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Recall
• A context-free grammar (CFG):

G = (V , Σ, S, R)
• The language of a CFG G :

L(G) = {w ∈ Σ∗ | S ⇒∗ w}
• A language L is a context-free language (CFL):

∃ CFG G . L(G) = L
<latexit sha1_base64="n92EN7qKro3HBPjOFkdf9pTRcuY=">AAAB/3icbVDLSgMxFM3UV62vUcGNm2ARqosyI0VdFt24rGgf0BlKJs20oUlmSDJCGWfhr7hxoYhbf8Odf2PazkJbDwQO59zLPTlBzKjSjvNtFZaWV1bXiuuljc2t7R17d6+lokRi0sQRi2QnQIowKkhTU81IJ5YE8YCRdjC6nvjtByIVjcS9HsfE52ggaEgx0kbq2QceR3qIEUsbWSX17uiAo9PspGeXnaozBVwkbk7KIEejZ395/QgnnAiNGVKq6zqx9lMkNcWMZCUvUSRGeIQGpGuoQJwoP53mz+CxUfowjKR5QsOp+nsjRVypMQ/M5CStmvcm4n9eN9HhpZ9SESeaCDw7FCYM6ghOyoB9KgnWbGwIwpKarBAPkURYm8pKpgR3/suLpHVWdc+rtdtauX6V11EEh+AIVIALLkAd3IAGaAIMHsEzeAVv1pP1Yr1bH7PRgpXv7IM/sD5/AI22lc4=</latexit>P(⌃⇤)

<latexit sha1_base64="/zCSF5YzKE75PzK8Z+pFFvsDV74=">AAACAnicbVDLSgNBEJz1GeNr1ZN4GQyCp7ArQT0GvXiMYB6QxDA76SRDZmeXmV4xLMGLv+LFgyJe/Qpv/o2Th6CJBQPVVd30dAWxFAY978tZWFxaXlnNrGXXNza3tt2d3YqJEs2hzCMZ6VrADEihoIwCJdRiDSwMJFSD/uXIr96BNiJSNziIoRmyrhIdwRlaqeXuNxDuETFlw1tFf4rAFi035+W9Meg88ackR6YotdzPRjviSQgKuWTG1H0vxmbKNAouYZhtJAZixvusC3VLFQvBNNPxCUN6ZJU27UTaPoV0rP6eSFlozCAMbGfIsGdmvZH4n1dPsHPeTIWKEwTFJ4s6iaQY0VEetC00cJQDSxjXwv6V8h7TjKNNLWtD8GdPnieVk7x/mi9cF3LFi2kcGXJADskx8ckZKZIrUiJlwskDeSIv5NV5dJ6dN+d90rrgTGf2yB84H9+H45gr</latexit>

anbn

<latexit sha1_base64="9tQw7V57vUA3ZdVPVKWNm/piBjo=">AAAB83icbVDLSgNBEJz1GeMr6tHLYBA8hV3xdQx68RjBPCC7htlJJxkyO7vM9IphyW948aCIV3/Gm3/jJNmDJhY0FFXddHeFiRQGXffbWVpeWV1bL2wUN7e2d3ZLe/sNE6eaQ53HMtatkBmQQkEdBUpoJRpYFEpohsObid98BG1ErO5xlEAQsb4SPcEZWsn3EZ4QMWPjB9Upld2KOwVdJF5OyiRHrVP68rsxTyNQyCUzpu25CQYZ0yi4hHHRTw0kjA9ZH9qWKhaBCbLpzWN6bJUu7cXalkI6VX9PZCwyZhSFtjNiODDz3kT8z2un2LsKMqGSFEHx2aJeKinGdBIA7QoNHOXIEsa1sLdSPmCacbQxFW0I3vzLi6RxWvEuKud3Z+XqdR5HgRySI3JCPHJJquSW1EidcJKQZ/JK3pzUeXHenY9Z65KTzxyQP3A+fwDAapIq</latexit>

an

<latexit sha1_base64="1VCgF0mxBR9vvM8wVZmEyHDi1kI=">AAAB8HicbVDJSgNBEK2JW4xb1KOXwSB4CjPidgx68eAhilkkGUJPpydp0t0zdNeIYchXePGgiFc/x5t/Y2c5aPRBweO9KqrqhYngBj3vy8ktLC4tr+RXC2vrG5tbxe2duolTTVmNxiLWzZAYJrhiNeQoWDPRjMhQsEY4uBz7jQemDY/VHQ4TFkjSUzzilKCV7tvIHjG7vR51iiWv7E3g/iX+jJRghmqn+NnuxjSVTCEVxJiW7yUYZEQjp4KNCu3UsITQAemxlqWKSGaCbHLwyD2wSteNYm1LoTtRf05kRBozlKHtlAT7Zt4bi/95rRSj8yDjKkmRKTpdFKXCxdgdf+92uWYUxdASQjW3t7q0TzShaDMq2BD8+Zf/kvpR2T8tn9wclyoXszjysAf7cAg+nEEFrqAKNaAg4Qle4NXRzrPz5rxPW3PObGYXfsH5+AYLqZCV</latexit>

RL

<latexit sha1_base64="YpGgcT1xgvWd339Dzax2YtosAY8=">AAACA3icbVDJSgNBEO2JW4zbqDe9NAYhXsKMuF2EYEA95BDBLJAMoafTSZr0LHTXiGEY8OKvePGgiFd/wpt/Y2cRNPFBwev3quiq54aCK7CsLyM1N7+wuJRezqysrq1vmJtbVRVEkrIKDUQg6y5RTHCfVYCDYPVQMuK5gtXcfnHo1+6YVDzwb2EQMscjXZ93OCWgpZa50wR2D3HxspTgc1zK/TyvkoOWmbXy1gh4ltgTkkUTlFvmZ7Md0MhjPlBBlGrYVghOTCRwKliSaUaKhYT2SZc1NPWJx5QTj25I8L5W2rgTSF0+4JH6eyImnlIDz9WdHoGemvaG4n9eI4LOmRNzP4yA+XT8UScSGAI8DAS3uWQUxEATQiXXu2LaI5JQ0LFldAj29MmzpHqYt0/yxzdH2cLFJI402kV7KIdsdIoK6BqVUQVR9ICe0At6NR6NZ+PNeB+3pozJzDb6A+PjG0rzlqo=</latexit>

CFL = L(CFG)
<latexit sha1_base64="zQ/XgY2Rtxi2pP/K9kCqgK4U2rE=">AAAB7HicbVBNTwIxEJ3iF+IX6tFLIzHxRHaNX0eiF49oXCCBlXRLFxq63U3blZANv8GLB43x6g/y5r+xwB4UfckkL+/NZGZekAiujeN8ocLS8srqWnG9tLG5tb1T3t1r6DhVlHk0FrFqBUQzwSXzDDeCtRLFSBQI1gyG11O/+ciU5rG8N+OE+RHpSx5ySoyVvBEePdx1yxWn6syA/xI3JxXIUe+WPzu9mKYRk4YKonXbdRLjZ0QZTgWblDqpZgmhQ9JnbUsliZj2s9mxE3xklR4OY2VLGjxTf05kJNJ6HAW2MyJmoBe9qfif105NeOlnXCapYZLOF4WpwCbG089xjytGjRhbQqji9lZMB0QRamw+JRuCu/jyX9I4qbrn1bPb00rtKo+jCAdwCMfgwgXU4Abq4AEFDk/wAq9Iomf0ht7nrQWUz+zDL6CPb27ijnQ=</latexit>
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Regular Languages are Context-Free

Theorem (RLs are CFLs)
All regular languages are context-free.

Proof) There are two ways to prove this theorem:
1 Converting regular expressions to equivalent CFGs
2 Converting ϵ-NFAs to equivalent CFGs
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Regular Expressions to CFGs
For a given regular language L, let’s construct an equivalent CFG G using
the equivalent regular expression R. L(G) = L(R).

RE R CFG G
∅ S → S
ϵ S → ϵ

a ∈ Σ S → a
R1 | R2 S → S1 | S2
R1 · R2 S → S1S2

R∗
1 S → ϵ | S1S

(R1) S → S1

where S1 and S2 are start variables of CFGs G1 and G2 such that
L(G1) = L(R1) and L(G2) = L(R2), respectively.
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Regular Expressions to CFGs – Examples
For a given RE R, construct a CFG G such that L(G) = L(R).

• R = ϵ|ab|ba

S → F | D A → a C → AB E → ϵ
B → b D → BA F → E | C

Its simplified version:
S → ϵ | ab | ba

• R = (ϵ|a)∗

S → ϵ | AS A → ϵ | a

• R = (0|1(01∗0)∗1)∗

S → ϵ | AS A → 0 | 1B1 C → 0D0
B → ϵ | CB D → ϵ | 1D
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ϵ-NFAs to CFGs
For a given ϵ-NFA Nϵ = (Q, Σ, δ, q0, F ), let’s construct a CFG G as:

• For each state q ∈ Q of Nϵ, introduce a non-terminal Aq.
• For each transition q a−→ q′ of Nϵ, introduce a production rule:

Aq → aAq′

• For each ϵ-transition q ϵ−→ q′ of Nϵ, introduce a production rule:

Aq → Aq′

• For each final state q ∈ F of Nϵ, introduce a production rule:

Aq → ϵ

• The start variable of G is Aq0 .
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ϵ-NFAs to CFGs – Examples

Nϵ =

q0start

q1 q2

q3 q4

b

a b

ϵ

a

ϵ

a

b

a

b

We can construct a CFG G (A0 is the start variable) for Nϵ:
A0 → bA0 | aA1 | bA2 | A3
A1 → aA1 | A2
A2 → aA1 | bA3 | ϵ
A3 → aA4
A4 → bA2 | ϵ

For example, we can derive ba ∈ L(Nϵ) using G :
A0 ⇒ bA0 ⇒ bA3 ⇒ baA4 ⇒ ba
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Example 1: bnamb2n

Construct a CFG for the language:

L = {bnamb2n | n, m ≥ 0}

Let’s split a word w ∈ L using shorter words in L.

∀w ∈ L. w =
{

1 am for some m ≥ 0
2 bw ′bb for some w ′ ∈ L =⇒ S → A | bSbb

∀m ≥ 0. am =
{

1 ϵ

2 aam−1 =⇒ A → ϵ | aA

Therefore, the following is a CFG for L:

S → A | bSbb
A → ϵ | aA
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Example 2: Well-Formed Brackets
Construct a CFG for the language:

L = {w ∈ {(, ), {, }, [, ]}∗ | w is well-formed}

Let’s split a word w ∈ L using shorter words in L.

∀w ∈ L. w =



1 ϵ

2 (w ′) for some w ′ ∈ L
3 {w ′} for some w ′ ∈ L
4 [w ′] for some w ′ ∈ L
5 w1w2 for some w1, w2 ∈ L

Therefore, the following is a CFG for L:

S → ϵ | (S) | {S} | [S] | SS
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Example 3: Equal Number of a’s and b’s
Construct a CFG for the language:

L = {w ∈ {a, b}∗ | Na(w) = Nb(w)}

where Na(w) and Nb(w) are the number of a’s and b’s in w , respectively.

Consider a function f (w) = Na(w) − Nb(w).

For example, if w = abbaaa, then f (w) = Na(w) − Nb(w) = 4 − 2 = 2.

If a word w = a1a2 · · · an ∈ {a, b}∗, let wi = a1a2 · · · ai for 0 ≤ i ≤ n.

Let’s draw a graph for f (wi) for 0 ≤ i ≤ n:

1
2

-1
0

-2

<latexit sha1_base64="UKuaCglXocM3SV49T93HmQYG64A=">AAACEHicbVDLTgIxFO3gC/GFunTTSExckRlj0CXRjUtIBExgQjqdAg1tZ9LeMRknfIE7o//izrj1D/wVVxaYhYAnucnJOff29p4gFtyA6347hbX1jc2t4nZpZ3dv/6B8eNQ2UaIpa9FIRPohIIYJrlgLOAj2EGtGZCBYJxjfTv3OI9OGR+oe0pj5kgwVH3BKwEpN3i9X3Ko7A14lXk4qKEejX/7phRFNJFNABTGm67kx+BnRwKlgk1IvMSwmdEyGrGupIpIZP5t9dILPrBLiQaRtKcAz9e9ERqQxqQxspyQwMsveVPzXMyCJTnW4tB8G137GVZwAU3S+fpAIDBGeZoFDrhkFkVpCqOb2AkxHRBMKNrGF94GPnyYlG5a3HM0qaV9UvVq11rys1G/y2IroBJ2ic+ShK1RHd6iBWogihp7RK3pzXpx358P5nLcWnHzmGC3A+foF6+OeDg==</latexit>

i

<latexit sha1_base64="F9QNJTQnoyvpvXVwML9JXth+7S8=">AAACFXicbVC7TsMwFHXKq5RXgZElokIqS5UgVBgrWBiLRB9SG1WO47SmthPZN6BQ9R/YEPwLG2Jl5leYcNsMtOVIVzo6515f3+PHnGlwnG8rt7K6tr6R3yxsbe/s7hX3D5o6ShShDRLxSLV9rClnkjaAAaftWFEsfE5b/vB64rceqNIskneQxtQTuC9ZyAgGIzXD8mOPnfaKJafiTGEvEzcjJZSh3iv+dIOIJIJKIBxr3XGdGLwRVsAIp+NCN9E0xmSI+7RjqMSCam80/e3YPjFKYIeRMiXBnqp/J0ZYaJ0K33QKDAO96E3Efz0NAqtUBQv7Ibz0RkzGCVBJZuvDhNsQ2ZNA7IApSoCnhmCimLnAJgOsMAET29z7wIZP44IJy12MZpk0zyputVK9PS/VrrLY8ugIHaMyctEFqqEbVEcNRNA9ekav6M16sd6tD+tz1pqzsplDNAfr6xdCVZ/N</latexit>

f(wi)
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Example 3: Equal Number of a’s and b’s
Construct a CFG for the language:

L = {w ∈ {a, b}∗ | Na(w) = Nb(w)}

where Na(w) and Nb(w) are the number of a’s and b’s in w , respectively.

Consider a function f (w) = Na(w) − Nb(w).

For example, if w = abbaaa, then f (w) = Na(w) − Nb(w) = 4 − 2 = 2.

If a word w = a1a2 · · · an ∈ {a, b}∗, let wi = a1a2 · · · ai for 0 ≤ i ≤ n.

Let’s draw a graph for f (wi) for 0 ≤ i ≤ n:
<latexit sha1_base64="/wIyGq26Sa2GHUtULjWJhezvB9Q=">AAACGXicbVC7TsMwFHXKq5RXgZElokJiqhKECmMFC2OR6EO0UeU4bmvVdiL7BhGi/AUbgn9hQ6xM/AoTbpuBthzpSkfn3Ovre/yIMw2O820VVlbX1jeKm6Wt7Z3dvfL+QUuHsSK0SUIeqo6PNeVM0iYw4LQTKYqFz2nbH19P/PYDVZqF8g6SiHoCDyUbMILBSPc9oI8AkPpZv1xxqs4U9jJxc1JBORr98k8vCEksqATCsdZd14nAS7ECRjjNSr1Y0wiTMR7SrqESC6q9dPrjzD4xSmAPQmVKgj1V/06kWGidCN90CgwjvehNxH89DQKrRAUL+2Fw6aVMRjFQSWbrBzG3IbQnodgBU5QATwzBRDFzgU1GWGECJrq594GNn7KSCctdjGaZtM6qbq1auz2v1K/y2IroCB2jU+SiC1RHN6iBmoggiZ7RK3qzXqx368P6nLUWrHzmEM3B+voF8z6iYg==</latexit>

b
<latexit sha1_base64="/wIyGq26Sa2GHUtULjWJhezvB9Q=">AAACGXicbVC7TsMwFHXKq5RXgZElokJiqhKECmMFC2OR6EO0UeU4bmvVdiL7BhGi/AUbgn9hQ6xM/AoTbpuBthzpSkfn3Ovre/yIMw2O820VVlbX1jeKm6Wt7Z3dvfL+QUuHsSK0SUIeqo6PNeVM0iYw4LQTKYqFz2nbH19P/PYDVZqF8g6SiHoCDyUbMILBSPc9oI8AkPpZv1xxqs4U9jJxc1JBORr98k8vCEksqATCsdZd14nAS7ECRjjNSr1Y0wiTMR7SrqESC6q9dPrjzD4xSmAPQmVKgj1V/06kWGidCN90CgwjvehNxH89DQKrRAUL+2Fw6aVMRjFQSWbrBzG3IbQnodgBU5QATwzBRDFzgU1GWGECJrq594GNn7KSCctdjGaZtM6qbq1auz2v1K/y2IroCB2jU+SiC1RHN6iBmoggiZ7RK3qzXqx368P6nLUWrHzmEM3B+voF8z6iYg==</latexit>

b <latexit sha1_base64="02/i+JuGFfa5jQSn4lYyR/1HddA=">AAACGXicbVC7TsMwFHXKq5RXgZHFokJiqhKECmMFC2OR6EO0UeU4bmvVcSL7BhGi/AUbgn9hQ6xM/AoTbpuBthzpSkfn3Ovre7xIcA22/W0VVlbX1jeKm6Wt7Z3dvfL+QUuHsaKsSUMRqo5HNBNcsiZwEKwTKUYCT7C2N76e+O0HpjQP5R0kEXMDMpR8wCkBI933gD0CQEqyfrliV+0p8DJxclJBORr98k/PD2kcMAlUEK27jh2BmxIFnAqWlXqxZhGhYzJkXUMlCZh20+mPM3xiFB8PQmVKAp6qfydSEmidBJ7pDAiM9KI3Ef/1NAREJcpf2A+DSzflMoqBSTpbP4gFhhBPQsE+V4yCSAwhVHFzAaYjoggFE93c+8DHT1nJhOUsRrNMWmdVp1at3Z5X6ld5bEV0hI7RKXLQBaqjG9RATUSRRM/oFb1ZL9a79WF9zloLVj5ziOZgff0C8ZGiYQ==</latexit>a<latexit sha1_base64="02/i+JuGFfa5jQSn4lYyR/1HddA=">AAACGXicbVC7TsMwFHXKq5RXgZHFokJiqhKECmMFC2OR6EO0UeU4bmvVcSL7BhGi/AUbgn9hQ6xM/AoTbpuBthzpSkfn3Ovre7xIcA22/W0VVlbX1jeKm6Wt7Z3dvfL+QUuHsaKsSUMRqo5HNBNcsiZwEKwTKUYCT7C2N76e+O0HpjQP5R0kEXMDMpR8wCkBI933gD0CQEqyfrliV+0p8DJxclJBORr98k/PD2kcMAlUEK27jh2BmxIFnAqWlXqxZhGhYzJkXUMlCZh20+mPM3xiFB8PQmVKAp6qfydSEmidBJ7pDAiM9KI3Ef/1NAREJcpf2A+DSzflMoqBSTpbP4gFhhBPQsE+V4yCSAwhVHFzAaYjoggFE93c+8DHT1nJhOUsRrNMWmdVp1at3Z5X6ld5bEV0hI7RKXLQBaqjG9RATUSRRM/oFb1ZL9a79WF9zloLVj5ziOZgff0C8ZGiYQ==</latexit>a<latexit sha1_base64="02/i+JuGFfa5jQSn4lYyR/1HddA=">AAACGXicbVC7TsMwFHXKq5RXgZHFokJiqhKECmMFC2OR6EO0UeU4bmvVcSL7BhGi/AUbgn9hQ6xM/AoTbpuBthzpSkfn3Ovre7xIcA22/W0VVlbX1jeKm6Wt7Z3dvfL+QUuHsaKsSUMRqo5HNBNcsiZwEKwTKUYCT7C2N76e+O0HpjQP5R0kEXMDMpR8wCkBI933gD0CQEqyfrliV+0p8DJxclJBORr98k/PD2kcMAlUEK27jh2BmxIFnAqWlXqxZhGhYzJkXUMlCZh20+mPM3xiFB8PQmVKAp6qfydSEmidBJ7pDAiM9KI3Ef/1NAREJcpf2A+DSzflMoqBSTpbP4gFhhBPQsE+V4yCSAwhVHFzAaYjoggFE93c+8DHT1nJhOUsRrNMWmdVp1at3Z5X6ld5bEV0hI7RKXLQBaqjG9RATUSRRM/oFb1ZL9a79WF9zloLVj5ziOZgff0C8ZGiYQ==</latexit>a

