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Recall
<latexit sha1_base64="n92EN7qKro3HBPjOFkdf9pTRcuY=">AAAB/3icbVDLSgMxFM3UV62vUcGNm2ARqosyI0VdFt24rGgf0BlKJs20oUlmSDJCGWfhr7hxoYhbf8Odf2PazkJbDwQO59zLPTlBzKjSjvNtFZaWV1bXiuuljc2t7R17d6+lokRi0sQRi2QnQIowKkhTU81IJ5YE8YCRdjC6nvjtByIVjcS9HsfE52ggaEgx0kbq2QceR3qIEUsbWSX17uiAo9PspGeXnaozBVwkbk7KIEejZ395/QgnnAiNGVKq6zqx9lMkNcWMZCUvUSRGeIQGpGuoQJwoP53mz+CxUfowjKR5QsOp+nsjRVypMQ/M5CStmvcm4n9eN9HhpZ9SESeaCDw7FCYM6ghOyoB9KgnWbGwIwpKarBAPkURYm8pKpgR3/suLpHVWdc+rtdtauX6V11EEh+AIVIALLkAd3IAGaAIMHsEzeAVv1pP1Yr1bH7PRgpXv7IM/sD5/AI22lc4=</latexit>P(⌃⇤)

<latexit sha1_base64="LFa8jYcTvzg0O7qcXqsJoqJBD1M=">AAAB8XicbVBNS8NAEN3Ur1q/qh69BIvgqSTi17EoggcPVewHtqFstpN26WYTdidiCf0XXjwo4tV/481/47bNQVsfDDzem2Fmnh8LrtFxvq3cwuLS8kp+tbC2vrG5VdzeqesoUQxqLBKRavpUg+ASashRQDNWQENfQMMfXI79xiMozSN5j8MYvJD2JA84o2ikhzbCE6Z3VzejTrHklJ0J7HniZqREMlQ7xa92N2JJCBKZoFq3XCdGL6UKORMwKrQTDTFlA9qDlqGShqC9dHLxyD4wStcOImVKoj1Rf0+kNNR6GPqmM6TY17PeWPzPayUYnHspl3GCINl0UZAIGyN7/L7d5QoYiqEhlClubrVZnyrK0IRUMCG4sy/Pk/pR2T0tn9welyoXWRx5skf2ySFxyRmpkGtSJTXCiCTP5JW8Wdp6sd6tj2lrzspmdskfWJ8/nKmQ5A==</latexit>

REL

(Recursively Enumerable

Language) 

<latexit sha1_base64="LFa8jYcTvzg0O7qcXqsJoqJBD1M=">AAAB8XicbVBNS8NAEN3Ur1q/qh69BIvgqSTi17EoggcPVewHtqFstpN26WYTdidiCf0XXjwo4tV/481/47bNQVsfDDzem2Fmnh8LrtFxvq3cwuLS8kp+tbC2vrG5VdzeqesoUQxqLBKRavpUg+ASashRQDNWQENfQMMfXI79xiMozSN5j8MYvJD2JA84o2ikhzbCE6Z3VzejTrHklJ0J7HniZqREMlQ7xa92N2JJCBKZoFq3XCdGL6UKORMwKrQTDTFlA9qDlqGShqC9dHLxyD4wStcOImVKoj1Rf0+kNNR6GPqmM6TY17PeWPzPayUYnHspl3GCINl0UZAIGyN7/L7d5QoYiqEhlClubrVZnyrK0IRUMCG4sy/Pk/pR2T0tn9welyoXWRx5skf2ySFxyRmpkGtSJTXCiCTP5JW8Wdp6sd6tj2lrzspmdskfWJ8/nKmQ5A==</latexit>

REL
(Decidable

Language)

