO/Wx6w1Z2Uz++QPrM8fh0aQ1g==</latexit>

CFL

<latexit sha1_base64="1VCgF0mxBR9vvM8wVZmEyHDi1kI=">AAAB8HicbVDJSgNBEK2JW4xb1KOXwSB4CjPidgx68eAhilkkGUJPpydp0t0zdNeIYchXePGgiFc/x5t/Y2c5aPRBweO9KqrqhYngBj3vy8ktLC4tr+RXC2vrG5tbxe2duolTTVmNxiLWzZAYJrhiNeQoWDPRjMhQsEY4uBz7jQemDY/VHQ4TFkjSUzzilKCV7tvIHjG7vR51iiWv7E3g/iX+jJRghmqn+NnuxjSVTCEVxJiW7yUYZEQjp4KNCu3UsITQAemxlqWKSGaCbHLwyD2wSteNYm1LoTtRf05kRBozlKHtlAT7Zt4bi/95rRSj8yDjKkmRKTpdFKXCxdgdf+92uWYUxdASQjW3t7q0TzShaDMq2BD8+Zf/kvpR2T8tn9wclyoXszjysAf7cAg+nEEFrqAKNaAg4Qle4NXRzrPz5rxPW3PObGYXfsH5+AYLqZCV</latexit>

RL

<latexit sha1_base64="sqagNxgbfPSW/LV5EOgP1KcdBs0="></latexit>

aibjck

(i = j _ j = k)

<latexit sha1_base64="U+4ZkX906gnsBBvMV+jXNxersnE=">AAAB/nicbZDLSsNAFIYn9VbrLSqu3ASL4Kok4m1ZrIoLFxXtBdoQJtNpO3QyCTMnYgkBX8WNC0Xc+hzufBunbRba+sPAx3/O4Zz5/YgzBbb9beTm5hcWl/LLhZXVtfUNc3OrrsJYElojIQ9l08eKciZoDRhw2owkxYHPacMfVEb1xgOVioXiHoYRdQPcE6zLCAZteeZOG+gjJBeVq5vUm/DlXeqZRbtkj2XNgpNBEWWqeuZXuxOSOKACCMdKtRw7AjfBEhjhNC20Y0UjTAa4R1saBQ6ocpPx+am1r52O1Q2lfgKssft7IsGBUsPA150Bhr6aro3M/2qtGLpnbsJEFAMVZLKoG3MLQmuUhdVhkhLgQw2YSKZvtUgfS0xAJ1bQITjTX56F+mHJOSkd3x4Vy+dZHHm0i/bQAXLQKSqja1RFNURQgp7RK3oznowX4934mLTmjGxmG/2R8fkDZmOVyQ==</latexit>

DCFLES

<latexit sha1_base64="VwECSVuXLq9NTcMLShK10goqMQ0=">AAAB8nicbVDLSgNBEJyNrxhfUY9eBoPgKeyKr2MwIh48RDAP2CxhdjJJhszOLDO9YljyGV48KOLVr/Hm3zhJ9qCJBQ1FVTfdXWEsuAHX/XZyS8srq2v59cLG5tb2TnF3r2FUoimrUyWUboXEMMElqwMHwVqxZiQKBWuGw+rEbz4ybbiSDzCKWRCRvuQ9TglYyW8De4L0unpzN+4US27ZnQIvEi8jJZSh1il+tbuKJhGTQAUxxvfcGIKUaOBUsHGhnRgWEzokfeZbKknETJBOTx7jI6t0cU9pWxLwVP09kZLImFEU2s6IwMDMexPxP89PoHcZpFzGCTBJZ4t6icCg8OR/3OWaURAjSwjV3N6K6YBoQsGmVLAhePMvL5LGSdk7L5/dn5YqV1kceXSADtEx8tAFqqBbVEN1RJFCz+gVvTngvDjvzsesNedkM/voD5zPHxcHkSQ=</latexit>

DCFL

<latexit sha1_base64="XIMJHh/WTQhqalVQhhR3M9p+3M4=">AAAB/3icbZDLSsNAFIYnXmu9RQU3bgaL4Kok4m1ZdOOygr1AG8tkOmmHTiZh5kQsMQtfxY0LRdz6Gu58G6dtBG39YeDjP+dwzvx+LLgGx/my5uYXFpeWCyvF1bX1jU17a7uuo0RRVqORiFTTJ5oJLlkNOAjWjBUjoS9Ywx9cjuqNO6Y0j+QNDGPmhaQnecApAWN17N02sHsASEl2K3/Yzzp2ySk7Y+FZcHMooVzVjv3Z7kY0CZkEKojWLdeJwUuJAk4Fy4rtRLOY0AHpsZZBSUKmvXR8f4YPjNPFQaTMk4DH7u+JlIRaD0PfdIYE+nq6NjL/q7USCM69lMs4ASbpZFGQCAwRHoWBu1wxCmJogFDFza2Y9okiFExkRROCO/3lWagfld3T8sn1calykcdRQHtoHx0iF52hCrpCVVRDFD2gJ/SCXq1H69l6s94nrXNWPrOD/sj6+AaYrJci</latexit>

anb

<latexit sha1_base64="fpJNfyINzzou/ZGr4ypU/0UMBGs=">AAACAnicbZDLSsNAFIYnXmu9RV2Jm2ARXJVEvC2LblxWsBdoa5lMT9qhk0mYORFLKG58FTcuFHHrU7jzbZy2EbT1h4Fv/nMOM+f3Y8E1uu6XNTe/sLi0nFvJr66tb2zaW9tVHSWKQYVFIlJ1n2oQXEIFOQqoxwpo6Auo+f3LUb12B0rzSN7gIIZWSLuSB5xRNFbb3m0i3CNiSoe38oeZby5tu+AW3bGcWfAyKJBM5bb92exELAlBIhNU64bnxthKqULOBAzzzURDTFmfdqFhUNIQdCsdrzB0DozTcYJImSPRGbu/J1Iaaj0IfdMZUuzp6drI/K/WSDA4b6VcxgmCZJOHgkQ4GDmjPJwOV8BQDAxQprj5q8N6VFGGJrW8CcGbXnkWqkdF77R4cn1cKF1kceTIHtknh8QjZ6RErkiZVAgjD+SJvJBX69F6tt6s90nrnJXN7JA/sj6+AfFRmG8=</latexit>

ancbn
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