1
2

-1
0

-2

<latexit sha1_base64="UKuaCglXocM3SV49T93HmQYG64A=">AAACEHicbVDLTgIxFO3gC/GFunTTSExckRlj0CXRjUtIBExgQjqdAg1tZ9LeMRknfIE7o//izrj1D/wVVxaYhYAnucnJOff29p4gFtyA6347hbX1jc2t4nZpZ3dv/6B8eNQ2UaIpa9FIRPohIIYJrlgLOAj2EGtGZCBYJxjfTv3OI9OGR+oe0pj5kgwVH3BKwEpN3i9X3Ko7A14lXk4qKEejX/7phRFNJFNABTGm67kx+BnRwKlgk1IvMSwmdEyGrGupIpIZP5t9dILPrBLiQaRtKcAz9e9ERqQxqQxspyQwMsveVPzXMyCJTnW4tB8G137GVZwAU3S+fpAIDBGeZoFDrhkFkVpCqOb2AkxHRBMKNrGF94GPnyYlG5a3HM0qaV9UvVq11rys1G/y2IroBJ2ic+ShK1RHd6iBWogihp7RK3pzXpx358P5nLcWnHzmGC3A+foF6+OeDg==</latexit>

i

<latexit sha1_base64="7IWVtU7zBAemGW5wi+Wrr0a+7kg=">AAACEHicbVDLSsNAFJ3UV62vqks3g0VwVRKR6kYounHZgn1AG8pkMmmHTiZh5kaIoV/gTvRf3Ilb/8BfceW0zcK2HrhwOOfeuXOPFwuuwba/rcLa+sbmVnG7tLO7t39QPjxq6yhRlLVoJCLV9YhmgkvWAg6CdWPFSOgJ1vHGd1O/88iU5pF8gDRmbkiGkgecEjBS82ZQrthVewa8SpycVFCOxqD80/cjmoRMAhVE655jx+BmRAGngk1K/USzmNAxGbKeoZKETLvZ7KMTfGYUHweRMiUBz9S/ExkJtU5Dz3SGBEZ62ZuK/3oaQqJS5S/th+DazbiME2CSztcHicAQ4WkW2OeKURCpIYQqbi7AdEQUoWASW3gf+PhpUjJhOcvRrJL2RdWpVWvNy0r9No+tiE7QKTpHDrpCdXSPGqiFKGLoGb2iN+vFerc+rM95a8HKZ47RAqyvX6JTneI=</latexit>=<latexit sha1_base64="02/i+JuGFfa5jQSn4lYyR/1HddA=">AAACGXicbVC7TsMwFHXKq5RXgZHFokJiqhKECmMFC2OR6EO0UeU4bmvVcSL7BhGi/AUbgn9hQ6xM/AoTbpuBthzpSkfn3Ovre7xIcA22/W0VVlbX1jeKm6Wt7Z3dvfL+QUuHsaKsSUMRqo5HNBNcsiZwEKwTKUYCT7C2N76e+O0HpjQP5R0kEXMDMpR8wCkBI933gD0CQEqyfrliV+0p8DJxclJBORr98k/PD2kcMAlUEK27jh2BmxIFnAqWlXqxZhGhYzJkXUMlCZh20+mPM3xiFB8PQmVKAp6qfydSEmidBJ7pDAiM9KI3Ef/1NAREJcpf2A+DSzflMoqBSTpbP4gFhhBPQsE+V4yCSAwhVHFzAaYjoggFE93c+8DHT1nJhOUsRrNMWmdVp1at3Z5X6ld5bEV0hI7RKXLQBaqjG9RATUSRRM/oFb1ZL9a79WF9zloLVj5ziOZgff0C8ZGiYQ==</latexit>a<latexit sha1_base64="F9QNJTQnoyvpvXVwML9JXth+7S8=">AAACFXicbVC7TsMwFHXKq5RXgZElokIqS5UgVBgrWBiLRB9SG1WO47SmthPZN6BQ9R/YEPwLG2Jl5leYcNsMtOVIVzo6515f3+PHnGlwnG8rt7K6tr6R3yxsbe/s7hX3D5o6ShShDRLxSLV9rClnkjaAAaftWFEsfE5b/vB64rceqNIskneQxtQTuC9ZyAgGIzXD8mOPnfaKJafiTGEvEzcjJZSh3iv+dIOIJIJKIBxr3XGdGLwRVsAIp+NCN9E0xmSI+7RjqMSCam80/e3YPjFKYIeRMiXBnqp/J0ZYaJ0K33QKDAO96E3Efz0NAqtUBQv7Ibz0RkzGCVBJZuvDhNsQ2ZNA7IApSoCnhmCimLnAJgOsMAET29z7wIZP44IJy12MZpk0zyputVK9PS/VrrLY8ugIHaMyctEFqqEbVEcNRNA9ekav6M16sd6tD+tz1pqzsplDNAfr6xdCVZ/N</latexit>

f(wi)
<latexit sha1_base64="AawOda0tu9X9eMJsMKkpRKQEogk=">AAACEHicbVDLSsNAFJ3UV62vqks3g0VwVRKR6rLoxmUL9gFtKJPJpB06mYSZGyWGfoE70X9xJ279A3/FldM2C9t64MLhnHvnzj1eLLgG2/62CmvrG5tbxe3Szu7e/kH58Kito0RR1qKRiFTXI5oJLlkLOAjWjRUjoSdYxxvfTv3OA1OaR/Ie0pi5IRlKHnBKwEjNx0G5YlftGfAqcXJSQTkag/JP349oEjIJVBCte44dg5sRBZwKNin1E81iQsdkyHqGShIy7Wazj07wmVF8HETKlAQ8U/9OZCTUOg090xkSGOllbyr+62kIiUqVv7Qfgms34zJOgEk6Xx8kAkOEp1lgnytGQaSGEKq4uQDTEVGEgkls4X3g46dJyYTlLEezStoXVadWrTUvK/WbPLYiOkGn6Bw56ArV0R1qoBaiiKFn9IrerBfr3fqwPuetBSufOUYLsL5+AQNanhw=</latexit>w
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Example 3: Equal Number of a’s and b’s
Let’s split a word w ∈ L using shorter words in L.

For a given w ∈ L, there are four cases:

1 w = ϵ

<latexit sha1_base64="/wIyGq26Sa2GHUtULjWJhezvB9Q=">AAACGXicbVC7TsMwFHXKq5RXgZElokJiqhKECmMFC2OR6EO0UeU4bmvVdiL7BhGi/AUbgn9hQ6xM/AoTbpuBthzpSkfn3Ovre/yIMw2O820VVlbX1jeKm6Wt7Z3dvfL+QUuHsSK0SUIeqo6PNeVM0iYw4LQTKYqFz2nbH19P/PYDVZqF8g6SiHoCDyUbMILBSPc9oI8AkPpZv1xxqs4U9jJxc1JBORr98k8vCEksqATCsdZd14nAS7ECRjjNSr1Y0wiTMR7SrqESC6q9dPrjzD4xSmAPQmVKgj1V/06kWGidCN90CgwjvehNxH89DQKrRAUL+2Fw6aVMRjFQSWbrBzG3IbQnodgBU5QATwzBRDFzgU1GWGECJrq594GNn7KSCctdjGaZtM6qbq1auz2v1K/y2IroCB2jU+SiC1RHN6iBmoggiZ7RK3qzXqx368P6nLUWrHzmEM3B+voF8z6iYg==</latexit>

b
<latexit sha1_base64="/wIyGq26Sa2GHUtULjWJhezvB9Q=">AAACGXicbVC7TsMwFHXKq5RXgZElokJiqhKECmMFC2OR6EO0UeU4bmvVdiL7BhGi/AUbgn9hQ6xM/AoTbpuBthzpSkfn3Ovre/yIMw2O820VVlbX1jeKm6Wt7Z3dvfL+QUuHsSK0SUIeqo6PNeVM0iYw4LQTKYqFz2nbH19P/PYDVZqF8g6SiHoCDyUbMILBSPc9oI8AkPpZv1xxqs4U9jJxc1JBORr98k8vCEksqATCsdZd14nAS7ECRjjNSr1Y0wiTMR7SrqESC6q9dPrjzD4xSmAPQmVKgj1V/06kWGidCN90CgwjvehNxH89DQKrRAUL+2Fw6aVMRjFQSWbrBzG3IbQnodgBU5QATwzBRDFzgU1GWGECJrq594GNn7KSCctdjGaZtM6qbq1auz2v1K/y2IroCB2jU+SiC1RHN6iBmoggiZ7RK3qzXqx368P6nLUWrHzmEM3B+voF8z6iYg==</latexit>

b <latexit sha1_base64="02/i+JuGFfa5jQSn4lYyR/1HddA=">AAACGXicbVC7TsMwFHXKq5RXgZHFokJiqhKECmMFC2OR6EO0UeU4bmvVcSL7BhGi/AUbgn9hQ6xM/AoTbpuBthzpSkfn3Ovre7xIcA22/W0VVlbX1jeKm6Wt7Z3dvfL+QUuHsaKsSUMRqo5HNBNcsiZwEKwTKUYCT7C2N76e+O0HpjQP5R0kEXMDMpR8wCkBI933gD0CQEqyfrliV+0p8DJxclJBORr98k/PD2kcMAlUEK27jh2BmxIFnAqWlXqxZhGhYzJkXUMlCZh20+mPM3xiFB8PQmVKAp6qfydSEmidBJ7pDAiM9KI3Ef/1NAREJcpf2A+DSzflMoqBSTpbP4gFhhBPQsE+V4yCSAwhVHFzAaYjoggFE93c+8DHT1nJhOUsRrNMWmdVp1at3Z5X6ld5bEV0hI7RKXLQBaqjG9RATUSRRM/oFb1ZL9a79WF9zloLVj5ziOZgff0C8ZGiYQ==</latexit>a<latexit sha1_base64="02/i+JuGFfa5jQSn4lYyR/1HddA=">AAACGXicbVC7TsMwFHXKq5RXgZHFokJiqhKECmMFC2OR6EO0UeU4bmvVcSL7BhGi/AUbgn9hQ6xM/AoTbpuBthzpSkfn3Ovre7xIcA22/W0VVlbX1jeKm6Wt7Z3dvfL+QUuHsaKsSUMRqo5HNBNcsiZwEKwTKUYCT7C2N76e+O0HpjQP5R0kEXMDMpR8wCkBI933gD0CQEqyfrliV+0p8DJxclJBORr98k/PD2kcMAlUEK27jh2BmxIFnAqWlXqxZhGhYzJkXUMlCZh20+mPM3xiFB8PQmVKAp6qfydSEmidBJ7pDAiM9KI3Ef/1NAREJcpf2A+DSzflMoqBSTpbP4gFhhBPQsE+V4yCSAwhVHFzAaYjoggFE93c+8DHT1nJhOUsRrNMWmdVp1at3Z5X6ld5bEV0hI7RKXLQBaqjG9RATUSRRM/oFb1ZL9a79WF9zloLVj5ziOZgff0C8ZGiYQ==</latexit>a<latexit sha1_base64="02/i+JuGFfa5jQSn4lYyR/1HddA=">AAACGXicbVC7TsMwFHXKq5RXgZHFokJiqhKECmMFC2OR6EO0UeU4bmvVcSL7BhGi/AUbgn9hQ6xM/AoTbpuBthzpSkfn3Ovre7xIcA22/W0VVlbX1jeKm6Wt7Z3dvfL+QUuHsaKsSUMRqo5HNBNcsiZwEKwTKUYCT7C2N76e+O0HpjQP5R0kEXMDMpR8wCkBI933gD0CQEqyfrliV+0p8DJxclJBORr98k/PD2kcMAlUEK27jh2BmxIFnAqWlXqxZhGhYzJkXUMlCZh20+mPM3xiFB8PQmVKAp6qfydSEmidBJ7pDAiM9KI3Ef/1NAREJcpf2A+DSzflMoqBSTpbP4gFhhBPQsE+V4yCSAwhVHFzAaYjoggFE93c+8DHT1nJhOUsRrNMWmdVp1at3Z5X6ld5bEV0hI7RKXLQBaqjG9RATUSRRM/oFb1ZL9a79WF9zloLVj5ziOZgff0C8ZGiYQ==</latexit>a

1
2

-1
0

-2

<latexit sha1_base64="F9QNJTQnoyvpvXVwML9JXth+7S8=">AAACFXicbVC7TsMwFHXKq5RXgZElokIqS5UgVBgrWBiLRB9SG1WO47SmthPZN6BQ9R/YEPwLG2Jl5leYcNsMtOVIVzo6515f3+PHnGlwnG8rt7K6tr6R3yxsbe/s7hX3D5o6ShShDRLxSLV9rClnkjaAAaftWFEsfE5b/vB64rceqNIskneQxtQTuC9ZyAgGIzXD8mOPnfaKJafiTGEvEzcjJZSh3iv+dIOIJIJKIBxr3XGdGLwRVsAIp+NCN9E0xmSI+7RjqMSCam80/e3YPjFKYIeRMiXBnqp/J0ZYaJ0K33QKDAO96E3Efz0NAqtUBQv7Ibz0RkzGCVBJZuvDhNsQ2ZNA7IApSoCnhmCimLnAJgOsMAET29z7wIZP44IJy12MZpk0zyputVK9PS/VrrLY8ugIHaMyctEFqqEbVEcNRNA9ekav6M16sd6tD+tz1pqzsplDNAfr6xdCVZ/N</latexit>

f(wi)

<latexit sha1_base64="UKuaCglXocM3SV49T93HmQYG64A=">AAACEHicbVDLTgIxFO3gC/GFunTTSExckRlj0CXRjUtIBExgQjqdAg1tZ9LeMRknfIE7o//izrj1D/wVVxaYhYAnucnJOff29p4gFtyA6347hbX1jc2t4nZpZ3dv/6B8eNQ2UaIpa9FIRPohIIYJrlgLOAj2EGtGZCBYJxjfTv3OI9OGR+oe0pj5kgwVH3BKwEpN3i9X3Ko7A14lXk4qKEejX/7phRFNJFNABTGm67kx+BnRwKlgk1IvMSwmdEyGrGupIpIZP5t9dILPrBLiQaRtKcAz9e9ERqQxqQxspyQwMsveVPzXMyCJTnW4tB8G137GVZwAU3S+fpAIDBGeZoFDrhkFkVpCqOb2AkxHRBMKNrGF94GPnyYlG5a3HM0qaV9UvVq11rys1G/y2IroBJ2ic+ShK1RHd6iBWogihp7RK3pzXpx358P5nLcWnHzmGC3A+foF6+OeDg==</latexit>

i

<latexit sha1_base64="7IWVtU7zBAemGW5wi+Wrr0a+7kg=">AAACEHicbVDLSsNAFJ3UV62vqks3g0VwVRKR6kYounHZgn1AG8pkMmmHTiZh5kaIoV/gTvRf3Ilb/8BfceW0zcK2HrhwOOfeuXOPFwuuwba/rcLa+sbmVnG7tLO7t39QPjxq6yhRlLVoJCLV9YhmgkvWAg6CdWPFSOgJ1vHGd1O/88iU5pF8gDRmbkiGkgecEjBS82ZQrthVewa8SpycVFCOxqD80/cjmoRMAhVE655jx+BmRAGngk1K/USzmNAxGbKeoZKETLvZ7KMTfGYUHweRMiUBz9S/ExkJtU5Dz3SGBEZ62ZuK/3oaQqJS5S/th+DazbiME2CSztcHicAQ4WkW2OeKURCpIYQqbi7AdEQUoWASW3gf+PhpUjJhOcvRrJL2RdWpVWvNy0r9No+tiE7QKTpHDrpCdXSPGqiFKGLoGb2iN+vFerc+rM95a8HKZ47RAqyvX6JTneI=</latexit>= <latexit sha1_base64="AawOda0tu9X9eMJsMKkpRKQEogk=">AAACEHicbVDLSsNAFJ3UV62vqks3g0VwVRKR6rLoxmUL9gFtKJPJpB06mYSZGyWGfoE70X9xJ279A3/FldM2C9t64MLhnHvnzj1eLLgG2/62CmvrG5tbxe3Szu7e/kH58Kito0RR1qKRiFTXI5oJLlkLOAjWjRUjoSdYxxvfTv3OA1OaR/Ie0pi5IRlKHnBKwEjNx0G5YlftGfAqcXJSQTkag/JP349oEjIJVBCte44dg5sRBZwKNin1E81iQsdkyHqGShIy7Wazj07wmVF8HETKlAQ8U/9OZCTUOg090xkSGOllbyr+62kIiUqVv7Qfgms34zJOgEk6Xx8kAkOEp1lgnytGQaSGEKq4uQDTEVGEgkls4X3g46dJyYTlLEezStoXVadWrTUvK/WbPLYiOkGn6Bw56ArV0R1qoBaiiKFn9IrerBfr3fqwPuetBSufOUYLsL5+AQNanhw=</latexit>w
<latexit sha1_base64="/wIyGq26Sa2GHUtULjWJhezvB9Q=">AAACGXicbVC7TsMwFHXKq5RXgZElokJiqhKECmMFC2OR6EO0UeU4bmvVdiL7BhGi/AUbgn9hQ6xM/AoTbpuBthzpSkfn3Ovre/yIMw2O820VVlbX1jeKm6Wt7Z3dvfL+QUuHsSK0SUIeqo6PNeVM0iYw4LQTKYqFz2nbH19P/PYDVZqF8g6SiHoCDyUbMILBSPc9oI8AkPpZv1xxqs4U9jJxc1JBORr98k8vCEksqATCsdZd14nAS7ECRjjNSr1Y0wiTMR7SrqESC6q9dPrjzD4xSmAPQmVKgj1V/06kWGidCN90CgwjvehNxH89DQKrRAUL+2Fw6aVMRjFQSWbrBzG3IbQnodgBU5QATwzBRDFzgU1GWGECJrq594GNn7KSCctdjGaZtM6qbq1auz2v1K/y2IroCB2jU+SiC1RHN6iBmoggiZ7RK3qzXqx368P6nLUWrHzmEM3B+voF8z6iYg==</latexit>

b
<latexit sha1_base64="de67JuwDmmTb5hJ+G34l1+pB7dw=">AAACEHicbVDLSsNAFJ3UV62vqks3g0VwVRKR6rLoxmWL9gFtKJPJpB06mYSZGyGGfoE70X9xJ279A3/FldM2C9t64MLhnHvnzj1eLLgG2/62CmvrG5tbxe3Szu7e/kH58Kito0RR1qKRiFTXI5oJLlkLOAjWjRUjoSdYxxvfTv3OI1OaR/IB0pi5IRlKHnBKwEjN+0G5YlftGfAqcXJSQTkag/JP349oEjIJVBCte44dg5sRBZwKNin1E81iQsdkyHqGShIy7Wazj07wmVF8HETKlAQ8U/9OZCTUOg090xkSGOllbyr+62kIiUqVv7Qfgms34zJOgEk6Xx8kAkOEp1lgnytGQaSGEKq4uQDTEVGEgkls4X3g46dJyYTlLEezStoXVadWrTUvK/WbPLYiOkGn6Bw56ArV0R1qoBaiiKFn9IrerBfr3fqwPuetBSufOUYLsL5+Accbnfg=</latexit>

S
<latexit sha1_base64="de67JuwDmmTb5hJ+G34l1+pB7dw=">AAACEHicbVDLSsNAFJ3UV62vqks3g0VwVRKR6rLoxmWL9gFtKJPJpB06mYSZGyGGfoE70X9xJ279A3/FldM2C9t64MLhnHvnzj1eLLgG2/62CmvrG5tbxe3Szu7e/kH58Kito0RR1qKRiFTXI5oJLlkLOAjWjRUjoSdYxxvfTv3OI1OaR/IB0pi5IRlKHnBKwEjN+0G5YlftGfAqcXJSQTkag/JP349oEjIJVBCte44dg5sRBZwKNin1E81iQsdkyHqGShIy7Wazj07wmVF8HETKlAQ8U/9OZCTUOg090xkSGOllbyr+62kIiUqVv7Qfgms34zJOgEk6Xx8kAkOEp1lgnytGQaSGEKq4uQDTEVGEgkls4X3g46dJyYTlLEezStoXVadWrTUvK/WbPLYiOkGn6Bw56ArV0R1qoBaiiKFn9IrerBfr3fqwPuetBSufOUYLsL5+Accbnfg=</latexit>