<latexit sha1_base64="fPcCkSB4cYOXQiQKsFHtetlOZUk=">AAAB8HicbVDJSgNBEK2JW4xb1KOXxiB4CjPidgzqwYOHCGaRZAg9nZ6kSU/P0F0jhiFf4cWDIl79HG/+jZ3loNEHBY/3qqiqFyRSGHTdLye3sLi0vJJfLaytb2xuFbd36iZONeM1FstYNwNquBSK11Cg5M1EcxoFkjeCweXYbzxwbUSs7nCYcD+iPSVCwSha6b6N/BGzq5tRp1hyy+4E5C/xZqQEM1Q7xc92N2ZpxBUySY1peW6CfkY1Cib5qNBODU8oG9Aeb1mqaMSNn00OHpEDq3RJGGtbCslE/TmR0ciYYRTYzohi38x7Y/E/r5VieO5nQiUpcsWmi8JUEozJ+HvSFZozlENLKNPC3kpYn2rK0GZUsCF48y//JfWjsndaPrk9LlUuZnHkYQ/24RA8OIMKXEMVasAggid4gVdHO8/Om/M+bc05s5ld+AXn4xv2RpCH</latexit>

DL <latexit sha1_base64="fPcCkSB4cYOXQiQKsFHtetlOZUk=">AAAB8HicbVDJSgNBEK2JW4xb1KOXxiB4CjPidgzqwYOHCGaRZAg9nZ6kSU/P0F0jhiFf4cWDIl79HG/+jZ3loNEHBY/3qqiqFyRSGHTdLye3sLi0vJJfLaytb2xuFbd36iZONeM1FstYNwNquBSK11Cg5M1EcxoFkjeCweXYbzxwbUSs7nCYcD+iPSVCwSha6b6N/BGzq5tRp1hyy+4E5C/xZqQEM1Q7xc92N2ZpxBUySY1peW6CfkY1Cib5qNBODU8oG9Aeb1mqaMSNn00OHpEDq3RJGGtbCslE/TmR0ciYYRTYzohi38x7Y/E/r5VieO5nQiUpcsWmi8JUEozJ+HvSFZozlENLKNPC3kpYn2rK0GZUsCF48y//JfWjsndaPrk9LlUuZnHkYQ/24RA8OIMKXEMVasAggid4gVdHO8/Om/M+bc05s5ld+AXn4xv2RpCH</latexit>

DL
<latexit sha1_base64="SBFzntk1dr+WaqMGrfHfvaEUUgk=">AAAB8XicbVBNS8NAEN3Ur1q/qh69BIvgqSTi17FYEA8eKtgPbEPZbCft0s0m7E7EEvovvHhQxKv/xpv/xm2bg7Y+GHi8N8PMPD8WXKPjfFu5peWV1bX8emFjc2t7p7i719BRohjUWSQi1fKpBsEl1JGjgFasgIa+gKY/rE785iMozSN5j6MYvJD2JQ84o2ikhw7CE6bV69txt1hyys4U9iJxM1IiGWrd4lenF7EkBIlMUK3brhOjl1KFnAkYFzqJhpiyIe1D21BJQ9BeOr14bB8ZpWcHkTIl0Z6qvydSGmo9Cn3TGVIc6HlvIv7ntRMMLr2UyzhBkGy2KEiEjZE9ed/ucQUMxcgQyhQ3t9psQBVlaEIqmBDc+ZcXSeOk7J6Xz+5OS5WrLI48OSCH5Ji45IJUyA2pkTphRJJn8kreLG29WO/Wx6w1Z2Uz++QPrM8fh0aQ1g==</latexit>

