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Recall
• A context-free language (CFL) is defined in three different ways:

• A context free grammar (CFG)

• A pushdown automaton (PDA) with final states

• A pushdown automaton (PDA) with empty stacks

• We have learned that the class of regular languages is closed under
various operations. (Closure Properties)

• For which operations is the class of CFLs closed?

COSE215 @ Korea University Closure Properties of CFLs May 15, 2024 2 / 35



Contents

1. Closure Properties of Context-Free Languages
Union
Concatenation
Kleene Star
Reversal
Homomorphism
Inverse Homomorphism

2. Non-Closure Properties of Context-Free Languages
Intersection
Complement and Difference

3. Closure Properties of CFLs with Regular Languages
Intersection with Regular Languages
Difference with Regular Languages

COSE215 @ Korea University Closure Properties of CFLs May 15, 2024 3 / 35



Contents

1. Closure Properties of Context-Free Languages
Union
Concatenation
Kleene Star
Reversal
Homomorphism
Inverse Homomorphism

2. Non-Closure Properties of Context-Free Languages
Intersection
Complement and Difference

3. Closure Properties of CFLs with Regular Languages
Intersection with Regular Languages
Difference with Regular Languages

COSE215 @ Korea University Closure Properties of CFLs May 15, 2024 4 / 35



Closure Properties of CFLs

Definition (Closure Properties)
The class of CFLs is closed under an n-ary operator op if and only if
op(L1, · · · , Ln) is context-free for any CFLs L1, · · · , Ln. We say that such
properties are closure properties of CFLs.

The class of CFLs is closed under the following operations:
• Union
• Concatenation
• Kleene Star
• Reverse
• Homomorphism
• Inverse Homomorphism
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Closure under Union

Theorem (Closure under Union)
If L1 and L2 are context-free languages, then so is L1 ∪ L2.

Proof) For given two CFLs L1 and L2, we can always construct two CFGs:

G1 = (V1, Σ, S1, R1)
G2 = (V2, Σ, S2, R2)

such that L1 = L(G1) and L2 = L(G2).
Note that the variables of G1 and G2 should be disjoint. (i.e., V1 ∩ V2 = ∅)
Then, L1 ∪ L2 is accepted by the CFG G = (V , Σ, S, R) where:

• V = V1 ∪ V2 ∪ {S}
• S is a new start variable (i.e., S /∈ V1 ∪ V2)
• R = R1 ∪ R2 ∪ {S → S1, S → S2}
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Closure under Union – Example
For example, consider the following two CFLs:

L1 = {abn | n ≥ 0} L2 = {acn | n ≥ 0}

Then, L1 is accepted by:

S1 → aX X → bX | ϵ

and L2 is accepted by:

S2 → aX X → cX | ϵ

But, the same variable X is used in both grammars.
So, we need to rename it to different variables, such as B and C .
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Closure under Union – Example
For example, consider the following two CFLs:

L1 = {abn | n ≥ 0} L2 = {acn | n ≥ 0}

Then, L1 is accepted by:

S1 → aB B → bB | ϵ

and L2 is accepted by:

S2 → aC C → cC | ϵ

Then, L1 ∪ L2 is accepted by the following CFG:

S → S1 | S2
S1 → aB B → bB | ϵ
S2 → aC C → cC | ϵ
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Closure under Concatenation

Theorem (Closure under Concatenation)
If L1 and L2 are context-free languages, then so is L1 · L2.

Proof) For given two CFLs L1 and L2, we can always construct two CFGs:

G1 = (V1, Σ, S1, R1)
G2 = (V2, Σ, S2, R2)

such that L1 = L(G1) and L2 = L(G2).
Note that the variables of G1 and G2 should be disjoint. (i.e., V1 ∩ V2 = ∅)
Then, L1 · L2 is accepted by the CFG G = (V , Σ, S, R) where:

• V = V1 ∪ V2 ∪ {S}
• S is a new start variable (i.e., S /∈ V1 ∪ V2)
• R = R1 ∪ R2 ∪ {S → S1S2}
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Closure under Concatenation – Example
For example, consider the following two CFLs:

L1 = {abn | n ≥ 0} L2 = {acn | n ≥ 0}

Then, L1 is accepted by:

S1 → aB B → bB | ϵ

and L2 is accepted by:

S2 → aC C → cC | ϵ

Then, L1 · L2 is accepted by the following CFG:

S → S1S2
S1 → aB B → bB | ϵ
S2 → aC C → cC | ϵ
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Closure under Kleene Star

Theorem (Closure under Kleene Star)
If L is a context-free language, then so is L∗.