S

2 w = w1w2

<latexit sha1_base64="/wIyGq26Sa2GHUtULjWJhezvB9Q=">AAACGXicbVC7TsMwFHXKq5RXgZElokJiqhKECmMFC2OR6EO0UeU4bmvVdiL7BhGi/AUbgn9hQ6xM/AoTbpuBthzpSkfn3Ovre/yIMw2O820VVlbX1jeKm6Wt7Z3dvfL+QUuHsSK0SUIeqo6PNeVM0iYw4LQTKYqFz2nbH19P/PYDVZqF8g6SiHoCDyUbMILBSPc9oI8AkPpZv1xxqs4U9jJxc1JBORr98k8vCEksqATCsdZd14nAS7ECRjjNSr1Y0wiTMR7SrqESC6q9dPrjzD4xSmAPQmVKgj1V/06kWGidCN90CgwjvehNxH89DQKrRAUL+2Fw6aVMRjFQSWbrBzG3IbQnodgBU5QATwzBRDFzgU1GWGECJrq594GNn7KSCctdjGaZtM6qbq1auz2v1K/y2IroCB2jU+SiC1RHN6iBmoggiZ7RK3qzXqx368P6nLUWrHzmEM3B+voF8z6iYg==</latexit>

b
<latexit sha1_base64="/wIyGq26Sa2GHUtULjWJhezvB9Q=">AAACGXicbVC7TsMwFHXKq5RXgZElokJiqhKECmMFC2OR6EO0UeU4bmvVdiL7BhGi/AUbgn9hQ6xM/AoTbpuBthzpSkfn3Ovre/yIMw2O820VVlbX1jeKm6Wt7Z3dvfL+QUuHsSK0SUIeqo6PNeVM0iYw4LQTKYqFz2nbH19P/PYDVZqF8g6SiHoCDyUbMILBSPc9oI8AkPpZv1xxqs4U9jJxc1JBORr98k8vCEksqATCsdZd14nAS7ECRjjNSr1Y0wiTMR7SrqESC6q9dPrjzD4xSmAPQmVKgj1V/06kWGidCN90CgwjvehNxH89DQKrRAUL+2Fw6aVMRjFQSWbrBzG3IbQnodgBU5QATwzBRDFzgU1GWGECJrq594GNn7KSCctdjGaZtM6qbq1auz2v1K/y2IroCB2jU+SiC1RHN6iBmoggiZ7RK3qzXqx368P6nLUWrHzmEM3B+voF8z6iYg==</latexit>

b<latexit sha1_base64="02/i+JuGFfa5jQSn4lYyR/1HddA=">AAACGXicbVC7TsMwFHXKq5RXgZHFokJiqhKECmMFC2OR6EO0UeU4bmvVcSL7BhGi/AUbgn9hQ6xM/AoTbpuBthzpSkfn3Ovre7xIcA22/W0VVlbX1jeKm6Wt7Z3dvfL+QUuHsaKsSUMRqo5HNBNcsiZwEKwTKUYCT7C2N76e+O0HpjQP5R0kEXMDMpR8wCkBI933gD0CQEqyfrliV+0p8DJxclJBORr98k/PD2kcMAlUEK27jh2BmxIFnAqWlXqxZhGhYzJkXUMlCZh20+mPM3xiFB8PQmVKAp6qfydSEmidBJ7pDAiM9KI3Ef/1NAREJcpf2A+DSzflMoqBSTpbP4gFhhBPQsE+V4yCSAwhVHFzAaYjoggFE93c+8DHT1nJhOUsRrNMWmdVp1at3Z5X6ld5bEV0hI7RKXLQBaqjG9RATUSRRM/oFb1ZL9a79WF9zloLVj5ziOZgff0C8ZGiYQ==</latexit>a <latexit sha1_base64="02/i+JuGFfa5jQSn4lYyR/1HddA=">AAACGXicbVC7TsMwFHXKq5RXgZHFokJiqhKECmMFC2OR6EO0UeU4bmvVcSL7BhGi/AUbgn9hQ6xM/AoTbpuBthzpSkfn3Ovre7xIcA22/W0VVlbX1jeKm6Wt7Z3dvfL+QUuHsaKsSUMRqo5HNBNcsiZwEKwTKUYCT7C2N76e+O0HpjQP5R0kEXMDMpR8wCkBI933gD0CQEqyfrliV+0p8DJxclJBORr98k/PD2kcMAlUEK27jh2BmxIFnAqWlXqxZhGhYzJkXUMlCZh20+mPM3xiFB8PQmVKAp6qfydSEmidBJ7pDAiM9KI3Ef/1NAREJcpf2A+DSzflMoqBSTpbP4gFhhBPQsE+V4yCSAwhVHFzAaYjoggFE93c+8DHT1nJhOUsRrNMWmdVp1at3Z5X6ld5bEV0hI7RKXLQBaqjG9RATUSRRM/oFb1ZL9a79WF9zloLVj5ziOZgff0C8ZGiYQ==</latexit>a<latexit sha1_base64="02/i+JuGFfa5jQSn4lYyR/1HddA=">AAACGXicbVC7TsMwFHXKq5RXgZHFokJiqhKECmMFC2OR6EO0UeU4bmvVcSL7BhGi/AUbgn9hQ6xM/AoTbpuBthzpSkfn3Ovre7xIcA22/W0VVlbX1jeKm6Wt7Z3dvfL+QUuHsaKsSUMRqo5HNBNcsiZwEKwTKUYCT7C2N76e+O0HpjQP5R0kEXMDMpR8wCkBI933gD0CQEqyfrliV+0p8DJxclJBORr98k/PD2kcMAlUEK27jh2BmxIFnAqWlXqxZhGhYzJkXUMlCZh20+mPM3xiFB8PQmVKAp6qfydSEmidBJ7pDAiM9KI3Ef/1NAREJcpf2A+DSzflMoqBSTpbP4gFhhBPQsE+V4yCSAwhVHFzAaYjoggFE93c+8DHT1nJhOUsRrNMWmdVp1at3Z5X6ld5bEV0hI7RKXLQBaqjG9RATUSRRM/oFb1ZL9a79WF9zloLVj5ziOZgff0C8ZGiYQ==</latexit>a

1
2

-1
0

-2

<latexit sha1_base64="F9QNJTQnoyvpvXVwML9JXth+7S8=">AAACFXicbVC7TsMwFHXKq5RXgZElokIqS5UgVBgrWBiLRB9SG1WO47SmthPZN6BQ9R/YEPwLG2Jl5leYcNsMtOVIVzo6515f3+PHnGlwnG8rt7K6tr6R3yxsbe/s7hX3D5o6ShShDRLxSLV9rClnkjaAAaftWFEsfE5b/vB64rceqNIskneQxtQTuC9ZyAgGIzXD8mOPnfaKJafiTGEvEzcjJZSh3iv+dIOIJIJKIBxr3XGdGLwRVsAIp+NCN9E0xmSI+7RjqMSCam80/e3YPjFKYIeRMiXBnqp/J0ZYaJ0K33QKDAO96E3Efz0NAqtUBQv7Ibz0RkzGCVBJZuvDhNsQ2ZNA7IApSoCnhmCimLnAJgOsMAET29z7wIZP44IJy12MZpk0zyputVK9PS/VrrLY8ugIHaMyctEFqqEbVEcNRNA9ekav6M16sd6tD+tz1pqzsplDNAfr6xdCVZ/N</latexit>

f(wi)

<latexit sha1_base64="UKuaCglXocM3SV49T93HmQYG64A=">AAACEHicbVDLTgIxFO3gC/GFunTTSExckRlj0CXRjUtIBExgQjqdAg1tZ9LeMRknfIE7o//izrj1D/wVVxaYhYAnucnJOff29p4gFtyA6347hbX1jc2t4nZpZ3dv/6B8eNQ2UaIpa9FIRPohIIYJrlgLOAj2EGtGZCBYJxjfTv3OI9OGR+oe0pj5kgwVH3BKwEpN3i9X3Ko7A14lXk4qKEejX/7phRFNJFNABTGm67kx+BnRwKlgk1IvMSwmdEyGrGupIpIZP5t9dILPrBLiQaRtKcAz9e9ERqQxqQxspyQwMsveVPzXMyCJTnW4tB8G137GVZwAU3S+fpAIDBGeZoFDrhkFkVpCqOb2AkxHRBMKNrGF94GPnyYlG5a3HM0qaV9UvVq11rys1G/y2IroBJ2ic+ShK1RHd6iBWogihp7RK3pzXpx358P5nLcWnHzmGC3A+foF6+OeDg==</latexit>

i

<latexit sha1_base64="7IWVtU7zBAemGW5wi+Wrr0a+7kg=">AAACEHicbVDLSsNAFJ3UV62vqks3g0VwVRKR6kYounHZgn1AG8pkMmmHTiZh5kaIoV/gTvRf3Ilb/8BfceW0zcK2HrhwOOfeuXOPFwuuwba/rcLa+sbmVnG7tLO7t39QPjxq6yhRlLVoJCLV9YhmgkvWAg6CdWPFSOgJ1vHGd1O/88iU5pF8gDRmbkiGkgecEjBS82ZQrthVewa8SpycVFCOxqD80/cjmoRMAhVE655jx+BmRAGngk1K/USzmNAxGbKeoZKETLvZ7KMTfGYUHweRMiUBz9S/ExkJtU5Dz3SGBEZ62ZuK/3oaQqJS5S/th+DazbiME2CSztcHicAQ4WkW2OeKURCpIYQqbi7AdEQUoWASW3gf+PhpUjJhOcvRrJL2RdWpVWvNy0r9No+tiE7QKTpHDrpCdXSPGqiFKGLoGb2iN+vFerc+rM95a8HKZ47RAqyvX6JTneI=</latexit>=
<latexit sha1_base64="02/i+JuGFfa5jQSn4lYyR/1HddA=">AAACGXicbVC7TsMwFHXKq5RXgZHFokJiqhKECmMFC2OR6EO0UeU4bmvVcSL7BhGi/AUbgn9hQ6xM/AoTbpuBthzpSkfn3Ovre7xIcA22/W0VVlbX1jeKm6Wt7Z3dvfL+QUuHsaKsSUMRqo5HNBNcsiZwEKwTKUYCT7C2N76e+O0HpjQP5R0kEXMDMpR8wCkBI933gD0CQEqyfrliV+0p8DJxclJBORr98k/PD2kcMAlUEK27jh2BmxIFnAqWlXqxZhGhYzJkXUMlCZh20+mPM3xiFB8PQmVKAp6qfydSEmidBJ7pDAiM9KI3Ef/1NAREJcpf2A+DSzflMoqBSTpbP4gFhhBPQsE+V4yCSAwhVHFzAaYjoggFE93c+8DHT1nJhOUsRrNMWmdVp1at3Z5X6ld5bEV0hI7RKXLQBaqjG9RATUSRRM/oFb1ZL9a79WF9zloLVj5ziOZgff0C8ZGiYQ==</latexit>a

<latexit sha1_base64="AawOda0tu9X9eMJsMKkpRKQEogk=">AAACEHicbVDLSsNAFJ3UV62vqks3g0VwVRKR6rLoxmUL9gFtKJPJpB06mYSZGyWGfoE70X9xJ279A3/FldM2C9t64MLhnHvnzj1eLLgG2/62CmvrG5tbxe3Szu7e/kH58Kito0RR1qKRiFTXI5oJLlkLOAjWjRUjoSdYxxvfTv3OA1OaR/Ie0pi5IRlKHnBKwEjNx0G5YlftGfAqcXJSQTkag/JP349oEjIJVBCte44dg5sRBZwKNin1E81iQsdkyHqGShIy7Wazj07wmVF8HETKlAQ8U/9OZCTUOg090xkSGOllbyr+62kIiUqVv7Qfgms34zJOgEk6Xx8kAkOEp1lgnytGQaSGEKq4uQDTEVGEgkls4X3g46dJyYTlLEezStoXVadWrTUvK/WbPLYiOkGn6Bw56ArV0R1qoBaiiKFn9IrerBfr3fqwPuetBSufOUYLsL5+AQNanhw=</latexit>w
<latexit sha1_base64="/wIyGq26Sa2GHUtULjWJhezvB9Q=">AAACGXicbVC7TsMwFHXKq5RXgZElokJiqhKECmMFC2OR6EO0UeU4bmvVdiL7BhGi/AUbgn9hQ6xM/AoTbpuBthzpSkfn3Ovre/yIMw2O820VVlbX1jeKm6Wt7Z3dvfL+QUuHsSK0SUIeqo6PNeVM0iYw4LQTKYqFz2nbH19P/PYDVZqF8g6SiHoCDyUbMILBSPc9oI8AkPpZv1xxqs4U9jJxc1JBORr98k8vCEksqATCsdZd14nAS7ECRjjNSr1Y0wiTMR7SrqESC6q9dPrjzD4xSmAPQmVKgj1V/06kWGidCN90CgwjvehNxH89DQKrRAUL+2Fw6aVMRjFQSWbrBzG3IbQnodgBU5QATwzBRDFzgU1GWGECJrq594GNn7KSCctdjGaZtM6qbq1auz2v1K/y2IroCB2jU+SiC1RHN6iBmoggiZ7RK3qzXqx368P6nLUWrHzmEM3B+voF8z6iYg==</latexit>

b
<latexit sha1_base64="/wIyGq26Sa2GHUtULjWJhezvB9Q=">AAACGXicbVC7TsMwFHXKq5RXgZElokJiqhKECmMFC2OR6EO0UeU4bmvVdiL7BhGi/AUbgn9hQ6xM/AoTbpuBthzpSkfn3Ovre/yIMw2O820VVlbX1jeKm6Wt7Z3dvfL+QUuHsSK0SUIeqo6PNeVM0iYw4LQTKYqFz2nbH19P/PYDVZqF8g6SiHoCDyUbMILBSPc9oI8AkPpZv1xxqs4U9jJxc1JBORr98k8vCEksqATCsdZd14nAS7ECRjjNSr1Y0wiTMR7SrqESC6q9dPrjzD4xSmAPQmVKgj1V/06kWGidCN90CgwjvehNxH89DQKrRAUL+2Fw6aVMRjFQSWbrBzG3IbQnodgBU5QATwzBRDFzgU1GWGECJrq594GNn7KSCctdjGaZtM6qbq1auz2v1K/y2IroCB2jU+SiC1RHN6iBmoggiZ7RK3qzXqx368P6nLUWrHzmEM3B+voF8z6iYg==</latexit>

b
<latexit sha1_base64="de67JuwDmmTb5hJ+G34l1+pB7dw=">AAACEHicbVDLSsNAFJ3UV62vqks3g0VwVRKR6rLoxmWL9gFtKJPJpB06mYSZGyGGfoE70X9xJ279A3/FldM2C9t64MLhnHvnzj1eLLgG2/62CmvrG5tbxe3Szu7e/kH58Kito0RR1qKRiFTXI5oJLlkLOAjWjRUjoSdYxxvfTv3OI1OaR/IB0pi5IRlKHnBKwEjN+0G5YlftGfAqcXJSQTkag/JP349oEjIJVBCte44dg5sRBZwKNin1E81iQsdkyHqGShIy7Wazj07wmVF8HETKlAQ8U/9OZCTUOg090xkSGOllbyr+62kIiUqVv7Qfgms34zJOgEk6Xx8kAkOEp1lgnytGQaSGEKq4uQDTEVGEgkls4X3g46dJyYTlLEezStoXVadWrTUvK/WbPLYiOkGn6Bw56ArV0R1qoBaiiKFn9IrerBfr3fqwPuetBSufOUYLsL5+Accbnfg=</latexit>

S

3 w = aw ′b

<latexit sha1_base64="/wIyGq26Sa2GHUtULjWJhezvB9Q=">AAACGXicbVC7TsMwFHXKq5RXgZElokJiqhKECmMFC2OR6EO0UeU4bmvVdiL7BhGi/AUbgn9hQ6xM/AoTbpuBthzpSkfn3Ovre/yIMw2O820VVlbX1jeKm6Wt7Z3dvfL+QUuHsSK0SUIeqo6PNeVM0iYw4LQTKYqFz2nbH19P/PYDVZqF8g6SiHoCDyUbMILBSPc9oI8AkPpZv1xxqs4U9jJxc1JBORr98k8vCEksqATCsdZd14nAS7ECRjjNSr1Y0wiTMR7SrqESC6q9dPrjzD4xSmAPQmVKgj1V/06kWGidCN90CgwjvehNxH89DQKrRAUL+2Fw6aVMRjFQSWbrBzG3IbQnodgBU5QATwzBRDFzgU1GWGECJrq594GNn7KSCctdjGaZtM6qbq1auz2v1K/y2IroCB2jU+SiC1RHN6iBmoggiZ7RK3qzXqx368P6nLUWrHzmEM3B+voF8z6iYg==</latexit>

b
<latexit sha1_base64="/wIyGq26Sa2GHUtULjWJhezvB9Q=">AAACGXicbVC7TsMwFHXKq5RXgZElokJiqhKECmMFC2OR6EO0UeU4bmvVdiL7BhGi/AUbgn9hQ6xM/AoTbpuBthzpSkfn3Ovre/yIMw2O820VVlbX1jeKm6Wt7Z3dvfL+QUuHsSK0SUIeqo6PNeVM0iYw4LQTKYqFz2nbH19P/PYDVZqF8g6SiHoCDyUbMILBSPc9oI8AkPpZv1xxqs4U9jJxc1JBORr98k8vCEksqATCsdZd14nAS7ECRjjNSr1Y0wiTMR7SrqESC6q9dPrjzD4xSmAPQmVKgj1V/06kWGidCN90CgwjvehNxH89DQKrRAUL+2Fw6aVMRjFQSWbrBzG3IbQnodgBU5QATwzBRDFzgU1GWGECJrq594GNn7KSCctdjGaZtM6qbq1auz2v1K/y2IroCB2jU+SiC1RHN6iBmoggiZ7RK3qzXqx368P6nLUWrHzmEM3B+voF8z6iYg==</latexit>

b <latexit sha1_base64="02/i+JuGFfa5jQSn4lYyR/1HddA=">AAACGXicbVC7TsMwFHXKq5RXgZHFokJiqhKECmMFC2OR6EO0UeU4bmvVcSL7BhGi/AUbgn9hQ6xM/AoTbpuBthzpSkfn3Ovre7xIcA22/W0VVlbX1jeKm6Wt7Z3dvfL+QUuHsaKsSUMRqo5HNBNcsiZwEKwTKUYCT7C2N76e+O0HpjQP5R0kEXMDMpR8wCkBI933gD0CQEqyfrliV+0p8DJxclJBORr98k/PD2kcMAlUEK27jh2BmxIFnAqWlXqxZhGhYzJkXUMlCZh20+mPM3xiFB8PQmVKAp6qfydSEmidBJ7pDAiM9KI3Ef/1NAREJcpf2A+DSzflMoqBSTpbP4gFhhBPQsE+V4yCSAwhVHFzAaYjoggFE93c+8DHT1nJhOUsRrNMWmdVp1at3Z5X6ld5bEV0hI7RKXLQBaqjG9RATUSRRM/oFb1ZL9a79WF9zloLVj5ziOZgff0C8ZGiYQ==</latexit>a<latexit sha1_base64="02/i+JuGFfa5jQSn4lYyR/1HddA=">AAACGXicbVC7TsMwFHXKq5RXgZHFokJiqhKECmMFC2OR6EO0UeU4bmvVcSL7BhGi/AUbgn9hQ6xM/AoTbpuBthzpSkfn3Ovre7xIcA22/W0VVlbX1jeKm6Wt7Z3dvfL+QUuHsaKsSUMRqo5HNBNcsiZwEKwTKUYCT7C2N76e+O0HpjQP5R0kEXMDMpR8wCkBI933gD0CQEqyfrliV+0p8DJxclJBORr98k/PD2kcMAlUEK27jh2BmxIFnAqWlXqxZhGhYzJkXUMlCZh20+mPM3xiFB8PQmVKAp6qfydSEmidBJ7pDAiM9KI3Ef/1NAREJcpf2A+DSzflMoqBSTpbP4gFhhBPQsE+V4yCSAwhVHFzAaYjoggFE93c+8DHT1nJhOUsRrNMWmdVp1at3Z5X6ld5bEV0hI7RKXLQBaqjG9RATUSRRM/oFb1ZL9a79WF9zloLVj5ziOZgff0C8ZGiYQ==</latexit>a