CFL
<latexit sha1_base64="/zCSF5YzKE75PzK8Z+pFFvsDV74=">AAACAnicbVDLSgNBEJz1GeNr1ZN4GQyCp7ArQT0GvXiMYB6QxDA76SRDZmeXmV4xLMGLv+LFgyJe/Qpv/o2Th6CJBQPVVd30dAWxFAY978tZWFxaXlnNrGXXNza3tt2d3YqJEs2hzCMZ6VrADEihoIwCJdRiDSwMJFSD/uXIr96BNiJSNziIoRmyrhIdwRlaqeXuNxDuETFlw1tFf4rAFi035+W9Meg88ackR6YotdzPRjviSQgKuWTG1H0vxmbKNAouYZhtJAZixvusC3VLFQvBNNPxCUN6ZJU27UTaPoV0rP6eSFlozCAMbGfIsGdmvZH4n1dPsHPeTIWKEwTFJ4s6iaQY0VEetC00cJQDSxjXwv6V8h7TjKNNLWtD8GdPnieVk7x/mi9cF3LFi2kcGXJADskx8ckZKZIrUiJlwskDeSIv5NV5dJ6dN+d90rrgTGf2yB84H9+H45gr</latexit>

anbn

<latexit sha1_base64="DqURJCMkXScSKnb/0zqRWKjBpOg=">AAACDXicbZDLSsNAFIYn9VbrLerSzWAVXJVEvC2LblxWsBdoY5lMJ+3QySTMnIgl9AXc+CpuXCji1r0738ZpG6G2/jDw8Z9zOHN+PxZcg+N8W7mFxaXllfxqYW19Y3PL3t6p6ShRlFVpJCLV8IlmgktWBQ6CNWLFSOgLVvf7V6N6/Z4pzSN5C4OYeSHpSh5wSsBYbfugBewBAFIyvJO/7E8xNdy2i07JGQvPg5tBEWWqtO2vVieiScgkUEG0brpODF5KFHAq2LDQSjSLCe2TLmsalCRk2kvH1wzxoXE6OIiUeRLw2J2eSEmo9SD0TWdIoKdnayPzv1ozgeDCS7mME2CSThYFicAQ4VE0uMMVoyAGBghV3PwV0x5RhIIJsGBCcGdPnofacck9K53enBTLl1kcebSH9tERctE5KqNrVEFVRNEjekav6M16sl6sd+tj0pqzspld9EfW5w9gtp2q</latexit>

anbncn

<latexit sha1_base64="rWkSpwGmPWpJeSdXaasYZxhOAyw=">AAAB7nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PQi8cIxgSSJcxOepMhsw9meoUQ8hFePCji1e/x5t84SfagiQUNRVU33V1BqqQh1/12Ciura+sbxc3S1vbO7l55/+DRJJkW2BCJSnQr4AaVjLFBkhS2Uo08ChQ2g+Ht1G8+oTYyiR9olKIf8X4sQyk4WanZMVlgkLrlilt1Z2DLxMtJBXLUu+WvTi8RWYQxCcWNaXtuSv6Ya5JC4aTUyQymXAx5H9uWxjxC449n507YiVV6LEy0rZjYTP09MeaRMaMosJ0Rp4FZ9Kbif147o/DaH8s4zQhjMV8UZopRwqa/s57UKEiNLOFCS3srEwOuuSCbUMmG4C2+vEwez6reZfXi/rxSu8njKMIRHMMpeHAFNbiDOjRAwBCe4RXenNR5cd6dj3lrwclnDuEPnM8fkM6PvA==</latexit>⇢
(Context-Free


Language)

<latexit sha1_base64="SBFzntk1dr+WaqMGrfHfvaEUUgk=">AAAB8XicbVBNS8NAEN3Ur1q/qh69BIvgqSTi17FYEA8eKtgPbEPZbCft0s0m7E7EEvovvHhQxKv/xpv/xm2bg7Y+GHi8N8PMPD8WXKPjfFu5peWV1bX8emFjc2t7p7i719BRohjUWSQi1fKpBsEl1JGjgFasgIa+gKY/rE785iMozSN5j6MYvJD2JQ84o2ikhw7CE6bV69txt1hyys4U9iJxM1IiGWrd4lenF7EkBIlMUK3brhOjl1KFnAkYFzqJhpiyIe1D21BJQ9BeOr14bB8ZpWcHkTIl0Z6qvydSGmo9Cn3TGVIc6HlvIv7ntRMMLr2UyzhBkGy2KEiEjZE9ed/ucQUMxcgQyhQ3t9psQBVlaEIqmBDc+ZcXSeOk7J6Xz+5OS5WrLI48OSCH5Ji45IJUyA2pkTphRJJn8kreLG29WO/Wx6w1Z2Uz++QPrM8fh0aQ1g==</latexit>