Proof) For a given CFL L, we can always construct a CFG:

G = (V , Σ, S, R)

such that L = L(G).
Then, L∗ is accepted by the CFG G ′ = (V ′, Σ, S ′, R ′) where:

• V ′ = V ∪ {S ′}
• S ′ is a new start variable (i.e., S ′ /∈ V )
• R ′ = R ∪ {S ′ → ϵ, S ′ → SS ′}
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Closure under Kleene Star – Example
For example, consider the following CFL:

L = {anbn | n ≥ 0}

Then, L is accepted by:
S → ϵ | aSb

Then, L∗ is accepted by the following CFG:

S ′ → ϵ | SS ′

S → ϵ | aSb
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Closure under Reverse

Theorem (Closure under Reverse)
If L is a context-free language, then so is LR .

Proof) For a given CFL L, we can always construct a CFG:

G = (V , Σ, S, R)

such that L = L(G).
Then, LR is accepted by the CFG G ′ = (V , Σ, S, R ′) where:

• R ′ = {X → αR | X → α ∈ R}
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Closure under Reverse – Example
For example, consider the following CFL:

L = {(ab)ncndm | n, m ≥ 0}

Then, L is accepted by:
S → X | Sd
X → ϵ | abXc

Then, LR is accepted by the following CFG:

S → X | dS
X → ϵ | cXba
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Closure under Homomorphism
Let’s recall the definition of a homomorphism.

Definition (Homomorphism)
Suppose Σ0 and Σ1 are two finite sets of symbols. Then, a function

h : Σ0 → Σ∗
1

is called a homomorphism. For a given word w = a1a2 · · · an ∈ Σ∗
0,

h(w) = h(a1)h(a2) · · · h(an)

For a language L ⊆ Σ∗
0,

h(L) = {h(w) | w ∈ L} ⊆ Σ∗
1

Example
Let Σ0 = {0, 1}, Σ1 = {a, b}, and h(0) = ab, h(1) = a. Then,

h(10) = aab h(010) = abaab h(1100) = aaabab
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Closure under Homomorphism

Theorem (Closure under Homomorphism)
If h is a homomorphism and L is a context-free language, then so is h(L).

Proof) For a given CFL L, we can always construct a CFG:

G = (V , Σ0, S, R)

such that L = L(G).
Then, for a given homomorphism h : Σ0 → Σ∗

1, h(L) is accepted by the
CFG G ′ = (V ′, Σ1, S, R ′) where:

• V ′ = V ∪ {Xa | a ∈ Σ0}
• R ′ = {Y → Y ′

1 · · · Y ′
n | Y → Y1 · · · Yn ∈ R} ∪ {Xa → h(a) | a ∈ Σ0}

where ∀1 ≤ i ≤ n. Y ′
i =

{
Yi if Yi ∈ V
Xa if Yi = a ∈ Σ0
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Closure under Homomorphism – Example
For example, consider the following CFL:

L = {wwR | w ∈ {0, 1}∗}

Then, L is accepted by:

S → ϵ | 0S0 | 1S1

If a homomorphism h : {0, 1} → {a, b}∗ is defined as follows:

h(0) = ab h(1) = a

Then, h(L) is accepted by the following CFG:

S → ϵ | X0SX0 | X1SX1
X0 → ab
X1 → a
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Closure under Inverse Homomorphism
Let’s recall the definition of an inverse homomorphism.

Definition (Inverse Homomorphism)
Suppose Σ0 and Σ1 are two finite sets of symbols. For a given language
L ⊆ Σ∗

1 and a homomorphism h : Σ0 → Σ∗
1,

h−1(L) = {w ∈ Σ∗
0 | h(w) ∈ L} ⊆ Σ∗

0

Example
Let Σ0 = {0, 1}, Σ1 = {a, b}, and h(0) = ba, h(1) = a. Consider the
following language L ⊆ Σ∗

1:

L = {waa | w ∈ {a, b}∗}

Then, 01 ∈ h−1(L) because h(01) = baa ∈ L.

However, 10 /∈ h−1(L) because h(10) = aba /∈ L.
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Closure under Inverse Homomorphism

Theorem (Closure under Inverse Homomorphism)
If h : Σ0 → Σ∗

1 is a homomorphism and L ⊆ Σ∗
1 is a context-free language,

then so is h−1(L).

Proof) For a given CFL L, we can construct a PDA
P = (Q, Σ1, Γ, δ, q0, Z , F ) that accepts L by final states.