1
2

-1
0

-2

<latexit sha1_base64="F9QNJTQnoyvpvXVwML9JXth+7S8=">AAACFXicbVC7TsMwFHXKq5RXgZElokIqS5UgVBgrWBiLRB9SG1WO47SmthPZN6BQ9R/YEPwLG2Jl5leYcNsMtOVIVzo6515f3+PHnGlwnG8rt7K6tr6R3yxsbe/s7hX3D5o6ShShDRLxSLV9rClnkjaAAaftWFEsfE5b/vB64rceqNIskneQxtQTuC9ZyAgGIzXD8mOPnfaKJafiTGEvEzcjJZSh3iv+dIOIJIJKIBxr3XGdGLwRVsAIp+NCN9E0xmSI+7RjqMSCam80/e3YPjFKYIeRMiXBnqp/J0ZYaJ0K33QKDAO96E3Efz0NAqtUBQv7Ibz0RkzGCVBJZuvDhNsQ2ZNA7IApSoCnhmCimLnAJgOsMAET29z7wIZP44IJy12MZpk0zyputVK9PS/VrrLY8ugIHaMyctEFqqEbVEcNRNA9ekav6M16sd6tD+tz1pqzsplDNAfr6xdCVZ/N</latexit>

f(wi)

<latexit sha1_base64="UKuaCglXocM3SV49T93HmQYG64A=">AAACEHicbVDLTgIxFO3gC/GFunTTSExckRlj0CXRjUtIBExgQjqdAg1tZ9LeMRknfIE7o//izrj1D/wVVxaYhYAnucnJOff29p4gFtyA6347hbX1jc2t4nZpZ3dv/6B8eNQ2UaIpa9FIRPohIIYJrlgLOAj2EGtGZCBYJxjfTv3OI9OGR+oe0pj5kgwVH3BKwEpN3i9X3Ko7A14lXk4qKEejX/7phRFNJFNABTGm67kx+BnRwKlgk1IvMSwmdEyGrGupIpIZP5t9dILPrBLiQaRtKcAz9e9ERqQxqQxspyQwMsveVPzXMyCJTnW4tB8G137GVZwAU3S+fpAIDBGeZoFDrhkFkVpCqOb2AkxHRBMKNrGF94GPnyYlG5a3HM0qaV9UvVq11rys1G/y2IroBJ2ic+ShK1RHd6iBWogihp7RK3pzXpx358P5nLcWnHzmGC3A+foF6+OeDg==</latexit>

i

<latexit sha1_base64="7IWVtU7zBAemGW5wi+Wrr0a+7kg=">AAACEHicbVDLSsNAFJ3UV62vqks3g0VwVRKR6kYounHZgn1AG8pkMmmHTiZh5kaIoV/gTvRf3Ilb/8BfceW0zcK2HrhwOOfeuXOPFwuuwba/rcLa+sbmVnG7tLO7t39QPjxq6yhRlLVoJCLV9YhmgkvWAg6CdWPFSOgJ1vHGd1O/88iU5pF8gDRmbkiGkgecEjBS82ZQrthVewa8SpycVFCOxqD80/cjmoRMAhVE655jx+BmRAGngk1K/USzmNAxGbKeoZKETLvZ7KMTfGYUHweRMiUBz9S/ExkJtU5Dz3SGBEZ62ZuK/3oaQqJS5S/th+DazbiME2CSztcHicAQ4WkW2OeKURCpIYQqbi7AdEQUoWASW3gf+PhpUjJhOcvRrJL2RdWpVWvNy0r9No+tiE7QKTpHDrpCdXSPGqiFKGLoGb2iN+vFerc+rM95a8HKZ47RAqyvX6JTneI=</latexit>=
<latexit sha1_base64="02/i+JuGFfa5jQSn4lYyR/1HddA=">AAACGXicbVC7TsMwFHXKq5RXgZHFokJiqhKECmMFC2OR6EO0UeU4bmvVcSL7BhGi/AUbgn9hQ6xM/AoTbpuBthzpSkfn3Ovre7xIcA22/W0VVlbX1jeKm6Wt7Z3dvfL+QUuHsaKsSUMRqo5HNBNcsiZwEKwTKUYCT7C2N76e+O0HpjQP5R0kEXMDMpR8wCkBI933gD0CQEqyfrliV+0p8DJxclJBORr98k/PD2kcMAlUEK27jh2BmxIFnAqWlXqxZhGhYzJkXUMlCZh20+mPM3xiFB8PQmVKAp6qfydSEmidBJ7pDAiM9KI3Ef/1NAREJcpf2A+DSzflMoqBSTpbP4gFhhBPQsE+V4yCSAwhVHFzAaYjoggFE93c+8DHT1nJhOUsRrNMWmdVp1at3Z5X6ld5bEV0hI7RKXLQBaqjG9RATUSRRM/oFb1ZL9a79WF9zloLVj5ziOZgff0C8ZGiYQ==</latexit>a

<latexit sha1_base64="AawOda0tu9X9eMJsMKkpRKQEogk=">AAACEHicbVDLSsNAFJ3UV62vqks3g0VwVRKR6rLoxmUL9gFtKJPJpB06mYSZGyWGfoE70X9xJ279A3/FldM2C9t64MLhnHvnzj1eLLgG2/62CmvrG5tbxe3Szu7e/kH58Kito0RR1qKRiFTXI5oJLlkLOAjWjRUjoSdYxxvfTv3OA1OaR/Ie0pi5IRlKHnBKwEjNx0G5YlftGfAqcXJSQTkag/JP349oEjIJVBCte44dg5sRBZwKNin1E81iQsdkyHqGShIy7Wazj07wmVF8HETKlAQ8U/9OZCTUOg090xkSGOllbyr+62kIiUqVv7Qfgms34zJOgEk6Xx8kAkOEp1lgnytGQaSGEKq4uQDTEVGEgkls4X3g46dJyYTlLEezStoXVadWrTUvK/WbPLYiOkGn6Bw56ArV0R1qoBaiiKFn9IrerBfr3fqwPuetBSufOUYLsL5+AQNanhw=</latexit>w
<latexit sha1_base64="/wIyGq26Sa2GHUtULjWJhezvB9Q=">AAACGXicbVC7TsMwFHXKq5RXgZElokJiqhKECmMFC2OR6EO0UeU4bmvVdiL7BhGi/AUbgn9hQ6xM/AoTbpuBthzpSkfn3Ovre/yIMw2O820VVlbX1jeKm6Wt7Z3dvfL+QUuHsSK0SUIeqo6PNeVM0iYw4LQTKYqFz2nbH19P/PYDVZqF8g6SiHoCDyUbMILBSPc9oI8AkPpZv1xxqs4U9jJxc1JBORr98k8vCEksqATCsdZd14nAS7ECRjjNSr1Y0wiTMR7SrqESC6q9dPrjzD4xSmAPQmVKgj1V/06kWGidCN90CgwjvehNxH89DQKrRAUL+2Fw6aVMRjFQSWbrBzG3IbQnodgBU5QATwzBRDFzgU1GWGECJrq594GNn7KSCctdjGaZtM6qbq1auz2v1K/y2IroCB2jU+SiC1RHN6iBmoggiZ7RK3qzXqx368P6nLUWrHzmEM3B+voF8z6iYg==</latexit>

b
<latexit sha1_base64="/wIyGq26Sa2GHUtULjWJhezvB9Q=">AAACGXicbVC7TsMwFHXKq5RXgZElokJiqhKECmMFC2OR6EO0UeU4bmvVdiL7BhGi/AUbgn9hQ6xM/AoTbpuBthzpSkfn3Ovre/yIMw2O820VVlbX1jeKm6Wt7Z3dvfL+QUuHsSK0SUIeqo6PNeVM0iYw4LQTKYqFz2nbH19P/PYDVZqF8g6SiHoCDyUbMILBSPc9oI8AkPpZv1xxqs4U9jJxc1JBORr98k8vCEksqATCsdZd14nAS7ECRjjNSr1Y0wiTMR7SrqESC6q9dPrjzD4xSmAPQmVKgj1V/06kWGidCN90CgwjvehNxH89DQKrRAUL+2Fw6aVMRjFQSWbrBzG3IbQnodgBU5QATwzBRDFzgU1GWGECJrq594GNn7KSCctdjGaZtM6qbq1auz2v1K/y2IroCB2jU+SiC1RHN6iBmoggiZ7RK3qzXqx368P6nLUWrHzmEM3B+voF8z6iYg==</latexit>

b

<latexit sha1_base64="02/i+JuGFfa5jQSn4lYyR/1HddA=">AAACGXicbVC7TsMwFHXKq5RXgZHFokJiqhKECmMFC2OR6EO0UeU4bmvVcSL7BhGi/AUbgn9hQ6xM/AoTbpuBthzpSkfn3Ovre7xIcA22/W0VVlbX1jeKm6Wt7Z3dvfL+QUuHsaKsSUMRqo5HNBNcsiZwEKwTKUYCT7C2N76e+O0HpjQP5R0kEXMDMpR8wCkBI933gD0CQEqyfrliV+0p8DJxclJBORr98k/PD2kcMAlUEK27jh2BmxIFnAqWlXqxZhGhYzJkXUMlCZh20+mPM3xiFB8PQmVKAp6qfydSEmidBJ7pDAiM9KI3Ef/1NAREJcpf2A+DSzflMoqBSTpbP4gFhhBPQsE+V4yCSAwhVHFzAaYjoggFE93c+8DHT1nJhOUsRrNMWmdVp1at3Z5X6ld5bEV0hI7RKXLQBaqjG9RATUSRRM/oFb1ZL9a79WF9zloLVj5ziOZgff0C8ZGiYQ==</latexit>a
<latexit sha1_base64="de67JuwDmmTb5hJ+G34l1+pB7dw=">AAACEHicbVDLSsNAFJ3UV62vqks3g0VwVRKR6rLoxmWL9gFtKJPJpB06mYSZGyGGfoE70X9xJ279A3/FldM2C9t64MLhnHvnzj1eLLgG2/62CmvrG5tbxe3Szu7e/kH58Kito0RR1qKRiFTXI5oJLlkLOAjWjRUjoSdYxxvfTv3OI1OaR/IB0pi5IRlKHnBKwEjN+0G5YlftGfAqcXJSQTkag/JP349oEjIJVBCte44dg5sRBZwKNin1E81iQsdkyHqGShIy7Wazj07wmVF8HETKlAQ8U/9OZCTUOg090xkSGOllbyr+62kIiUqVv7Qfgms34zJOgEk6Xx8kAkOEp1lgnytGQaSGEKq4uQDTEVGEgkls4X3g46dJyYTlLEezStoXVadWrTUvK/WbPLYiOkGn6Bw56ArV0R1qoBaiiKFn9IrerBfr3fqwPuetBSufOUYLsL5+Accbnfg=</latexit>

S

4 w = bw ′a

Therefore, the following is a CFG for L:

S → ϵ | SS | aSb | bSa
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Example 4: Unequal Number of a’s and b’s
Construct a CFG for the complement of the language in Example 3:

L = {w ∈ {a, b}∗ | Na(w) ̸= Nb(w)}

where Na(w) and Nb(w) are the number of a’s and b’s in w , respectively.

We can categorize w ∈ {a, b}∗ into three cases using the function f :

• LZ = {w ∈ {a, b}∗ | f (w) = 0} – equal number of a’s and b’s
• LP = {w ∈ {a, b}∗ | f (w) > 0} – more a’s than b’s
• LN = {w ∈ {a, b}∗ | f (w) < 0} – more b’s than a’s

The language L is the disjoint union of LP and LN :

L = LP ⊎ LN

Let’s define production rules for LP and LN using graphs for f (wi).
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Example 4: Unequal Number of a’s and b’s
Let’s split a word w ∈ LP using shorter words in LZ , LP , and LN .

For a given w ∈ LP , there are three cases:

<latexit sha1_base64="/wIyGq26Sa2GHUtULjWJhezvB9Q=">AAACGXicbVC7TsMwFHXKq5RXgZElokJiqhKECmMFC2OR6EO0UeU4bmvVdiL7BhGi/AUbgn9hQ6xM/AoTbpuBthzpSkfn3Ovre/yIMw2O820VVlbX1jeKm6Wt7Z3dvfL+QUuHsSK0SUIeqo6PNeVM0iYw4LQTKYqFz2nbH19P/PYDVZqF8g6SiHoCDyUbMILBSPc9oI8AkPpZv1xxqs4U9jJxc1JBORr98k8vCEksqATCsdZd14nAS7ECRjjNSr1Y0wiTMR7SrqESC6q9dPrjzD4xSmAPQmVKgj1V/06kWGidCN90CgwjvehNxH89DQKrRAUL+2Fw6aVMRjFQSWbrBzG3IbQnodgBU5QATwzBRDFzgU1GWGECJrq594GNn7KSCctdjGaZtM6qbq1auz2v1K/y2IroCB2jU+SiC1RHN6iBmoggiZ7RK3qzXqx368P6nLUWrHzmEM3B+voF8z6iYg==</latexit>

b
<latexit sha1_base64="/wIyGq26Sa2GHUtULjWJhezvB9Q=">AAACGXicbVC7TsMwFHXKq5RXgZElokJiqhKECmMFC2OR6EO0UeU4bmvVdiL7BhGi/AUbgn9hQ6xM/AoTbpuBthzpSkfn3Ovre/yIMw2O820VVlbX1jeKm6Wt7Z3dvfL+QUuHsSK0SUIeqo6PNeVM0iYw4LQTKYqFz2nbH19P/PYDVZqF8g6SiHoCDyUbMILBSPc9oI8AkPpZv1xxqs4U9jJxc1JBORr98k8vCEksqATCsdZd14nAS7ECRjjNSr1Y0wiTMR7SrqESC6q9dPrjzD4xSmAPQmVKgj1V/06kWGidCN90CgwjvehNxH89DQKrRAUL+2Fw6aVMRjFQSWbrBzG3IbQnodgBU5QATwzBRDFzgU1GWGECJrq594GNn7KSCctdjGaZtM6qbq1auz2v1K/y2IroCB2jU+SiC1RHN6iBmoggiZ7RK3qzXqx368P6nLUWrHzmEM3B+voF8z6iYg==</latexit>

b <latexit sha1_base64="02/i+JuGFfa5jQSn4lYyR/1HddA=">AAACGXicbVC7TsMwFHXKq5RXgZHFokJiqhKECmMFC2OR6EO0UeU4bmvVcSL7BhGi/AUbgn9hQ6xM/AoTbpuBthzpSkfn3Ovre7xIcA22/W0VVlbX1jeKm6Wt7Z3dvfL+QUuHsaKsSUMRqo5HNBNcsiZwEKwTKUYCT7C2N76e+O0HpjQP5R0kEXMDMpR8wCkBI933gD0CQEqyfrliV+0p8DJxclJBORr98k/PD2kcMAlUEK27jh2BmxIFnAqWlXqxZhGhYzJkXUMlCZh20+mPM3xiFB8PQmVKAp6qfydSEmidBJ7pDAiM9KI3Ef/1NAREJcpf2A+DSzflMoqBSTpbP4gFhhBPQsE+V4yCSAwhVHFzAaYjoggFE93c+8DHT1nJhOUsRrNMWmdVp1at3Z5X6ld5bEV0hI7RKXLQBaqjG9RATUSRRM/oFb1ZL9a79WF9zloLVj5ziOZgff0C8ZGiYQ==</latexit>a<latexit sha1_base64="02/i+JuGFfa5jQSn4lYyR/1HddA=">AAACGXicbVC7TsMwFHXKq5RXgZHFokJiqhKECmMFC2OR6EO0UeU4bmvVcSL7BhGi/AUbgn9hQ6xM/AoTbpuBthzpSkfn3Ovre7xIcA22/W0VVlbX1jeKm6Wt7Z3dvfL+QUuHsaKsSUMRqo5HNBNcsiZwEKwTKUYCT7C2N76e+O0HpjQP5R0kEXMDMpR8wCkBI933gD0CQEqyfrliV+0p8DJxclJBORr98k/PD2kcMAlUEK27jh2BmxIFnAqWlXqxZhGhYzJkXUMlCZh20+mPM3xiFB8PQmVKAp6qfydSEmidBJ7pDAiM9KI3Ef/1NAREJcpf2A+DSzflMoqBSTpbP4gFhhBPQsE+V4yCSAwhVHFzAaYjoggFE93c+8DHT1nJhOUsRrNMWmdVp1at3Z5X6ld5bEV0hI7RKXLQBaqjG9RATUSRRM/oFb1ZL9a79WF9zloLVj5ziOZgff0C8ZGiYQ==</latexit>a<latexit sha1_base64="02/i+JuGFfa5jQSn4lYyR/1HddA=">AAACGXicbVC7TsMwFHXKq5RXgZHFokJiqhKECmMFC2OR6EO0UeU4bmvVcSL7BhGi/AUbgn9hQ6xM/AoTbpuBthzpSkfn3Ovre7xIcA22/W0VVlbX1jeKm6Wt7Z3dvfL+QUuHsaKsSUMRqo5HNBNcsiZwEKwTKUYCT7C2N76e+O0HpjQP5R0kEXMDMpR8wCkBI933gD0CQEqyfrliV+0p8DJxclJBORr98k/PD2kcMAlUEK27jh2BmxIFnAqWlXqxZhGhYzJkXUMlCZh20+mPM3xiFB8PQmVKAp6qfydSEmidBJ7pDAiM9KI3Ef/1NAREJcpf2A+DSzflMoqBSTpbP4gFhhBPQsE+V4yCSAwhVHFzAaYjoggFE93c+8DHT1nJhOUsRrNMWmdVp1at3Z5X6ld5bEV0hI7RKXLQBaqjG9RATUSRRM/oFb1ZL9a79WF9zloLVj5ziOZgff0C8ZGiYQ==</latexit>a

1
2

-1
0

-2

<latexit sha1_base64="F9QNJTQnoyvpvXVwML9JXth+7S8=">AAACFXicbVC7TsMwFHXKq5RXgZElokIqS5UgVBgrWBiLRB9SG1WO47SmthPZN6BQ9R/YEPwLG2Jl5leYcNsMtOVIVzo6515f3+PHnGlwnG8rt7K6tr6R3yxsbe/s7hX3D5o6ShShDRLxSLV9rClnkjaAAaftWFEsfE5b/vB64rceqNIskneQxtQTuC9ZyAgGIzXD8mOPnfaKJafiTGEvEzcjJZSh3iv+dIOIJIJKIBxr3XGdGLwRVsAIp+NCN9E0xmSI+7RjqMSCam80/e3YPjFKYIeRMiXBnqp/J0ZYaJ0K33QKDAO96E3Efz0NAqtUBQv7Ibz0RkzGCVBJZuvDhNsQ2ZNA7IApSoCnhmCimLnAJgOsMAET29z7wIZP44IJy12MZpk0zyputVK9PS/VrrLY8ugIHaMyctEFqqEbVEcNRNA9ekav6M16sd6tD+tz1pqzsplDNAfr6xdCVZ/N</latexit>

f(wi)