CFL
<latexit sha1_base64="rWkSpwGmPWpJeSdXaasYZxhOAyw=">AAAB7nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PQi8cIxgSSJcxOepMhsw9meoUQ8hFePCji1e/x5t84SfagiQUNRVU33V1BqqQh1/12Ciura+sbxc3S1vbO7l55/+DRJJkW2BCJSnQr4AaVjLFBkhS2Uo08ChQ2g+Ht1G8+oTYyiR9olKIf8X4sQyk4WanZMVlgkLrlilt1Z2DLxMtJBXLUu+WvTi8RWYQxCcWNaXtuSv6Ya5JC4aTUyQymXAx5H9uWxjxC449n507YiVV6LEy0rZjYTP09MeaRMaMosJ0Rp4FZ9Kbif147o/DaH8s4zQhjMV8UZopRwqa/s57UKEiNLOFCS3srEwOuuSCbUMmG4C2+vEwez6reZfXi/rxSu8njKMIRHMMpeHAFNbiDOjRAwBCe4RXenNR5cd6dj3lrwclnDuEPnM8fkM6PvA==</latexit>⇢

<latexit sha1_base64="XaTr6dcyl+iH6j+ICP58rghIEQo=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PQiwcPEc0DkiXMTmaTIbOzy0yvEJZ8ghcPinj1i7z5N06SPWi0oKGo6qa7K0ikMOi6X05haXllda24XtrY3NreKe/uNU2casYbLJaxbgfUcCkUb6BAyduJ5jQKJG8Fo+up33rk2ohYPeA44X5EB0qEglG00v1tL+2VK27VnYH8JV5OKpCj3it/dvsxSyOukElqTMdzE/QzqlEwySelbmp4QtmIDnjHUkUjbvxsduqEHFmlT8JY21JIZurPiYxGxoyjwHZGFIdm0ZuK/3mdFMNLPxMqSZErNl8UppJgTKZ/k77QnKEcW0KZFvZWwoZUU4Y2nZINwVt8+S9pnlS98+rZ3WmldpXHUYQDOIRj8OACanADdWgAgwE8wQu8OtJ5dt6c93lrwcln9uEXnI9vMviNwg==</latexit>

Lu

<latexit sha1_base64="3MmnLCxm8Z7dX5urYpYwt7DEw/U=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PQiwcPEc0DkiXMzvYmQ2Znl5lZIYR8ghcPinj1i7z5N06SPWi0oKGo6qa7K0gF18Z1v5zC0vLK6lpxvbSxubW9U97da+okUwwbLBGJagdUo+ASG4Ybge1UIY0Dga1geD31W4+oNE/kgxml6Me0L3nEGTVWur/thb1yxa26M5C/xMtJBXLUe+XPbpiwLEZpmKBadzw3Nf6YKsOZwEmpm2lMKRvSPnYslTRG7Y9np07IkVVCEiXKljRkpv6cGNNY61Ec2M6YmoFe9Kbif14nM9GlP+YyzQxKNl8UZYKYhEz/JiFXyIwYWUKZ4vZWwgZUUWZsOiUbgrf48l/SPKl659Wzu9NK7SqPowgHcAjH4MEF1OAG6tAABn14ghd4dYTz7Lw57/PWgpPP7MMvOB/fGTSNsQ==</latexit>

Ld

Definition (Decision Problem)
A decision problem π is a computational problem whose answer is either
yes or no for a given input.

In this lecture, we will classify decision problems based on the time
complexity of possible TMs (or NTMs) that solve the problems.
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Time Complexity of TMs

Definition (Time Complexity of TMs)
We say a Turing machine (TM) M has a time complexity T : N → N if
M halts on w in at most T (n) moves for all w ∈ Σ∗ whose length is n.