Then, a PDA P ′ = (Q × h(Σ0)⪰, Σ0, Γ, δ′, (q0, ϵ), Z , F × {ϵ}) accepts
h−1(L) by final states where:

• A⪰ = {x ∈ Σ∗
1 | x is a suffix of w ∈ A} for any A ⊆ Σ∗

1
• For all a ∈ Σ0, q ∈ Q, and X ∈ Σ1,

δ′((q, ϵ), a, X ) = {((q, h(a)), X )}

• For all b ∈ Σ1 ∪ {ϵ}, bx ∈ h(Σ0)⪰, q ∈ Q, and X ∈ Σ1,

δ′((q, bx), ϵ, X ) = {((p, x), γ) | (p, γ) ∈ δ(q, b, X )}
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Closure under Inverse Homomorphism – Example
For example, consider the following PDA:

P =
q0start [Z ] q1 q2

a [Z → XZ ]
a [X → XX ]

b [X → ϵ]

b [X → ϵ]

ϵ [Z → Z ]

that accepts L = {anbn | n ≥ 0} by final states.

If a homomorphism h : {0, 1} → {a, b}∗ is defined as follows:

h(0) = aa h(1) = b
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Closure under Inverse Homomorphism – Example
Then, the following PDA accepts h−1(L) by final states:

P ′ =

(q0, a)

(q0, aa)

(q0, ϵ)start [Z ]

(q0, b)

(q1, a)

(q1, aa)

(q1, ϵ)

(q1, b)

(q2, a)

(q2, aa)

(q2, ϵ)

(q2, b)

ϵ [X → XX ]
ϵ [Z → XZ ]

ϵ [X → XX ]
ϵ [Z → XZ ]

0 [X → X ]
0 [Z → Z ]

1 [X → X ]
1 [Z → Z ]

ϵ [X → ϵ]

ϵ [Z → Z ]

ϵ [Z → Z ]

0 [X → X ]
0 [Z → Z ]

1 [X → X ]
1 [Z → Z ]

ϵ [Z → Z ]

ϵ [X → ϵ]

ϵ [Z → Z ]

0 [X → X ]
0 [Z → Z ]

1 [X → X ]
1 [Z → Z ]
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Non-Closure Properties of CFLs

Definition (Closure Properties)
The class of CFLs is closed under an n-ary operator op if and only if
op(L1, · · · , Ln) is context-free for any CFLs L1, · · · , Ln. We say that such
properties are closure properties of CFLs.

The class of CFLs is NOT closed under the following operations:
• Intersection
• Complement
• Difference

We will prove it by using the fact that the following language is not a CFL:

L = {anbncn | n ≥ 0}

We will learn how to prove that L is not a CFL in the next lecture
(Pumping Lemma for CFLs).
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Non-Closure under Intersection

Theorem (Non-Closure under Intersection)
The class of CFLs is NOT closed under intersection.

Proof) Consider the following two languages:

L1 = {anbncm | n, m ≥ 0} L2 = {ambncn | n, m ≥ 0}

Then, L1 is accepted by:

S1 → X | S1c X → ϵ | aXb

and L2 is accepted by:

S2 → Y | aS2 Y → ϵ | bY c

Thus, they are both CFLs. However, their intersection is not a CFL:

L1 ∩ L2 = {anbncn | n ≥ 0}
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Non-Closure under Complement and Difference

Theorem (Non-Closure under Complement)
The class of CFLs is NOT closed under complement.

Proof) Assume that the class of CFLs is closed under complement. Then,
for any two CFLs L1 and L2, L1 ∩ L2 is also a CFL:

L1 ∩ L2 = L1 ∪ L2

However, we have already proved that the class of CFLs is not closed under
intersection. Thus, the class of CFLs is not closed under complement.

Theorem (Non-Closure under Difference)
The class of CFLs is NOT closed under difference.

Proof) Similarly, we can prove it using the following fact:

L1 ∩ L2 = L1 \ (L1 \ L2)
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Closure Properties of CFLs with Regular Languages

Definition (Closure Properties)
The class of CFLs is closed under an n-ary operator op if and only if
op(L1, · · · , Ln) is context-free for any CFLs L1, · · · , Ln. We say that such
properties are closure properties of CFLs.

The class of CFLs is closed under the following operations with RLs:
• Intersection
• Difference
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Closure under Intersection with RLs

Theorem (Closure under Intersection with RLs)
If L1 Is a CFL and L2 is a RL, then L1 ∩ L2 is a CFL.