<latexit sha1_base64="UKuaCglXocM3SV49T93HmQYG64A=">AAACEHicbVDLTgIxFO3gC/GFunTTSExckRlj0CXRjUtIBExgQjqdAg1tZ9LeMRknfIE7o//izrj1D/wVVxaYhYAnucnJOff29p4gFtyA6347hbX1jc2t4nZpZ3dv/6B8eNQ2UaIpa9FIRPohIIYJrlgLOAj2EGtGZCBYJxjfTv3OI9OGR+oe0pj5kgwVH3BKwEpN3i9X3Ko7A14lXk4qKEejX/7phRFNJFNABTGm67kx+BnRwKlgk1IvMSwmdEyGrGupIpIZP5t9dILPrBLiQaRtKcAz9e9ERqQxqQxspyQwMsveVPzXMyCJTnW4tB8G137GVZwAU3S+fpAIDBGeZoFDrhkFkVpCqOb2AkxHRBMKNrGF94GPnyYlG5a3HM0qaV9UvVq11rys1G/y2IroBJ2ic+ShK1RHd6iBWogihp7RK3pzXpx358P5nLcWnHzmGC3A+foF6+OeDg==</latexit>

i

<latexit sha1_base64="7IWVtU7zBAemGW5wi+Wrr0a+7kg=">AAACEHicbVDLSsNAFJ3UV62vqks3g0VwVRKR6kYounHZgn1AG8pkMmmHTiZh5kaIoV/gTvRf3Ilb/8BfceW0zcK2HrhwOOfeuXOPFwuuwba/rcLa+sbmVnG7tLO7t39QPjxq6yhRlLVoJCLV9YhmgkvWAg6CdWPFSOgJ1vHGd1O/88iU5pF8gDRmbkiGkgecEjBS82ZQrthVewa8SpycVFCOxqD80/cjmoRMAhVE655jx+BmRAGngk1K/USzmNAxGbKeoZKETLvZ7KMTfGYUHweRMiUBz9S/ExkJtU5Dz3SGBEZ62ZuK/3oaQqJS5S/th+DazbiME2CSztcHicAQ4WkW2OeKURCpIYQqbi7AdEQUoWASW3gf+PhpUjJhOcvRrJL2RdWpVWvNy0r9No+tiE7QKTpHDrpCdXSPGqiFKGLoGb2iN+vFerc+rM95a8HKZ47RAqyvX6JTneI=</latexit>=<latexit sha1_base64="02/i+JuGFfa5jQSn4lYyR/1HddA=">AAACGXicbVC7TsMwFHXKq5RXgZHFokJiqhKECmMFC2OR6EO0UeU4bmvVcSL7BhGi/AUbgn9hQ6xM/AoTbpuBthzpSkfn3Ovre7xIcA22/W0VVlbX1jeKm6Wt7Z3dvfL+QUuHsaKsSUMRqo5HNBNcsiZwEKwTKUYCT7C2N76e+O0HpjQP5R0kEXMDMpR8wCkBI933gD0CQEqyfrliV+0p8DJxclJBORr98k/PD2kcMAlUEK27jh2BmxIFnAqWlXqxZhGhYzJkXUMlCZh20+mPM3xiFB8PQmVKAp6qfydSEmidBJ7pDAiM9KI3Ef/1NAREJcpf2A+DSzflMoqBSTpbP4gFhhBPQsE+V4yCSAwhVHFzAaYjoggFE93c+8DHT1nJhOUsRrNMWmdVp1at3Z5X6ld5bEV0hI7RKXLQBaqjG9RATUSRRM/oFb1ZL9a79WF9zloLVj5ziOZgff0C8ZGiYQ==</latexit>a <latexit sha1_base64="AawOda0tu9X9eMJsMKkpRKQEogk=">AAACEHicbVDLSsNAFJ3UV62vqks3g0VwVRKR6rLoxmUL9gFtKJPJpB06mYSZGyWGfoE70X9xJ279A3/FldM2C9t64MLhnHvnzj1eLLgG2/62CmvrG5tbxe3Szu7e/kH58Kito0RR1qKRiFTXI5oJLlkLOAjWjRUjoSdYxxvfTv3OA1OaR/Ie0pi5IRlKHnBKwEjNx0G5YlftGfAqcXJSQTkag/JP349oEjIJVBCte44dg5sRBZwKNin1E81iQsdkyHqGShIy7Wazj07wmVF8HETKlAQ8U/9OZCTUOg090xkSGOllbyr+62kIiUqVv7Qfgms34zJOgEk6Xx8kAkOEp1lgnytGQaSGEKq4uQDTEVGEgkls4X3g46dJyYTlLEezStoXVadWrTUvK/WbPLYiOkGn6Bw56ArV0R1qoBaiiKFn9IrerBfr3fqwPuetBSufOUYLsL5+AQNanhw=</latexit>w
<latexit sha1_base64="e0uB1OSPqFEzUbtuy00mpp4V3Mw=">AAACEHicbVDLSsNAFJ3UV62vqks3wSK4KolIdVl047IF+8A2lMlk0g6dmYSZGyGGfoE70X9xJ279A3/FldM2C9t64MLhnHvnzj1+zJkGx/m2CmvrG5tbxe3Szu7e/kH58Kito0QR2iIRj1TXx5pyJmkLGHDajRXFwue0449vp37nkSrNInkPaUw9gYeShYxgMFLzYVCuOFVnBnuVuDmpoByNQfmnH0QkEVQC4VjrnuvE4GVYASOcTkr9RNMYkzEe0p6hEguqvWz20Yl9ZpTADiNlSoI9U/9OZFhonQrfdAoMI73sTcV/PQ0Cq1QFS/shvPYyJuMEqCTz9WHCbYjsaRZ2wBQlwFNDMFHMXGCTEVaYgEls4X1g46dJyYTlLkezStoXVbdWrTUvK/WbPLYiOkGn6By56ArV0R1qoBYiiKJn9IrerBfr3fqwPuetBSufOUYLsL5+AdLPnf8=</latexit>

Z
<latexit sha1_base64="kvpeVdnyFXqUex7kV1SFz71MQpo=">AAACEHicbVDLSgMxFM3UV62vqks3wSK4KjMi1WXRjcsW7APaQTKZTBuaZIbkjjCWfoE70X9xJ279A3/FlWk7C9t6IHA459zc5ASJ4AZc99sprK1vbG4Vt0s7u3v7B+XDo7aJU01Zi8Yi1t2AGCa4Yi3gIFg30YzIQLBOMLqd+p1Hpg2P1T1kCfMlGSgecUrASs3GQ7niVt0Z8CrxclJBOWz+px/GNJVMARXEmJ7nJuCPiQZOBZuU+qlhCaEjMmA9SxWRzPjj2UMn+MwqIY5ibY8CPFP/ToyJNCaTgU1KAkOz7E3Ffz0DkuhMh0v7Ibr2x1wlKTBF5+ujVGCI8bQLHHLNKIjMEkI1tz/AdEg0oWAbW7gf+OhpUrJlecvVrJL2RdWrVWvNy0r9Jq+tiE7QKTpHHrpCdXSHGqiFKGLoGb2iN+fFeXc+nM95tODkM8doAc7XL8IXnfU=</latexit>

P

1 w = w1w2
(w1 ∈ LZ , w2 ∈ LP)

<latexit sha1_base64="/wIyGq26Sa2GHUtULjWJhezvB9Q=">AAACGXicbVC7TsMwFHXKq5RXgZElokJiqhKECmMFC2OR6EO0UeU4bmvVdiL7BhGi/AUbgn9hQ6xM/AoTbpuBthzpSkfn3Ovre/yIMw2O820VVlbX1jeKm6Wt7Z3dvfL+QUuHsSK0SUIeqo6PNeVM0iYw4LQTKYqFz2nbH19P/PYDVZqF8g6SiHoCDyUbMILBSPc9oI8AkPpZv1xxqs4U9jJxc1JBORr98k8vCEksqATCsdZd14nAS7ECRjjNSr1Y0wiTMR7SrqESC6q9dPrjzD4xSmAPQmVKgj1V/06kWGidCN90CgwjvehNxH89DQKrRAUL+2Fw6aVMRjFQSWbrBzG3IbQnodgBU5QATwzBRDFzgU1GWGECJrq594GNn7KSCctdjGaZtM6qbq1auz2v1K/y2IroCB2jU+SiC1RHN6iBmoggiZ7RK3qzXqx368P6nLUWrHzmEM3B+voF8z6iYg==</latexit>

b
<latexit sha1_base64="/wIyGq26Sa2GHUtULjWJhezvB9Q=">AAACGXicbVC7TsMwFHXKq5RXgZElokJiqhKECmMFC2OR6EO0UeU4bmvVdiL7BhGi/AUbgn9hQ6xM/AoTbpuBthzpSkfn3Ovre/yIMw2O820VVlbX1jeKm6Wt7Z3dvfL+QUuHsSK0SUIeqo6PNeVM0iYw4LQTKYqFz2nbH19P/PYDVZqF8g6SiHoCDyUbMILBSPc9oI8AkPpZv1xxqs4U9jJxc1JBORr98k8vCEksqATCsdZd14nAS7ECRjjNSr1Y0wiTMR7SrqESC6q9dPrjzD4xSmAPQmVKgj1V/06kWGidCN90CgwjvehNxH89DQKrRAUL+2Fw6aVMRjFQSWbrBzG3IbQnodgBU5QATwzBRDFzgU1GWGECJrq594GNn7KSCctdjGaZtM6qbq1auz2v1K/y2IroCB2jU+SiC1RHN6iBmoggiZ7RK3qzXqx368P6nLUWrHzmEM3B+voF8z6iYg==</latexit>

b<latexit sha1_base64="02/i+JuGFfa5jQSn4lYyR/1HddA=">AAACGXicbVC7TsMwFHXKq5RXgZHFokJiqhKECmMFC2OR6EO0UeU4bmvVcSL7BhGi/AUbgn9hQ6xM/AoTbpuBthzpSkfn3Ovre7xIcA22/W0VVlbX1jeKm6Wt7Z3dvfL+QUuHsaKsSUMRqo5HNBNcsiZwEKwTKUYCT7C2N76e+O0HpjQP5R0kEXMDMpR8wCkBI933gD0CQEqyfrliV+0p8DJxclJBORr98k/PD2kcMAlUEK27jh2BmxIFnAqWlXqxZhGhYzJkXUMlCZh20+mPM3xiFB8PQmVKAp6qfydSEmidBJ7pDAiM9KI3Ef/1NAREJcpf2A+DSzflMoqBSTpbP4gFhhBPQsE+V4yCSAwhVHFzAaYjoggFE93c+8DHT1nJhOUsRrNMWmdVp1at3Z5X6ld5bEV0hI7RKXLQBaqjG9RATUSRRM/oFb1ZL9a79WF9zloLVj5ziOZgff0C8ZGiYQ==</latexit>a <latexit sha1_base64="02/i+JuGFfa5jQSn4lYyR/1HddA=">AAACGXicbVC7TsMwFHXKq5RXgZHFokJiqhKECmMFC2OR6EO0UeU4bmvVcSL7BhGi/AUbgn9hQ6xM/AoTbpuBthzpSkfn3Ovre7xIcA22/W0VVlbX1jeKm6Wt7Z3dvfL+QUuHsaKsSUMRqo5HNBNcsiZwEKwTKUYCT7C2N76e+O0HpjQP5R0kEXMDMpR8wCkBI933gD0CQEqyfrliV+0p8DJxclJBORr98k/PD2kcMAlUEK27jh2BmxIFnAqWlXqxZhGhYzJkXUMlCZh20+mPM3xiFB8PQmVKAp6qfydSEmidBJ7pDAiM9KI3Ef/1NAREJcpf2A+DSzflMoqBSTpbP4gFhhBPQsE+V4yCSAwhVHFzAaYjoggFE93c+8DHT1nJhOUsRrNMWmdVp1at3Z5X6ld5bEV0hI7RKXLQBaqjG9RATUSRRM/oFb1ZL9a79WF9zloLVj5ziOZgff0C8ZGiYQ==</latexit>a<latexit sha1_base64="02/i+JuGFfa5jQSn4lYyR/1HddA=">AAACGXicbVC7TsMwFHXKq5RXgZHFokJiqhKECmMFC2OR6EO0UeU4bmvVcSL7BhGi/AUbgn9hQ6xM/AoTbpuBthzpSkfn3Ovre7xIcA22/W0VVlbX1jeKm6Wt7Z3dvfL+QUuHsaKsSUMRqo5HNBNcsiZwEKwTKUYCT7C2N76e+O0HpjQP5R0kEXMDMpR8wCkBI933gD0CQEqyfrliV+0p8DJxclJBORr98k/PD2kcMAlUEK27jh2BmxIFnAqWlXqxZhGhYzJkXUMlCZh20+mPM3xiFB8PQmVKAp6qfydSEmidBJ7pDAiM9KI3Ef/1NAREJcpf2A+DSzflMoqBSTpbP4gFhhBPQsE+V4yCSAwhVHFzAaYjoggFE93c+8DHT1nJhOUsRrNMWmdVp1at3Z5X6ld5bEV0hI7RKXLQBaqjG9RATUSRRM/oFb1ZL9a79WF9zloLVj5ziOZgff0C8ZGiYQ==</latexit>a

1
2

-1
0

-2

<latexit sha1_base64="F9QNJTQnoyvpvXVwML9JXth+7S8=">AAACFXicbVC7TsMwFHXKq5RXgZElokIqS5UgVBgrWBiLRB9SG1WO47SmthPZN6BQ9R/YEPwLG2Jl5leYcNsMtOVIVzo6515f3+PHnGlwnG8rt7K6tr6R3yxsbe/s7hX3D5o6ShShDRLxSLV9rClnkjaAAaftWFEsfE5b/vB64rceqNIskneQxtQTuC9ZyAgGIzXD8mOPnfaKJafiTGEvEzcjJZSh3iv+dIOIJIJKIBxr3XGdGLwRVsAIp+NCN9E0xmSI+7RjqMSCam80/e3YPjFKYIeRMiXBnqp/J0ZYaJ0K33QKDAO96E3Efz0NAqtUBQv7Ibz0RkzGCVBJZuvDhNsQ2ZNA7IApSoCnhmCimLnAJgOsMAET29z7wIZP44IJy12MZpk0zyputVK9PS/VrrLY8ugIHaMyctEFqqEbVEcNRNA9ekav6M16sd6tD+tz1pqzsplDNAfr6xdCVZ/N</latexit>

f(wi)

<latexit sha1_base64="UKuaCglXocM3SV49T93HmQYG64A=">AAACEHicbVDLTgIxFO3gC/GFunTTSExckRlj0CXRjUtIBExgQjqdAg1tZ9LeMRknfIE7o//izrj1D/wVVxaYhYAnucnJOff29p4gFtyA6347hbX1jc2t4nZpZ3dv/6B8eNQ2UaIpa9FIRPohIIYJrlgLOAj2EGtGZCBYJxjfTv3OI9OGR+oe0pj5kgwVH3BKwEpN3i9X3Ko7A14lXk4qKEejX/7phRFNJFNABTGm67kx+BnRwKlgk1IvMSwmdEyGrGupIpIZP5t9dILPrBLiQaRtKcAz9e9ERqQxqQxspyQwMsveVPzXMyCJTnW4tB8G137GVZwAU3S+fpAIDBGeZoFDrhkFkVpCqOb2AkxHRBMKNrGF94GPnyYlG5a3HM0qaV9UvVq11rys1G/y2IroBJ2ic+ShK1RHd6iBWogihp7RK3pzXpx358P5nLcWnHzmGC3A+foF6+OeDg==</latexit>

i

<latexit sha1_base64="7IWVtU7zBAemGW5wi+Wrr0a+7kg=">AAACEHicbVDLSsNAFJ3UV62vqks3g0VwVRKR6kYounHZgn1AG8pkMmmHTiZh5kaIoV/gTvRf3Ilb/8BfceW0zcK2HrhwOOfeuXOPFwuuwba/rcLa+sbmVnG7tLO7t39QPjxq6yhRlLVoJCLV9YhmgkvWAg6CdWPFSOgJ1vHGd1O/88iU5pF8gDRmbkiGkgecEjBS82ZQrthVewa8SpycVFCOxqD80/cjmoRMAhVE655jx+BmRAGngk1K/USzmNAxGbKeoZKETLvZ7KMTfGYUHweRMiUBz9S/ExkJtU5Dz3SGBEZ62ZuK/3oaQqJS5S/th+DazbiME2CSztcHicAQ4WkW2OeKURCpIYQqbi7AdEQUoWASW3gf+PhpUjJhOcvRrJL2RdWpVWvNy0r9No+tiE7QKTpHDrpCdXSPGqiFKGLoGb2iN+vFerc+rM95a8HKZ47RAqyvX6JTneI=</latexit>=
<latexit sha1_base64="02/i+JuGFfa5jQSn4lYyR/1HddA=">AAACGXicbVC7TsMwFHXKq5RXgZHFokJiqhKECmMFC2OR6EO0UeU4bmvVcSL7BhGi/AUbgn9hQ6xM/AoTbpuBthzpSkfn3Ovre7xIcA22/W0VVlbX1jeKm6Wt7Z3dvfL+QUuHsaKsSUMRqo5HNBNcsiZwEKwTKUYCT7C2N76e+O0HpjQP5R0kEXMDMpR8wCkBI933gD0CQEqyfrliV+0p8DJxclJBORr98k/PD2kcMAlUEK27jh2BmxIFnAqWlXqxZhGhYzJkXUMlCZh20+mPM3xiFB8PQmVKAp6qfydSEmidBJ7pDAiM9KI3Ef/1NAREJcpf2A+DSzflMoqBSTpbP4gFhhBPQsE+V4yCSAwhVHFzAaYjoggFE93c+8DHT1nJhOUsRrNMWmdVp1at3Z5X6ld5bEV0hI7RKXLQBaqjG9RATUSRRM/oFb1ZL9a79WF9zloLVj5ziOZgff0C8ZGiYQ==</latexit>a

<latexit sha1_base64="AawOda0tu9X9eMJsMKkpRKQEogk=">AAACEHicbVDLSsNAFJ3UV62vqks3g0VwVRKR6rLoxmUL9gFtKJPJpB06mYSZGyWGfoE70X9xJ279A3/FldM2C9t64MLhnHvnzj1eLLgG2/62CmvrG5tbxe3Szu7e/kH58Kito0RR1qKRiFTXI5oJLlkLOAjWjRUjoSdYxxvfTv3OA1OaR/Ie0pi5IRlKHnBKwEjNx0G5YlftGfAqcXJSQTkag/JP349oEjIJVBCte44dg5sRBZwKNin1E81iQsdkyHqGShIy7Wazj07wmVF8HETKlAQ8U/9OZCTUOg090xkSGOllbyr+62kIiUqVv7Qfgms34zJOgEk6Xx8kAkOEp1lgnytGQaSGEKq4uQDTEVGEgkls4X3g46dJyYTlLEezStoXVadWrTUvK/WbPLYiOkGn6Bw56ArV0R1qoBaiiKFn9IrerBfr3fqwPuetBSufOUYLsL5+AQNanhw=</latexit>w
<latexit sha1_base64="e0uB1OSPqFEzUbtuy00mpp4V3Mw=">AAACEHicbVDLSsNAFJ3UV62vqks3wSK4KolIdVl047IF+8A2lMlk0g6dmYSZGyGGfoE70X9xJ279A3/FldM2C9t64MLhnHvnzj1+zJkGx/m2CmvrG5tbxe3Szu7e/kH58Kito0QR2iIRj1TXx5pyJmkLGHDajRXFwue0449vp37nkSrNInkPaUw9gYeShYxgMFLzYVCuOFVnBnuVuDmpoByNQfmnH0QkEVQC4VjrnuvE4GVYASOcTkr9RNMYkzEe0p6hEguqvWz20Yl9ZpTADiNlSoI9U/9OZFhonQrfdAoMI73sTcV/PQ0Cq1QFS/shvPYyJuMEqCTz9WHCbYjsaRZ2wBQlwFNDMFHMXGCTEVaYgEls4X1g46dJyYTlLkezStoXVbdWrTUvK/WbPLYiOkGn6By56ArV0R1qoBYiiKJn9IrerBfr3fqwPuetBSufOUYLsL5+AdLPnf8=</latexit>

Z

2 w = aw ′

(w ′ ∈ LZ )