<latexit sha1_base64="edMTm442xJ8F795iIYC7Tp+D7KY=">AAAB6XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PQi8co5gHJEmYnvcmQ2dllZlYIS/7AiwdFvPpH3vwbZ5McNLGgoajqprsrSATXxnW/ncLK6tr6RnGztLW9s7tX3j9o6jhVDBssFrFqB1Sj4BIbhhuB7UQhjQKBrWB0m/utJ1Sax/LRjBP0IzqQPOSMGis9sFKvXHGr7hRkmXhzUoE56r3yV7cfszRCaZigWnc8NzF+RpXhTOCk1E01JpSN6AA7lkoaofaz6aUTcmKVPgljZUsaMlV/T2Q00nocBbYzomaoF71c/M/rpCa89jMuk9SgZLNFYSqIiUn+NulzhcyIsSWUKW5vJWxIFWXGhpOH4C2+vEyaZ1Xvsnpxf16p3czjKMIRHMMpeHAFNbiDOjSAQQjP8Apvzsh5cd6dj1lrwZnPHMIfOJ8//hSNBQ==</latexit>c <latexit sha1_base64="edMTm442xJ8F795iIYC7Tp+D7KY=">AAAB6XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PQi8co5gHJEmYnvcmQ2dllZlYIS/7AiwdFvPpH3vwbZ5McNLGgoajqprsrSATXxnW/ncLK6tr6RnGztLW9s7tX3j9o6jhVDBssFrFqB1Sj4BIbhhuB7UQhjQKBrWB0m/utJ1Sax/LRjBP0IzqQPOSMGis9sFKvXHGr7hRkmXhzUoE56r3yV7cfszRCaZigWnc8NzF+RpXhTOCk1E01JpSN6AA7lkoaofaz6aUTcmKVPgljZUsaMlV/T2Q00nocBbYzomaoF71c/M/rpCa89jMuk9SgZLNFYSqIiUn+NulzhcyIsSWUKW5vJWxIFWXGhpOH4C2+vEyaZ1Xvsnpxf16p3czjKMIRHMMpeHAFNbiDOjSAQQjP8Apvzsh5cd6dj1lrwZnPHMIfOJ8//hSNBQ==</latexit>c <latexit sha1_base64="edMTm442xJ8F795iIYC7Tp+D7KY=">AAAB6XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PQi8co5gHJEmYnvcmQ2dllZlYIS/7AiwdFvPpH3vwbZ5McNLGgoajqprsrSATXxnW/ncLK6tr6RnGztLW9s7tX3j9o6jhVDBssFrFqB1Sj4BIbhhuB7UQhjQKBrWB0m/utJ1Sax/LRjBP0IzqQPOSMGis9sFKvXHGr7hRkmXhzUoE56r3yV7cfszRCaZigWnc8NzF+RpXhTOCk1E01JpSN6AA7lkoaofaz6aUTcmKVPgljZUsaMlV/T2Q00nocBbYzomaoF71c/M/rpCa89jMuk9SgZLNFYSqIiUn+NulzhcyIsSWUKW5vJWxIFWXGhpOH4C2+vEyaZ1Xvsnpxf16p3czjKMIRHMMpeHAFNbiDOjSAQQjP8Apvzsh5cd6dj1lrwZnPHMIfOJ8//hSNBQ==</latexit>c<latexit sha1_base64="OxNWMMW8gio5nPun+01zUjW0INo=">AAAB7XicbVDLSgNBEOyNrxhfUY9eFoPgKeyKr2PQi8cI5gHJEmZnJ8mY2ZllplcIS/7BiwdFvPo/3vwbJ8keNLGgoajqprsrTAQ36HnfTmFldW19o7hZ2tre2d0r7x80jUo1ZQ2qhNLtkBgmuGQN5ChYO9GMxKFgrXB0O/VbT0wbruQDjhMWxGQgeZ9TglZqdmmk0PTKFa/qzeAuEz8nFchR75W/upGiacwkUkGM6fhegkFGNHIq2KTUTQ1LCB2RAetYKknMTJDNrp24J1aJ3L7StiS6M/X3REZiY8ZxaDtjgkOz6E3F/7xOiv3rIOMySZFJOl/UT4WLyp2+7kZcM4pibAmhmttbXTokmlC0AZVsCP7iy8ukeVb1L6sX9+eV2k0eRxGO4BhOwYcrqMEd1KEBFB7hGV7hzVHOi/PufMxbC04+cwh/4Hz+ALGXjzk=</latexit>· · · <latexit sha1_base64="edMTm442xJ8F795iIYC7Tp+D7KY=">AAAB6XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PQi8co5gHJEmYnvcmQ2dllZlYIS/7AiwdFvPpH3vwbZ5McNLGgoajqprsrSATXxnW/ncLK6tr6RnGztLW9s7tX3j9o6jhVDBssFrFqB1Sj4BIbhhuB7UQhjQKBrWB0m/utJ1Sax/LRjBP0IzqQPOSMGis9sFKvXHGr7hRkmXhzUoE56r3yV7cfszRCaZigWnc8NzF+RpXhTOCk1E01JpSN6AA7lkoaofaz6aUTcmKVPgljZUsaMlV/T2Q00nocBbYzomaoF71c/M/rpCa89jMuk9SgZLNFYSqIiUn+NulzhcyIsSWUKW5vJWxIFWXGhpOH4C2+vEyaZ1Xvsnpxf16p3czjKMIRHMMpeHAFNbiDOjSAQQjP8Apvzsh5cd6dj1lrwZnPHMIfOJ8//hSNBQ==</latexit>c