There exists a PDA P that accepts L1 by final states and a DFA D that
accepts L2. We will construct a PDA P ′ that accepts L1 ∩ L2 as follows:

PDA States 
for L1

Word

<latexit sha1_base64="G4NrL4+FchmdNAyoq1HYtt9oFXI=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHYNUY9ELx4hkUcCGzI79MLI7OxmZlZDCF/gxYPGePWTvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR7cxvPaLSPJb3ZpygH9GB5CFn1Fip/tQrltyyOwdZJV5GSpCh1it+dfsxSyOUhgmqdcdzE+NPqDKcCZwWuqnGhLIRHWDHUkkj1P5kfuiUnFmlT8JY2ZKGzNXfExMaaT2OAtsZUTPUy95M/M/rpCa89idcJqlByRaLwlQQE5PZ16TPFTIjxpZQpri9lbAhVZQZm03BhuAtv7xKmhdl77JcqVdK1ZssjjycwCmcgwdXUIU7qEEDGCA8wyu8OQ/Oi/PufCxac042cwx/4Hz+AOejjQQ=</latexit>w yes

no

Stack

DFA States 
for L2

AND
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Closure under Intersection with RLs

Theorem (Closure under Intersection with RLs)
If L1 Is a CFL and L2 is a RL, then L1 ∩ L2 is a CFL.

Proof) Consider a PDA P = (QP , Σ, Γ, δP , qP , Z , FP) and a DFA
D = (QD, Σ, δD, qD, FD) such that:

LF (P) = L1 L(D) = L2

Then, L1 ∩ L2 is accepted by the PDA P ′ = (Q, Σ, Γ, δ, q0, Z , F ) by final
states, where:

• Q = QP × QD
• δ((p, q), ϵ, X ) = {((p′, q), α) | (p′, α) ∈ δP(p, ϵ, X )}
• δ((p, q), a, X ) = {((p′, q′), α) | (p′, α) ∈ δP(p, a, X ) ∧ q′ = δD(q, a)}
• q0 = (qP , qD)
• F = FP × FD
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Closure under Intersection with RLs – Example
For example, consider the following PDA P and DFA D:

P =
p0start [Z ] p1 p2

a [Z → XZ ]
a [X → XX ]

ϵ [Z → Z ]
ϵ [X → X ]

b [X → ϵ]

ϵ [Z → Z ]
D =

q0start

q1

a

bb

a

Then, a PDA P ′ that accepts LF (P) ∩ L(D) by the final states can be
constructed as follows:

P ′ = p0, q0start [Z ] p1, q0 p2, q0

p0, q1 p1, q1 p2, q1

a [Z → XZ ]
a [X → XX ]

ϵ [Z → Z ]
ϵ [X → X ]

a [Z → XZ ]
a [X → XX ] ϵ [Z → Z ]

ϵ [X → X ]

b [X → ϵ]b [X → ϵ]

ϵ [Z → Z ]

ϵ [Z → Z ]
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Closure under Difference with RLs

Theorem (Closure under Difference with RLs)
If L1 Is a CFL and L2 is a RL, then L1 \ L2 is a CFL.

Proof) We know the following fact:

L1 \ L2 = L1 ∩ L2

Since the class of RLs is closed under complement, L2 is a RL. In addition,
we know that the class of CFLs is closed under intersection with RLs.
Thus, L1 \ L2 is a CFL.
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Closure under Difference with RLs – Example
For example, consider the following PDA P and DFA D:

P =
p0start [Z ] p1 p2

a [Z → XZ ]
a [X → XX ]

ϵ [Z → Z ]
ϵ [X → X ]

b [X → ϵ]

ϵ [Z → Z ]
D =

q0start

q1

a

bb

a

Then, a DFA D that accepts L(D) and a PDA P ′ that accepts
LF (P) \ L(D) = LF (P) ∩ L(D) can be constructed as follows:

D =
q0start

q1

a

bb

a

P ′ = p0, q0start [Z ] p1, q0 p2, q0

p0, q1 p1, q1 p2, q1

a [Z → XZ ]
a [X → XX ]

ϵ [Z → Z ]
ϵ [X → X ]

a [Z → XZ ]
a [X → XX ] ϵ [Z → Z ]

ϵ [X → X ]

b [X → ϵ]b [X → ϵ]

ϵ [Z → Z ]

ϵ [Z → Z ]
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Homework #5
• Please see this document on GitHub:

https://github.com/ku-plrg-classroom/docs/tree/main/cose215/equiv-cfg-pda

• The due date is 23:59 on May 29 (Wed.).

• Please only submit Implementation.scala file to Blackboard.
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Next Lecture
• The Pumping Lemma for Context-Free Languages

Jihyeok Park
jihyeok park@korea.ac.kr

https://plrg.korea.ac.kr
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