<latexit sha1_base64="/wIyGq26Sa2GHUtULjWJhezvB9Q=">AAACGXicbVC7TsMwFHXKq5RXgZElokJiqhKECmMFC2OR6EO0UeU4bmvVdiL7BhGi/AUbgn9hQ6xM/AoTbpuBthzpSkfn3Ovre/yIMw2O820VVlbX1jeKm6Wt7Z3dvfL+QUuHsSK0SUIeqo6PNeVM0iYw4LQTKYqFz2nbH19P/PYDVZqF8g6SiHoCDyUbMILBSPc9oI8AkPpZv1xxqs4U9jJxc1JBORr98k8vCEksqATCsdZd14nAS7ECRjjNSr1Y0wiTMR7SrqESC6q9dPrjzD4xSmAPQmVKgj1V/06kWGidCN90CgwjvehNxH89DQKrRAUL+2Fw6aVMRjFQSWbrBzG3IbQnodgBU5QATwzBRDFzgU1GWGECJrq594GNn7KSCctdjGaZtM6qbq1auz2v1K/y2IroCB2jU+SiC1RHN6iBmoggiZ7RK3qzXqx368P6nLUWrHzmEM3B+voF8z6iYg==</latexit>

b
<latexit sha1_base64="/wIyGq26Sa2GHUtULjWJhezvB9Q=">AAACGXicbVC7TsMwFHXKq5RXgZElokJiqhKECmMFC2OR6EO0UeU4bmvVdiL7BhGi/AUbgn9hQ6xM/AoTbpuBthzpSkfn3Ovre/yIMw2O820VVlbX1jeKm6Wt7Z3dvfL+QUuHsSK0SUIeqo6PNeVM0iYw4LQTKYqFz2nbH19P/PYDVZqF8g6SiHoCDyUbMILBSPc9oI8AkPpZv1xxqs4U9jJxc1JBORr98k8vCEksqATCsdZd14nAS7ECRjjNSr1Y0wiTMR7SrqESC6q9dPrjzD4xSmAPQmVKgj1V/06kWGidCN90CgwjvehNxH89DQKrRAUL+2Fw6aVMRjFQSWbrBzG3IbQnodgBU5QATwzBRDFzgU1GWGECJrq594GNn7KSCctdjGaZtM6qbq1auz2v1K/y2IroCB2jU+SiC1RHN6iBmoggiZ7RK3qzXqx368P6nLUWrHzmEM3B+voF8z6iYg==</latexit>

b<latexit sha1_base64="02/i+JuGFfa5jQSn4lYyR/1HddA=">AAACGXicbVC7TsMwFHXKq5RXgZHFokJiqhKECmMFC2OR6EO0UeU4bmvVcSL7BhGi/AUbgn9hQ6xM/AoTbpuBthzpSkfn3Ovre7xIcA22/W0VVlbX1jeKm6Wt7Z3dvfL+QUuHsaKsSUMRqo5HNBNcsiZwEKwTKUYCT7C2N76e+O0HpjQP5R0kEXMDMpR8wCkBI933gD0CQEqyfrliV+0p8DJxclJBORr98k/PD2kcMAlUEK27jh2BmxIFnAqWlXqxZhGhYzJkXUMlCZh20+mPM3xiFB8PQmVKAp6qfydSEmidBJ7pDAiM9KI3Ef/1NAREJcpf2A+DSzflMoqBSTpbP4gFhhBPQsE+V4yCSAwhVHFzAaYjoggFE93c+8DHT1nJhOUsRrNMWmdVp1at3Z5X6ld5bEV0hI7RKXLQBaqjG9RATUSRRM/oFb1ZL9a79WF9zloLVj5ziOZgff0C8ZGiYQ==</latexit>a <latexit sha1_base64="02/i+JuGFfa5jQSn4lYyR/1HddA=">AAACGXicbVC7TsMwFHXKq5RXgZHFokJiqhKECmMFC2OR6EO0UeU4bmvVcSL7BhGi/AUbgn9hQ6xM/AoTbpuBthzpSkfn3Ovre7xIcA22/W0VVlbX1jeKm6Wt7Z3dvfL+QUuHsaKsSUMRqo5HNBNcsiZwEKwTKUYCT7C2N76e+O0HpjQP5R0kEXMDMpR8wCkBI933gD0CQEqyfrliV+0p8DJxclJBORr98k/PD2kcMAlUEK27jh2BmxIFnAqWlXqxZhGhYzJkXUMlCZh20+mPM3xiFB8PQmVKAp6qfydSEmidBJ7pDAiM9KI3Ef/1NAREJcpf2A+DSzflMoqBSTpbP4gFhhBPQsE+V4yCSAwhVHFzAaYjoggFE93c+8DHT1nJhOUsRrNMWmdVp1at3Z5X6ld5bEV0hI7RKXLQBaqjG9RATUSRRM/oFb1ZL9a79WF9zloLVj5ziOZgff0C8ZGiYQ==</latexit>a<latexit sha1_base64="02/i+JuGFfa5jQSn4lYyR/1HddA=">AAACGXicbVC7TsMwFHXKq5RXgZHFokJiqhKECmMFC2OR6EO0UeU4bmvVcSL7BhGi/AUbgn9hQ6xM/AoTbpuBthzpSkfn3Ovre7xIcA22/W0VVlbX1jeKm6Wt7Z3dvfL+QUuHsaKsSUMRqo5HNBNcsiZwEKwTKUYCT7C2N76e+O0HpjQP5R0kEXMDMpR8wCkBI933gD0CQEqyfrliV+0p8DJxclJBORr98k/PD2kcMAlUEK27jh2BmxIFnAqWlXqxZhGhYzJkXUMlCZh20+mPM3xiFB8PQmVKAp6qfydSEmidBJ7pDAiM9KI3Ef/1NAREJcpf2A+DSzflMoqBSTpbP4gFhhBPQsE+V4yCSAwhVHFzAaYjoggFE93c+8DHT1nJhOUsRrNMWmdVp1at3Z5X6ld5bEV0hI7RKXLQBaqjG9RATUSRRM/oFb1ZL9a79WF9zloLVj5ziOZgff0C8ZGiYQ==</latexit>a

1
2

-1
0

-2

<latexit sha1_base64="F9QNJTQnoyvpvXVwML9JXth+7S8=">AAACFXicbVC7TsMwFHXKq5RXgZElokIqS5UgVBgrWBiLRB9SG1WO47SmthPZN6BQ9R/YEPwLG2Jl5leYcNsMtOVIVzo6515f3+PHnGlwnG8rt7K6tr6R3yxsbe/s7hX3D5o6ShShDRLxSLV9rClnkjaAAaftWFEsfE5b/vB64rceqNIskneQxtQTuC9ZyAgGIzXD8mOPnfaKJafiTGEvEzcjJZSh3iv+dIOIJIJKIBxr3XGdGLwRVsAIp+NCN9E0xmSI+7RjqMSCam80/e3YPjFKYIeRMiXBnqp/J0ZYaJ0K33QKDAO96E3Efz0NAqtUBQv7Ibz0RkzGCVBJZuvDhNsQ2ZNA7IApSoCnhmCimLnAJgOsMAET29z7wIZP44IJy12MZpk0zyputVK9PS/VrrLY8ugIHaMyctEFqqEbVEcNRNA9ekav6M16sd6tD+tz1pqzsplDNAfr6xdCVZ/N</latexit>

f(wi)

<latexit sha1_base64="UKuaCglXocM3SV49T93HmQYG64A=">AAACEHicbVDLTgIxFO3gC/GFunTTSExckRlj0CXRjUtIBExgQjqdAg1tZ9LeMRknfIE7o//izrj1D/wVVxaYhYAnucnJOff29p4gFtyA6347hbX1jc2t4nZpZ3dv/6B8eNQ2UaIpa9FIRPohIIYJrlgLOAj2EGtGZCBYJxjfTv3OI9OGR+oe0pj5kgwVH3BKwEpN3i9X3Ko7A14lXk4qKEejX/7phRFNJFNABTGm67kx+BnRwKlgk1IvMSwmdEyGrGupIpIZP5t9dILPrBLiQaRtKcAz9e9ERqQxqQxspyQwMsveVPzXMyCJTnW4tB8G137GVZwAU3S+fpAIDBGeZoFDrhkFkVpCqOb2AkxHRBMKNrGF94GPnyYlG5a3HM0qaV9UvVq11rys1G/y2IroBJ2ic+ShK1RHd6iBWogihp7RK3pzXpx358P5nLcWnHzmGC3A+foF6+OeDg==</latexit>

i

<latexit sha1_base64="7IWVtU7zBAemGW5wi+Wrr0a+7kg=">AAACEHicbVDLSsNAFJ3UV62vqks3g0VwVRKR6kYounHZgn1AG8pkMmmHTiZh5kaIoV/gTvRf3Ilb/8BfceW0zcK2HrhwOOfeuXOPFwuuwba/rcLa+sbmVnG7tLO7t39QPjxq6yhRlLVoJCLV9YhmgkvWAg6CdWPFSOgJ1vHGd1O/88iU5pF8gDRmbkiGkgecEjBS82ZQrthVewa8SpycVFCOxqD80/cjmoRMAhVE655jx+BmRAGngk1K/USzmNAxGbKeoZKETLvZ7KMTfGYUHweRMiUBz9S/ExkJtU5Dz3SGBEZ62ZuK/3oaQqJS5S/th+DazbiME2CSztcHicAQ4WkW2OeKURCpIYQqbi7AdEQUoWASW3gf+PhpUjJhOcvRrJL2RdWpVWvNy0r9No+tiE7QKTpHDrpCdXSPGqiFKGLoGb2iN+vFerc+rM95a8HKZ47RAqyvX6JTneI=</latexit>=
<latexit sha1_base64="02/i+JuGFfa5jQSn4lYyR/1HddA=">AAACGXicbVC7TsMwFHXKq5RXgZHFokJiqhKECmMFC2OR6EO0UeU4bmvVcSL7BhGi/AUbgn9hQ6xM/AoTbpuBthzpSkfn3Ovre7xIcA22/W0VVlbX1jeKm6Wt7Z3dvfL+QUuHsaKsSUMRqo5HNBNcsiZwEKwTKUYCT7C2N76e+O0HpjQP5R0kEXMDMpR8wCkBI933gD0CQEqyfrliV+0p8DJxclJBORr98k/PD2kcMAlUEK27jh2BmxIFnAqWlXqxZhGhYzJkXUMlCZh20+mPM3xiFB8PQmVKAp6qfydSEmidBJ7pDAiM9KI3Ef/1NAREJcpf2A+DSzflMoqBSTpbP4gFhhBPQsE+V4yCSAwhVHFzAaYjoggFE93c+8DHT1nJhOUsRrNMWmdVp1at3Z5X6ld5bEV0hI7RKXLQBaqjG9RATUSRRM/oFb1ZL9a79WF9zloLVj5ziOZgff0C8ZGiYQ==</latexit>a

<latexit sha1_base64="02/i+JuGFfa5jQSn4lYyR/1HddA=">AAACGXicbVC7TsMwFHXKq5RXgZHFokJiqhKECmMFC2OR6EO0UeU4bmvVcSL7BhGi/AUbgn9hQ6xM/AoTbpuBthzpSkfn3Ovre7xIcA22/W0VVlbX1jeKm6Wt7Z3dvfL+QUuHsaKsSUMRqo5HNBNcsiZwEKwTKUYCT7C2N76e+O0HpjQP5R0kEXMDMpR8wCkBI933gD0CQEqyfrliV+0p8DJxclJBORr98k/PD2kcMAlUEK27jh2BmxIFnAqWlXqxZhGhYzJkXUMlCZh20+mPM3xiFB8PQmVKAp6qfydSEmidBJ7pDAiM9KI3Ef/1NAREJcpf2A+DSzflMoqBSTpbP4gFhhBPQsE+V4yCSAwhVHFzAaYjoggFE93c+8DHT1nJhOUsRrNMWmdVp1at3Z5X6ld5bEV0hI7RKXLQBaqjG9RATUSRRM/oFb1ZL9a79WF9zloLVj5ziOZgff0C8ZGiYQ==</latexit>a <latexit sha1_base64="AawOda0tu9X9eMJsMKkpRKQEogk=">AAACEHicbVDLSsNAFJ3UV62vqks3g0VwVRKR6rLoxmUL9gFtKJPJpB06mYSZGyWGfoE70X9xJ279A3/FldM2C9t64MLhnHvnzj1eLLgG2/62CmvrG5tbxe3Szu7e/kH58Kito0RR1qKRiFTXI5oJLlkLOAjWjRUjoSdYxxvfTv3OA1OaR/Ie0pi5IRlKHnBKwEjNx0G5YlftGfAqcXJSQTkag/JP349oEjIJVBCte44dg5sRBZwKNin1E81iQsdkyHqGShIy7Wazj07wmVF8HETKlAQ8U/9OZCTUOg090xkSGOllbyr+62kIiUqVv7Qfgms34zJOgEk6Xx8kAkOEp1lgnytGQaSGEKq4uQDTEVGEgkls4X3g46dJyYTlLEezStoXVadWrTUvK/WbPLYiOkGn6Bw56ArV0R1qoBaiiKFn9IrerBfr3fqwPuetBSufOUYLsL5+AQNanhw=</latexit>w
<latexit sha1_base64="kvpeVdnyFXqUex7kV1SFz71MQpo=">AAACEHicbVDLSgMxFM3UV62vqks3wSK4KjMi1WXRjcsW7APaQTKZTBuaZIbkjjCWfoE70X9xJ279A3/FlWk7C9t6IHA459zc5ASJ4AZc99sprK1vbG4Vt0s7u3v7B+XDo7aJU01Zi8Yi1t2AGCa4Yi3gIFg30YzIQLBOMLqd+p1Hpg2P1T1kCfMlGSgecUrASs3GQ7niVt0Z8CrxclJBOWz+px/GNJVMARXEmJ7nJuCPiQZOBZuU+qlhCaEjMmA9SxWRzPjj2UMn+MwqIY5ibY8CPFP/ToyJNCaTgU1KAkOz7E3Ffz0DkuhMh0v7Ibr2x1wlKTBF5+ujVGCI8bQLHHLNKIjMEkI1tz/AdEg0oWAbW7gf+OhpUrJlecvVrJL2RdWrVWvNy0r9Jq+tiE7QKTpHHrpCdXSHGqiFKGLoGb2iN+fFeXc+nM95tODkM8doAc7XL8IXnfU=</latexit>

P

3 w = aw ′

(w ′ ∈ LP)

Therefore, the following is production rules for LP :

P → ZP | aP | aZ
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Example 4: Unequal Number of a’s and b’s
<latexit sha1_base64="/wIyGq26Sa2GHUtULjWJhezvB9Q=">AAACGXicbVC7TsMwFHXKq5RXgZElokJiqhKECmMFC2OR6EO0UeU4bmvVdiL7BhGi/AUbgn9hQ6xM/AoTbpuBthzpSkfn3Ovre/yIMw2O820VVlbX1jeKm6Wt7Z3dvfL+QUuHsSK0SUIeqo6PNeVM0iYw4LQTKYqFz2nbH19P/PYDVZqF8g6SiHoCDyUbMILBSPc9oI8AkPpZv1xxqs4U9jJxc1JBORr98k8vCEksqATCsdZd14nAS7ECRjjNSr1Y0wiTMR7SrqESC6q9dPrjzD4xSmAPQmVKgj1V/06kWGidCN90CgwjvehNxH89DQKrRAUL+2Fw6aVMRjFQSWbrBzG3IbQnodgBU5QATwzBRDFzgU1GWGECJrq594GNn7KSCctdjGaZtM6qbq1auz2v1K/y2IroCB2jU+SiC1RHN6iBmoggiZ7RK3qzXqx368P6nLUWrHzmEM3B+voF8z6iYg==</latexit>

b
<latexit sha1_base64="/wIyGq26Sa2GHUtULjWJhezvB9Q=">AAACGXicbVC7TsMwFHXKq5RXgZElokJiqhKECmMFC2OR6EO0UeU4bmvVdiL7BhGi/AUbgn9hQ6xM/AoTbpuBthzpSkfn3Ovre/yIMw2O820VVlbX1jeKm6Wt7Z3dvfL+QUuHsSK0SUIeqo6PNeVM0iYw4LQTKYqFz2nbH19P/PYDVZqF8g6SiHoCDyUbMILBSPc9oI8AkPpZv1xxqs4U9jJxc1JBORr98k8vCEksqATCsdZd14nAS7ECRjjNSr1Y0wiTMR7SrqESC6q9dPrjzD4xSmAPQmVKgj1V/06kWGidCN90CgwjvehNxH89DQKrRAUL+2Fw6aVMRjFQSWbrBzG3IbQnodgBU5QATwzBRDFzgU1GWGECJrq594GNn7KSCctdjGaZtM6qbq1auz2v1K/y2IroCB2jU+SiC1RHN6iBmoggiZ7RK3qzXqx368P6nLUWrHzmEM3B+voF8z6iYg==</latexit>

b

1
2

-1
0

-2

<latexit sha1_base64="F9QNJTQnoyvpvXVwML9JXth+7S8=">AAACFXicbVC7TsMwFHXKq5RXgZElokIqS5UgVBgrWBiLRB9SG1WO47SmthPZN6BQ9R/YEPwLG2Jl5leYcNsMtOVIVzo6515f3+PHnGlwnG8rt7K6tr6R3yxsbe/s7hX3D5o6ShShDRLxSLV9rClnkjaAAaftWFEsfE5b/vB64rceqNIskneQxtQTuC9ZyAgGIzXD8mOPnfaKJafiTGEvEzcjJZSh3iv+dIOIJIJKIBxr3XGdGLwRVsAIp+NCN9E0xmSI+7RjqMSCam80/e3YPjFKYIeRMiXBnqp/J0ZYaJ0K33QKDAO96E3Efz0NAqtUBQv7Ibz0RkzGCVBJZuvDhNsQ2ZNA7IApSoCnhmCimLnAJgOsMAET29z7wIZP44IJy12MZpk0zyputVK9PS/VrrLY8ugIHaMyctEFqqEbVEcNRNA9ekav6M16sd6tD+tz1pqzsplDNAfr6xdCVZ/N</latexit>

f(wi)

<latexit sha1_base64="UKuaCglXocM3SV49T93HmQYG64A=">AAACEHicbVDLTgIxFO3gC/GFunTTSExckRlj0CXRjUtIBExgQjqdAg1tZ9LeMRknfIE7o//izrj1D/wVVxaYhYAnucnJOff29p4gFtyA6347hbX1jc2t4nZpZ3dv/6B8eNQ2UaIpa9FIRPohIIYJrlgLOAj2EGtGZCBYJxjfTv3OI9OGR+oe0pj5kgwVH3BKwEpN3i9X3Ko7A14lXk4qKEejX/7phRFNJFNABTGm67kx+BnRwKlgk1IvMSwmdEyGrGupIpIZP5t9dILPrBLiQaRtKcAz9e9ERqQxqQxspyQwMsveVPzXMyCJTnW4tB8G137GVZwAU3S+fpAIDBGeZoFDrhkFkVpCqOb2AkxHRBMKNrGF94GPnyYlG5a3HM0qaV9UvVq11rys1G/y2IroBJ2ic+ShK1RHd6iBWogihp7RK3pzXpx358P5nLcWnHzmGC3A+foF6+OeDg==</latexit>

i

<latexit sha1_base64="7IWVtU7zBAemGW5wi+Wrr0a+7kg=">AAACEHicbVDLSsNAFJ3UV62vqks3g0VwVRKR6kYounHZgn1AG8pkMmmHTiZh5kaIoV/gTvRf3Ilb/8BfceW0zcK2HrhwOOfeuXOPFwuuwba/rcLa+sbmVnG7tLO7t39QPjxq6yhRlLVoJCLV9YhmgkvWAg6CdWPFSOgJ1vHGd1O/88iU5pF8gDRmbkiGkgecEjBS82ZQrthVewa8SpycVFCOxqD80/cjmoRMAhVE655jx+BmRAGngk1K/USzmNAxGbKeoZKETLvZ7KMTfGYUHweRMiUBz9S/ExkJtU5Dz3SGBEZ62ZuK/3oaQqJS5S/th+DazbiME2CSztcHicAQ4WkW2OeKURCpIYQqbi7AdEQUoWASW3gf+PhpUjJhOcvRrJL2RdWpVWvNy0r9No+tiE7QKTpHDrpCdXSPGqiFKGLoGb2iN+vFerc+rM95a8HKZ47RAqyvX6JTneI=</latexit>=<latexit sha1_base64="02/i+JuGFfa5jQSn4lYyR/1HddA=">AAACGXicbVC7TsMwFHXKq5RXgZHFokJiqhKECmMFC2OR6EO0UeU4bmvVcSL7BhGi/AUbgn9hQ6xM/AoTbpuBthzpSkfn3Ovre7xIcA22/W0VVlbX1jeKm6Wt7Z3dvfL+QUuHsaKsSUMRqo5HNBNcsiZwEKwTKUYCT7C2N76e+O0HpjQP5R0kEXMDMpR8wCkBI933gD0CQEqyfrliV+0p8DJxclJBORr98k/PD2kcMAlUEK27jh2BmxIFnAqWlXqxZhGhYzJkXUMlCZh20+mPM3xiFB8PQmVKAp6qfydSEmidBJ7pDAiM9KI3Ef/1NAREJcpf2A+DSzflMoqBSTpbP4gFhhBPQsE+V4yCSAwhVHFzAaYjoggFE93c+8DHT1nJhOUsRrNMWmdVp1at3Z5X6ld5bEV0hI7RKXLQBaqjG9RATUSRRM/oFb1ZL9a79WF9zloLVj5ziOZgff0C8ZGiYQ==</latexit>a<latexit sha1_base64="02/i+JuGFfa5jQSn4lYyR/1HddA=">AAACGXicbVC7TsMwFHXKq5RXgZHFokJiqhKECmMFC2OR6EO0UeU4bmvVcSL7BhGi/AUbgn9hQ6xM/AoTbpuBthzpSkfn3Ovre7xIcA22/W0VVlbX1jeKm6Wt7Z3dvfL+QUuHsaKsSUMRqo5HNBNcsiZwEKwTKUYCT7C2N76e+O0HpjQP5R0kEXMDMpR8wCkBI933gD0CQEqyfrliV+0p8DJxclJBORr98k/PD2kcMAlUEK27jh2BmxIFnAqWlXqxZhGhYzJkXUMlCZh20+mPM3xiFB8PQmVKAp6qfydSEmidBJ7pDAiM9KI3Ef/1NAREJcpf2A+DSzflMoqBSTpbP4gFhhBPQsE+V4yCSAwhVHFzAaYjoggFE93c+8DHT1nJhOUsRrNMWmdVp1at3Z5X6ld5bEV0hI7RKXLQBaqjG9RATUSRRM/oFb1ZL9a79WF9zloLVj5ziOZgff0C8ZGiYQ==</latexit>a
<latexit sha1_base64="/wIyGq26Sa2GHUtULjWJhezvB9Q=">AAACGXicbVC7TsMwFHXKq5RXgZElokJiqhKECmMFC2OR6EO0UeU4bmvVdiL7BhGi/AUbgn9hQ6xM/AoTbpuBthzpSkfn3Ovre/yIMw2O820VVlbX1jeKm6Wt7Z3dvfL+QUuHsSK0SUIeqo6PNeVM0iYw4LQTKYqFz2nbH19P/PYDVZqF8g6SiHoCDyUbMILBSPc9oI8AkPpZv1xxqs4U9jJxc1JBORr98k8vCEksqATCsdZd14nAS7ECRjjNSr1Y0wiTMR7SrqESC6q9dPrjzD4xSmAPQmVKgj1V/06kWGidCN90CgwjvehNxH89DQKrRAUL+2Fw6aVMRjFQSWbrBzG3IbQnodgBU5QATwzBRDFzgU1GWGECJrq594GNn7KSCctdjGaZtM6qbq1auz2v1K/y2IroCB2jU+SiC1RHN6iBmoggiZ7RK3qzXqx368P6nLUWrHzmEM3B+voF8z6iYg==</latexit>

b
<latexit sha1_base64="/wIyGq26Sa2GHUtULjWJhezvB9Q=">AAACGXicbVC7TsMwFHXKq5RXgZElokJiqhKECmMFC2OR6EO0UeU4bmvVdiL7BhGi/AUbgn9hQ6xM/AoTbpuBthzpSkfn3Ovre/yIMw2O820VVlbX1jeKm6Wt7Z3dvfL+QUuHsSK0SUIeqo6PNeVM0iYw4LQTKYqFz2nbH19P/PYDVZqF8g6SiHoCDyUbMILBSPc9oI8AkPpZv1xxqs4U9jJxc1JBORr98k8vCEksqATCsdZd14nAS7ECRjjNSr1Y0wiTMR7SrqESC6q9dPrjzD4xSmAPQmVKgj1V/06kWGidCN90CgwjvehNxH89DQKrRAUL+2Fw6aVMRjFQSWbrBzG3IbQnodgBU5QATwzBRDFzgU1GWGECJrq594GNn7KSCctdjGaZtM6qbq1auz2v1K/y2IroCB2jU+SiC1RHN6iBmoggiZ7RK3qzXqx368P6nLUWrHzmEM3B+voF8z6iYg==</latexit>

b <latexit sha1_base64="AawOda0tu9X9eMJsMKkpRKQEogk=">AAACEHicbVDLSsNAFJ3UV62vqks3g0VwVRKR6rLoxmUL9gFtKJPJpB06mYSZGyWGfoE70X9xJ279A3/FldM2C9t64MLhnHvnzj1eLLgG2/62CmvrG5tbxe3Szu7e/kH58Kito0RR1qKRiFTXI5oJLlkLOAjWjRUjoSdYxxvfTv3OA1OaR/Ie0pi5IRlKHnBKwEjNx0G5YlftGfAqcXJSQTkag/JP349oEjIJVBCte44dg5sRBZwKNin1E81iQsdkyHqGShIy7Wazj07wmVF8HETKlAQ8U/9OZCTUOg090xkSGOllbyr+62kIiUqVv7Qfgms34zJOgEk6Xx8kAkOEp1lgnytGQaSGEKq4uQDTEVGEgkls4X3g46dJyYTlLEezStoXVadWrTUvK/WbPLYiOkGn6Bw56ArV0R1qoBaiiKFn9IrerBfr3fqwPuetBSufOUYLsL5+AQNanhw=</latexit>w
<latexit sha1_base64="RCU5svoMMveTqvWxV2PyKkts/sw=">AAACEHicbVDLSsNAFJ3UV62vqks3g0VwVRKR6rLoxpW0YB/QhjKZTNqhk0mYuRFi6Be4E/0Xd+LWP/BXXDlts7CtBy4czrl37tzjxYJrsO1vq7C2vrG5Vdwu7ezu7R+UD4/aOkoUZS0aiUh1PaKZ4JK1gINg3VgxEnqCdbzx7dTvPDKleSQfII2ZG5Kh5AGnBIzUvB+UK3bVngGvEicnFZSjMSj/9P2IJiGTQAXRuufYMbgZUcCpYJNSP9EsJnRMhqxnqCQh0242++gEnxnFx0GkTEnAM/XvREZCrdPQM50hgZFe9qbiv56GkKhU+Uv7Ibh2My7jBJik8/VBIjBEeJoF9rliFERqCKGKmwswHRFFKJjEFt4HPn6alExYznI0q6R9UXVq1VrzslK/yWMrohN0is6Rg65QHd2hBmohihh6Rq/ozXqx3q0P63PeWrDymWO0AOvrF76/nfM=</latexit>

N
<latexit sha1_base64="e0uB1OSPqFEzUbtuy00mpp4V3Mw=">AAACEHicbVDLSsNAFJ3UV62vqks3wSK4KolIdVl047IF+8A2lMlk0g6dmYSZGyGGfoE70X9xJ279A3/FldM2C9t64MLhnHvnzj1+zJkGx/m2CmvrG5tbxe3Szu7e/kH58Kito0QR2iIRj1TXx5pyJmkLGHDajRXFwue0449vp37nkSrNInkPaUw9gYeShYxgMFLzYVCuOFVnBnuVuDmpoByNQfmnH0QkEVQC4VjrnuvE4GVYASOcTkr9RNMYkzEe0p6hEguqvWz20Yl9ZpTADiNlSoI9U/9OZFhonQrfdAoMI73sTcV/PQ0Cq1QFS/shvPYyJuMEqCTz9WHCbYjsaRZ2wBQlwFNDMFHMXGCTEVaYgEls4X1g46dJyYTlLkezStoXVbdWrTUvK/WbPLYiOkGn6By56ArV0R1qoBYiiKJn9IrerBfr3fqwPuetBSufOUYLsL5+AdLPnf8=</latexit>

Z

1 w = w1w2
(w1 ∈ LZ , w2 ∈ LN)

<latexit sha1_base64="/wIyGq26Sa2GHUtULjWJhezvB9Q=">AAACGXicbVC7TsMwFHXKq5RXgZElokJiqhKECmMFC2OR6EO0UeU4bmvVdiL7BhGi/AUbgn9hQ6xM/AoTbpuBthzpSkfn3Ovre/yIMw2O820VVlbX1jeKm6Wt7Z3dvfL+QUuHsSK0SUIeqo6PNeVM0iYw4LQTKYqFz2nbH19P/PYDVZqF8g6SiHoCDyUbMILBSPc9oI8AkPpZv1xxqs4U9jJxc1JBORr98k8vCEksqATCsdZd14nAS7ECRjjNSr1Y0wiTMR7SrqESC6q9dPrjzD4xSmAPQmVKgj1V/06kWGidCN90CgwjvehNxH89DQKrRAUL+2Fw6aVMRjFQSWbrBzG3IbQnodgBU5QATwzBRDFzgU1GWGECJrq594GNn7KSCctdjGaZtM6qbq1auz2v1K/y2IroCB2jU+SiC1RHN6iBmoggiZ7RK3qzXqx368P6nLUWrHzmEM3B+voF8z6iYg==</latexit>

b
<latexit sha1_base64="/wIyGq26Sa2GHUtULjWJhezvB9Q=">AAACGXicbVC7TsMwFHXKq5RXgZElokJiqhKECmMFC2OR6EO0UeU4bmvVdiL7BhGi/AUbgn9hQ6xM/AoTbpuBthzpSkfn3Ovre/yIMw2O820VVlbX1jeKm6Wt7Z3dvfL+QUuHsSK0SUIeqo6PNeVM0iYw4LQTKYqFz2nbH19P/PYDVZqF8g6SiHoCDyUbMILBSPc9oI8AkPpZv1xxqs4U9jJxc1JBORr98k8vCEksqATCsdZd14nAS7ECRjjNSr1Y0wiTMR7SrqESC6q9dPrjzD4xSmAPQmVKgj1V/06kWGidCN90CgwjvehNxH89DQKrRAUL+2Fw6aVMRjFQSWbrBzG3IbQnodgBU5QATwzBRDFzgU1GWGECJrq594GNn7KSCctdjGaZtM6qbq1auz2v1K/y2IroCB2jU+SiC1RHN6iBmoggiZ7RK3qzXqx368P6nLUWrHzmEM3B+voF8z6iYg==</latexit>

b<latexit sha1_base64="02/i+JuGFfa5jQSn4lYyR/1HddA=">AAACGXicbVC7TsMwFHXKq5RXgZHFokJiqhKECmMFC2OR6EO0UeU4bmvVcSL7BhGi/AUbgn9hQ6xM/AoTbpuBthzpSkfn3Ovre7xIcA22/W0VVlbX1jeKm6Wt7Z3dvfL+QUuHsaKsSUMRqo5HNBNcsiZwEKwTKUYCT7C2N76e+O0HpjQP5R0kEXMDMpR8wCkBI933gD0CQEqyfrliV+0p8DJxclJBORr98k/PD2kcMAlUEK27jh2BmxIFnAqWlXqxZhGhYzJkXUMlCZh20+mPM3xiFB8PQmVKAp6qfydSEmidBJ7pDAiM9KI3Ef/1NAREJcpf2A+DSzflMoqBSTpbP4gFhhBPQsE+V4yCSAwhVHFzAaYjoggFE93c+8DHT1nJhOUsRrNMWmdVp1at3Z5X6ld5bEV0hI7RKXLQBaqjG9RATUSRRM/oFb1ZL9a79WF9zloLVj5ziOZgff0C8ZGiYQ==</latexit>a

1
2

-1
0

-2

<latexit sha1_base64="F9QNJTQnoyvpvXVwML9JXth+7S8=">AAACFXicbVC7TsMwFHXKq5RXgZElokIqS5UgVBgrWBiLRB9SG1WO47SmthPZN6BQ9R/YEPwLG2Jl5leYcNsMtOVIVzo6515f3+PHnGlwnG8rt7K6tr6R3yxsbe/s7hX3D5o6ShShDRLxSLV9rClnkjaAAaftWFEsfE5b/vB64rceqNIskneQxtQTuC9ZyAgGIzXD8mOPnfaKJafiTGEvEzcjJZSh3iv+dIOIJIJKIBxr3XGdGLwRVsAIp+NCN9E0xmSI+7RjqMSCam80/e3YPjFKYIeRMiXBnqp/J0ZYaJ0K33QKDAO96E3Efz0NAqtUBQv7Ibz0RkzGCVBJZuvDhNsQ2ZNA7IApSoCnhmCimLnAJgOsMAET29z7wIZP44IJy12MZpk0zyputVK9PS/VrrLY8ugIHaMyctEFqqEbVEcNRNA9ekav6M16sd6tD+tz1pqzsplDNAfr6xdCVZ/N</latexit>

f(wi)

<latexit sha1_base64="UKuaCglXocM3SV49T93HmQYG64A=">AAACEHicbVDLTgIxFO3gC/GFunTTSExckRlj0CXRjUtIBExgQjqdAg1tZ9LeMRknfIE7o//izrj1D/wVVxaYhYAnucnJOff29p4gFtyA6347hbX1jc2t4nZpZ3dv/6B8eNQ2UaIpa9FIRPohIIYJrlgLOAj2EGtGZCBYJxjfTv3OI9OGR+oe0pj5kgwVH3BKwEpN3i9X3Ko7A14lXk4qKEejX/7phRFNJFNABTGm67kx+BnRwKlgk1IvMSwmdEyGrGupIpIZP5t9dILPrBLiQaRtKcAz9e9ERqQxqQxspyQwMsveVPzXMyCJTnW4tB8G137GVZwAU3S+fpAIDBGeZoFDrhkFkVpCqOb2AkxHRBMKNrGF94GPnyYlG5a3HM0qaV9UvVq11rys1G/y2IroBJ2ic+ShK1RHd6iBWogihp7RK3pzXpx358P5nLcWnHzmGC3A+foF6+OeDg==</latexit>

i

<latexit sha1_base64="7IWVtU7zBAemGW5wi+Wrr0a+7kg=">AAACEHicbVDLSsNAFJ3UV62vqks3g0VwVRKR6kYounHZgn1AG8pkMmmHTiZh5kaIoV/gTvRf3Ilb/8BfceW0zcK2HrhwOOfeuXOPFwuuwba/rcLa+sbmVnG7tLO7t39QPjxq6yhRlLVoJCLV9YhmgkvWAg6CdWPFSOgJ1vHGd1O/88iU5pF8gDRmbkiGkgecEjBS82ZQrthVewa8SpycVFCOxqD80/cjmoRMAhVE655jx+BmRAGngk1K/USzmNAxGbKeoZKETLvZ7KMTfGYUHweRMiUBz9S/ExkJtU5Dz3SGBEZ62ZuK/3oaQqJS5S/th+DazbiME2CSztcHicAQ4WkW2OeKURCpIYQqbi7AdEQUoWASW3gf+PhpUjJhOcvRrJL2RdWpVWvNy0r9No+tiE7QKTpHDrpCdXSPGqiFKGLoGb2iN+vFerc+rM95a8HKZ47RAqyvX6JTneI=</latexit>=
<latexit sha1_base64="/wIyGq26Sa2GHUtULjWJhezvB9Q=">AAACGXicbVC7TsMwFHXKq5RXgZElokJiqhKECmMFC2OR6EO0UeU4bmvVdiL7BhGi/AUbgn9hQ6xM/AoTbpuBthzpSkfn3Ovre/yIMw2O820VVlbX1jeKm6Wt7Z3dvfL+QUuHsSK0SUIeqo6PNeVM0iYw4LQTKYqFz2nbH19P/PYDVZqF8g6SiHoCDyUbMILBSPc9oI8AkPpZv1xxqs4U9jJxc1JBORr98k8vCEksqATCsdZd14nAS7ECRjjNSr1Y0wiTMR7SrqESC6q9dPrjzD4xSmAPQmVKgj1V/06kWGidCN90CgwjvehNxH89DQKrRAUL+2Fw6aVMRjFQSWbrBzG3IbQnodgBU5QATwzBRDFzgU1GWGECJrq594GNn7KSCctdjGaZtM6qbq1auz2v1K/y2IroCB2jU+SiC1RHN6iBmoggiZ7RK3qzXqx368P6nLUWrHzmEM3B+voF8z6iYg==</latexit>

b
<latexit sha1_base64="/wIyGq26Sa2GHUtULjWJhezvB9Q=">AAACGXicbVC7TsMwFHXKq5RXgZElokJiqhKECmMFC2OR6EO0UeU4bmvVdiL7BhGi/AUbgn9hQ6xM/AoTbpuBthzpSkfn3Ovre/yIMw2O820VVlbX1jeKm6Wt7Z3dvfL+QUuHsSK0SUIeqo6PNeVM0iYw4LQTKYqFz2nbH19P/PYDVZqF8g6SiHoCDyUbMILBSPc9oI8AkPpZv1xxqs4U9jJxc1JBORr98k8vCEksqATCsdZd14nAS7ECRjjNSr1Y0wiTMR7SrqESC6q9dPrjzD4xSmAPQmVKgj1V/06kWGidCN90CgwjvehNxH89DQKrRAUL+2Fw6aVMRjFQSWbrBzG3IbQnodgBU5QATwzBRDFzgU1GWGECJrq594GNn7KSCctdjGaZtM6qbq1auz2v1K/y2IroCB2jU+SiC1RHN6iBmoggiZ7RK3qzXqx368P6nLUWrHzmEM3B+voF8z6iYg==</latexit>

b

<latexit sha1_base64="02/i+JuGFfa5jQSn4lYyR/1HddA=">AAACGXicbVC7TsMwFHXKq5RXgZHFokJiqhKECmMFC2OR6EO0UeU4bmvVcSL7BhGi/AUbgn9hQ6xM/AoTbpuBthzpSkfn3Ovre7xIcA22/W0VVlbX1jeKm6Wt7Z3dvfL+QUuHsaKsSUMRqo5HNBNcsiZwEKwTKUYCT7C2N76e+O0HpjQP5R0kEXMDMpR8wCkBI933gD0CQEqyfrliV+0p8DJxclJBORr98k/PD2kcMAlUEK27jh2BmxIFnAqWlXqxZhGhYzJkXUMlCZh20+mPM3xiFB8PQmVKAp6qfydSEmidBJ7pDAiM9KI3Ef/1NAREJcpf2A+DSzflMoqBSTpbP4gFhhBPQsE+V4yCSAwhVHFzAaYjoggFE93c+8DHT1nJhOUsRrNMWmdVp1at3Z5X6ld5bEV0hI7RKXLQBaqjG9RATUSRRM/oFb1ZL9a79WF9zloLVj5ziOZgff0C8ZGiYQ==</latexit>a <latexit sha1_base64="AawOda0tu9X9eMJsMKkpRKQEogk=">AAACEHicbVDLSsNAFJ3UV62vqks3g0VwVRKR6rLoxmUL9gFtKJPJpB06mYSZGyWGfoE70X9xJ279A3/FldM2C9t64MLhnHvnzj1eLLgG2/62CmvrG5tbxe3Szu7e/kH58Kito0RR1qKRiFTXI5oJLlkLOAjWjRUjoSdYxxvfTv3OA1OaR/Ie0pi5IRlKHnBKwEjNx0G5YlftGfAqcXJSQTkag/JP349oEjIJVBCte44dg5sRBZwKNin1E81iQsdkyHqGShIy7Wazj07wmVF8HETKlAQ8U/9OZCTUOg090xkSGOllbyr+62kIiUqVv7Qfgms34zJOgEk6Xx8kAkOEp1lgnytGQaSGEKq4uQDTEVGEgkls4X3g46dJyYTlLEezStoXVadWrTUvK/WbPLYiOkGn6Bw56ArV0R1qoBaiiKFn9IrerBfr3fqwPuetBSufOUYLsL5+AQNanhw=</latexit>w
<latexit sha1_base64="e0uB1OSPqFEzUbtuy00mpp4V3Mw=">AAACEHicbVDLSsNAFJ3UV62vqks3wSK4KolIdVl047IF+8A2lMlk0g6dmYSZGyGGfoE70X9xJ279A3/FldM2C9t64MLhnHvnzj1+zJkGx/m2CmvrG5tbxe3Szu7e/kH58Kito0QR2iIRj1TXx5pyJmkLGHDajRXFwue0449vp37nkSrNInkPaUw9gYeShYxgMFLzYVCuOFVnBnuVuDmpoByNQfmnH0QkEVQC4VjrnuvE4GVYASOcTkr9RNMYkzEe0p6hEguqvWz20Yl9ZpTADiNlSoI9U/9OZFhonQrfdAoMI73sTcV/PQ0Cq1QFS/shvPYyJuMEqCTz9WHCbYjsaRZ2wBQlwFNDMFHMXGCTEVaYgEls4X1g46dJyYTlLkezStoXVbdWrTUvK/WbPLYiOkGn6By56ArV0R1qoBYiiKJn9IrerBfr3fqwPuetBSufOUYLsL5+AdLPnf8=</latexit>

Z

2 w = bw ′

(w ′ ∈ LZ )

1
2

-1
0

-2

<latexit sha1_base64="F9QNJTQnoyvpvXVwML9JXth+7S8=">AAACFXicbVC7TsMwFHXKq5RXgZElokIqS5UgVBgrWBiLRB9SG1WO47SmthPZN6BQ9R/YEPwLG2Jl5leYcNsMtOVIVzo6515f3+PHnGlwnG8rt7K6tr6R3yxsbe/s7hX3D5o6ShShDRLxSLV9rClnkjaAAaftWFEsfE5b/vB64rceqNIskneQxtQTuC9ZyAgGIzXD8mOPnfaKJafiTGEvEzcjJZSh3iv+dIOIJIJKIBxr3XGdGLwRVsAIp+NCN9E0xmSI+7RjqMSCam80/e3YPjFKYIeRMiXBnqp/J0ZYaJ0K33QKDAO96E3Efz0NAqtUBQv7Ibz0RkzGCVBJZuvDhNsQ2ZNA7IApSoCnhmCimLnAJgOsMAET29z7wIZP44IJy12MZpk0zyputVK9PS/VrrLY8ugIHaMyctEFqqEbVEcNRNA9ekav6M16sd6tD+tz1pqzsplDNAfr6xdCVZ/N</latexit>

f(wi)

<latexit sha1_base64="UKuaCglXocM3SV49T93HmQYG64A=">AAACEHicbVDLTgIxFO3gC/GFunTTSExckRlj0CXRjUtIBExgQjqdAg1tZ9LeMRknfIE7o//izrj1D/wVVxaYhYAnucnJOff29p4gFtyA6347hbX1jc2t4nZpZ3dv/6B8eNQ2UaIpa9FIRPohIIYJrlgLOAj2EGtGZCBYJxjfTv3OI9OGR+oe0pj5kgwVH3BKwEpN3i9X3Ko7A14lXk4qKEejX/7phRFNJFNABTGm67kx+BnRwKlgk1IvMSwmdEyGrGupIpIZP5t9dILPrBLiQaRtKcAz9e9ERqQxqQxspyQwMsveVPzXMyCJTnW4tB8G137GVZwAU3S+fpAIDBGeZoFDrhkFkVpCqOb2AkxHRBMKNrGF94GPnyYlG5a3HM0qaV9UvVq11rys1G/y2IroBJ2ic+ShK1RHd6iBWogihp7RK3pzXpx358P5nLcWnHzmGC3A+foF6+OeDg==</latexit>

i

<latexit sha1_base64="AawOda0tu9X9eMJsMKkpRKQEogk=">AAACEHicbVDLSsNAFJ3UV62vqks3g0VwVRKR6rLoxmUL9gFtKJPJpB06mYSZGyWGfoE70X9xJ279A3/FldM2C9t64MLhnHvnzj1eLLgG2/62CmvrG5tbxe3Szu7e/kH58Kito0RR1qKRiFTXI5oJLlkLOAjWjRUjoSdYxxvfTv3OA1OaR/Ie0pi5IRlKHnBKwEjNx0G5YlftGfAqcXJSQTkag/JP349oEjIJVBCte44dg5sRBZwKNin1E81iQsdkyHqGShIy7Wazj07wmVF8HETKlAQ8U/9OZCTUOg090xkSGOllbyr+62kIiUqVv7Qfgms34zJOgEk6Xx8kAkOEp1lgnytGQaSGEKq4uQDTEVGEgkls4X3g46dJyYTlLEezStoXVadWrTUvK/WbPLYiOkGn6Bw56ArV0R1qoBaiiKFn9IrerBfr3fqwPuetBSufOUYLsL5+AQNanhw=</latexit>w<latexit sha1_base64="7IWVtU7zBAemGW5wi+Wrr0a+7kg=">AAACEHicbVDLSsNAFJ3UV62vqks3g0VwVRKR6kYounHZgn1AG8pkMmmHTiZh5kaIoV/gTvRf3Ilb/8BfceW0zcK2HrhwOOfeuXOPFwuuwba/rcLa+sbmVnG7tLO7t39QPjxq6yhRlLVoJCLV9YhmgkvWAg6CdWPFSOgJ1vHGd1O/88iU5pF8gDRmbkiGkgecEjBS82ZQrthVewa8SpycVFCOxqD80/cjmoRMAhVE655jx+BmRAGngk1K/USzmNAxGbKeoZKETLvZ7KMTfGYUHweRMiUBz9S/ExkJtU5Dz3SGBEZ62ZuK/3oaQqJS5S/th+DazbiME2CSztcHicAQ4WkW2OeKURCpIYQqbi7AdEQUoWASW3gf+PhpUjJhOcvRrJL2RdWpVWvNy0r9No+tiE7QKTpHDrpCdXSPGqiFKGLoGb2iN+vFerc+rM95a8HKZ47RAqyvX6JTneI=</latexit>=
<latexit sha1_base64="/wIyGq26Sa2GHUtULjWJhezvB9Q=">AAACGXicbVC7TsMwFHXKq5RXgZElokJiqhKECmMFC2OR6EO0UeU4bmvVdiL7BhGi/AUbgn9hQ6xM/AoTbpuBthzpSkfn3Ovre/yIMw2O820VVlbX1jeKm6Wt7Z3dvfL+QUuHsSK0SUIeqo6PNeVM0iYw4LQTKYqFz2nbH19P/PYDVZqF8g6SiHoCDyUbMILBSPc9oI8AkPpZv1xxqs4U9jJxc1JBORr98k8vCEksqATCsdZd14nAS7ECRjjNSr1Y0wiTMR7SrqESC6q9dPrjzD4xSmAPQmVKgj1V/06kWGidCN90CgwjvehNxH89DQKrRAUL+2Fw6aVMRjFQSWbrBzG3IbQnodgBU5QATwzBRDFzgU1GWGECJrq594GNn7KSCctdjGaZtM6qbq1auz2v1K/y2IroCB2jU+SiC1RHN6iBmoggiZ7RK3qzXqx368P6nLUWrHzmEM3B+voF8z6iYg==</latexit>

b
<latexit sha1_base64="/wIyGq26Sa2GHUtULjWJhezvB9Q=">AAACGXicbVC7TsMwFHXKq5RXgZElokJiqhKECmMFC2OR6EO0UeU4bmvVdiL7BhGi/AUbgn9hQ6xM/AoTbpuBthzpSkfn3Ovre/yIMw2O820VVlbX1jeKm6Wt7Z3dvfL+QUuHsSK0SUIeqo6PNeVM0iYw4LQTKYqFz2nbH19P/PYDVZqF8g6SiHoCDyUbMILBSPc9oI8AkPpZv1xxqs4U9jJxc1JBORr98k8vCEksqATCsdZd14nAS7ECRjjNSr1Y0wiTMR7SrqESC6q9dPrjzD4xSmAPQmVKgj1V/06kWGidCN90CgwjvehNxH89DQKrRAUL+2Fw6aVMRjFQSWbrBzG3IbQnodgBU5QATwzBRDFzgU1GWGECJrq594GNn7KSCctdjGaZtM6qbq1auz2v1K/y2IroCB2jU+SiC1RHN6iBmoggiZ7RK3qzXqx368P6nLUWrHzmEM3B+voF8z6iYg==</latexit>

b<latexit sha1_base64="02/i+JuGFfa5jQSn4lYyR/1HddA=">AAACGXicbVC7TsMwFHXKq5RXgZHFokJiqhKECmMFC2OR6EO0UeU4bmvVcSL7BhGi/AUbgn9hQ6xM/AoTbpuBthzpSkfn3Ovre7xIcA22/W0VVlbX1jeKm6Wt7Z3dvfL+QUuHsaKsSUMRqo5HNBNcsiZwEKwTKUYCT7C2N76e+O0HpjQP5R0kEXMDMpR8wCkBI933gD0CQEqyfrliV+0p8DJxclJBORr98k/PD2kcMAlUEK27jh2BmxIFnAqWlXqxZhGhYzJkXUMlCZh20+mPM3xiFB8PQmVKAp6qfydSEmidBJ7pDAiM9KI3Ef/1NAREJcpf2A+DSzflMoqBSTpbP4gFhhBPQsE+V4yCSAwhVHFzAaYjoggFE93c+8DHT1nJhOUsRrNMWmdVp1at3Z5X6ld5bEV0hI7RKXLQBaqjG9RATUSRRM/oFb1ZL9a79WF9zloLVj5ziOZgff0C8ZGiYQ==</latexit>a <latexit sha1_base64="02/i+JuGFfa5jQSn4lYyR/1HddA=">AAACGXicbVC7TsMwFHXKq5RXgZHFokJiqhKECmMFC2OR6EO0UeU4bmvVcSL7BhGi/AUbgn9hQ6xM/AoTbpuBthzpSkfn3Ovre7xIcA22/W0VVlbX1jeKm6Wt7Z3dvfL+QUuHsaKsSUMRqo5HNBNcsiZwEKwTKUYCT7C2N76e+O0HpjQP5R0kEXMDMpR8wCkBI933gD0CQEqyfrliV+0p8DJxclJBORr98k/PD2kcMAlUEK27jh2BmxIFnAqWlXqxZhGhYzJkXUMlCZh20+mPM3xiFB8PQmVKAp6qfydSEmidBJ7pDAiM9KI3Ef/1NAREJcpf2A+DSzflMoqBSTpbP4gFhhBPQsE+V4yCSAwhVHFzAaYjoggFE93c+8DHT1nJhOUsRrNMWmdVp1at3Z5X6ld5bEV0hI7RKXLQBaqjG9RATUSRRM/oFb1ZL9a79WF9zloLVj5ziOZgff0C8ZGiYQ==</latexit>a
<latexit sha1_base64="/wIyGq26Sa2GHUtULjWJhezvB9Q=">AAACGXicbVC7TsMwFHXKq5RXgZElokJiqhKECmMFC2OR6EO0UeU4bmvVdiL7BhGi/AUbgn9hQ6xM/AoTbpuBthzpSkfn3Ovre/yIMw2O820VVlbX1jeKm6Wt7Z3dvfL+QUuHsSK0SUIeqo6PNeVM0iYw4LQTKYqFz2nbH19P/PYDVZqF8g6SiHoCDyUbMILBSPc9oI8AkPpZv1xxqs4U9jJxc1JBORr98k8vCEksqATCsdZd14nAS7ECRjjNSr1Y0wiTMR7SrqESC6q9dPrjzD4xSmAPQmVKgj1V/06kWGidCN90CgwjvehNxH89DQKrRAUL+2Fw6aVMRjFQSWbrBzG3IbQnodgBU5QATwzBRDFzgU1GWGECJrq594GNn7KSCctdjGaZtM6qbq1auz2v1K/y2IroCB2jU+SiC1RHN6iBmoggiZ7RK3qzXqx368P6nLUWrHzmEM3B+voF8z6iYg==</latexit>

b
<latexit sha1_base64="/wIyGq26Sa2GHUtULjWJhezvB9Q=">AAACGXicbVC7TsMwFHXKq5RXgZElokJiqhKECmMFC2OR6EO0UeU4bmvVdiL7BhGi/AUbgn9hQ6xM/AoTbpuBthzpSkfn3Ovre/yIMw2O820VVlbX1jeKm6Wt7Z3dvfL+QUuHsSK0SUIeqo6PNeVM0iYw4LQTKYqFz2nbH19P/PYDVZqF8g6SiHoCDyUbMILBSPc9oI8AkPpZv1xxqs4U9jJxc1JBORr98k8vCEksqATCsdZd14nAS7ECRjjNSr1Y0wiTMR7SrqESC6q9dPrjzD4xSmAPQmVKgj1V/06kWGidCN90CgwjvehNxH89DQKrRAUL+2Fw6aVMRjFQSWbrBzG3IbQnodgBU5QATwzBRDFzgU1GWGECJrq594GNn7KSCctdjGaZtM6qbq1auz2v1K/y2IroCB2jU+SiC1RHN6iBmoggiZ7RK3qzXqx368P6nLUWrHzmEM3B+voF8z6iYg==</latexit>

b

<latexit sha1_base64="/wIyGq26Sa2GHUtULjWJhezvB9Q=">AAACGXicbVC7TsMwFHXKq5RXgZElokJiqhKECmMFC2OR6EO0UeU4bmvVdiL7BhGi/AUbgn9hQ6xM/AoTbpuBthzpSkfn3Ovre/yIMw2O820VVlbX1jeKm6Wt7Z3dvfL+QUuHsSK0SUIeqo6PNeVM0iYw4LQTKYqFz2nbH19P/PYDVZqF8g6SiHoCDyUbMILBSPc9oI8AkPpZv1xxqs4U9jJxc1JBORr98k8vCEksqATCsdZd14nAS7ECRjjNSr1Y0wiTMR7SrqESC6q9dPrjzD4xSmAPQmVKgj1V/06kWGidCN90CgwjvehNxH89DQKrRAUL+2Fw6aVMRjFQSWbrBzG3IbQnodgBU5QATwzBRDFzgU1GWGECJrq594GNn7KSCctdjGaZtM6qbq1auz2v1K/y2IroCB2jU+SiC1RHN6iBmoggiZ7RK3qzXqx368P6nLUWrHzmEM3B+voF8z6iYg==</latexit>

b
<latexit sha1_base64="RCU5svoMMveTqvWxV2PyKkts/sw=">AAACEHicbVDLSsNAFJ3UV62vqks3g0VwVRKR6rLoxpW0YB/QhjKZTNqhk0mYuRFi6Be4E/0Xd+LWP/BXXDlts7CtBy4czrl37tzjxYJrsO1vq7C2vrG5Vdwu7ezu7R+UD4/aOkoUZS0aiUh1PaKZ4JK1gINg3VgxEnqCdbzx7dTvPDKleSQfII2ZG5Kh5AGnBIzUvB+UK3bVngGvEicnFZSjMSj/9P2IJiGTQAXRuufYMbgZUcCpYJNSP9EsJnRMhqxnqCQh0242++gEnxnFx0GkTEnAM/XvREZCrdPQM50hgZFe9qbiv56GkKhU+Uv7Ibh2My7jBJik8/VBIjBEeJoF9rliFERqCKGKmwswHRFFKJjEFt4HPn6alExYznI0q6R9UXVq1VrzslK/yWMrohN0is6Rg65QHd2hBmohihh6Rq/ozXqx3q0P63PeWrDymWO0AOvrF76/nfM=</latexit>

N

3 w = bw ′

(w ′ ∈ LN)

Similarly, the following is production rules for LN :
N → ZN | bN | bZ

Therefore, the CFG for L is:
S → P | N
P → ZP | aP | aZ
N → ZN | bN | bZ
Z → ϵ | ZZ | aZb | bZa
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Example 5: Arithmetic Expressions
An arithmetic expression is defined with the following CFG:

S → N | X | S+S | S*S | (S)
N → D | DN
D → 0 | · · · | 9
X → a | · · · | z

We can derive an arithmetic expression 13*(2+x) as follows:

S ⇒ S*S ⇒ N*S ⇒ DN*S ⇒ 1N*S
⇒ 1D*S ⇒ 13*S ⇒ 13*(S) ⇒ 13*(S+S)
⇒ 13*(N+S) ⇒ 13*(D+S) ⇒ 13*(2+S) ⇒ 13*(2+X)
⇒ 13*(2+x)

COSE215 @ Korea University Lecture 12 - Examples of CFGs April 16, 2025 19 / 25



Example 6: Regular Expressions
Consider a language representing the syntax of regular expressions:

L = {w ∈ {∅, ε, a, b, |, *, (, )}∗ | w is a regular expression over {a, b} }

Is this language L regular? or context-free?

We can prove that L is not regular using the pumping lemma.
(Hint: consider a word (nε)n for a given n > 0)

However, the language L is context-free:

S → ∅ | ε | a | b | S|S | SS | S* | (S)

We can derive a regular expression (b|ab)* as follows:

S ⇒ S* ⇒ (S)* ⇒ (S|S)*
⇒ (S|SS)* ⇒ (S|Sb)* ⇒ (S|ab)*
⇒ (b|ab)*
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Example 7: Simplified Scala Syntax
We can define a CFG for a simplified version of Scala syntax1:

(Scala Program) S → E | S ; E
(Expressions) E → N | X | E + E | E - E | E * E | E / E

| val X: T = E
| def X( P ): T = E
| E ( A )
| if ( E ) E else E
| enum T { D }
| E match { C }

(Numbers) N → 0 | · · · | 9 | 0N | · · · | 9N
(Variables) X → Y | YX

Y → ∅ | a | · · · | z | A | · · · | Z
(Types) T → X | T [ T ] | T => T
(Parameters) P → ϵ | X : T | P , X : T
(Arguments) A → ϵ | E | A , E
(Cases) C → case E => E | C ; case E => E
(Enum Cases) D → case T ( P ) | D ; case T ( P )

1https://docs.scala-lang.org/scala3/reference/syntax.html
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Example 7: Simplified Scala Syntax

def sum(n: Int): Int = n match { case 0 => 0; case n => n + sum(n - 1) }

A derivation for this program:

S ⇒∗ def X( P ): T = E ⇒∗ def sum( P ): T = E

⇒∗ def sum( X: T ): T = E ⇒∗ def sum(n: Int): Int = E

⇒∗ def sum(n: Int): Int = E match { C }

⇒∗ def sum(n: Int): Int = n match { C }

⇒∗ def sum(n: Int): Int = n match { case E => E ; C }

⇒∗ def sum(n: Int): Int = n match { case 0 => 0; C }

⇒∗ def sum(n: Int): Int = n match { case 0 => 0; case E => E }

⇒∗ def sum(n: Int): Int = n match { case 0 => 0; case n => E }

⇒∗ def sum(n: Int): Int = n match { case 0 => 0; case n => E + E }

⇒∗ def sum(n: Int): Int = n match { case 0 => 0; case n => n + E }

⇒∗ def sum(n: Int): Int = n match { case 0 => 0; case n => n + sum(n - 1) }
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Summary

1. Regular Languages are Context-Free
Regular Expressions to CFGs
ϵ-NFA to CFG

2. Examples of Context-Free Grammars
Example 1: bnamb2n

Example 2: Well-Formed Brackets
Example 3: Equal Number of a’s and b’s
Example 4: Unequal Number of a’s and b’s
Example 5: Arithmetic Expressions
Example 6: Regular Expressions
Example 7: Simplified Scala Syntax
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Midterm Exam
• The midterm exam will be given in class.
• Date: 13:30-14:45 (1 hour 15 minutes), April 23 (Wed.).
• Location: 301, Aegineung (애기능생활관 301호)
• Coverage: Lectures 1 – 13
• Format: 7–9 questions with closed book and closed notes

• Filling blanks in some tables, sentences, or expressions.
• Construction of automata or grammars for given languages.
• Proofs of given statements related to languages and automata.
• Yes/No questions about concepts in the theory of computation.
• etc.

• Note that there is no class on April 28 (Mon.).
• Please refer to the previous exams in the course website:

https://plrg.korea.ac.kr/courses/cose215/
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Next Lecture
• Parse Trees and Ambiguity

Jihyeok Park
jihyeok park@korea.ac.kr

https://plrg.korea.ac.kr
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