<latexit sha1_base64="4LmY0AhP990Nxip0tFMvcUnAGNo=">AAAB8HicbVDLSgNBEJyNrxhfUY9eBoMQL2FXfB2DXjxGyEuSJcxOepMhM7PrzKwQlnyFFw+KePVzvPk3TpI9aGJBQ1HVTXdXEHOmjet+O7mV1bX1jfxmYWt7Z3evuH/Q1FGiKDRoxCPVDogGziQ0DDMc2rECIgIOrWB0O/VbT6A0i2TdjGPwBRlIFjJKjJUeuhwecb0sT3vFkltxZ8DLxMtICWWo9Ypf3X5EEwHSUE607nhubPyUKMMoh0mhm2iICR2RAXQslUSA9tPZwRN8YpU+DiNlSxo8U39PpERoPRaB7RTEDPWiNxX/8zqJCa/9lMk4MSDpfFGYcGwiPP0e95kCavjYEkIVs7diOiSKUGMzKtgQvMWXl0nzrOJdVi7uz0vVmyyOPDpCx6iMPHSFqugO1VADUSTQM3pFb45yXpx352PemnOymUP0B87nD6yhj68=</latexit> T (n)

Definition (DTIME)
A decision problem π is in DTIME(T (n)) if it is decidable by a TM M
whose time complexity is T (n).

We often use a big O notation to describe the time complexity of a TM:

f (n) = O(g(n)) ⇐⇒ ∃k ∈ N, n0 ∈ N. ∀n ≥ n0. f (n) ≤ k · g(n)
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Time Complexity of TMs – Example
⟨EvenPalin⟩ – Is a word w ∈ {a, b}∗ an even-length palindrome?

· · · B a b a a b a B · · ·

M⟨EvenPalin⟩ = q0start

q1 q2

q3 q4

q5

q6

[a→B]R

[a→a]R
[b→b]R

[B→B]L
[a→B]L

[a→a]L
[b→b]L

[b→B]R

[a→a]R
[b→b]R

[B→B]L
[b→B]L

[B→B]R

[B
→

B
]R

The decision problem ⟨EvenPalin⟩ is decidable by the above TM whose
time complexity is T (n) = (n + 1)(n + 2)/2 = O(n2).

⟨EvenPalin⟩ ∈ DTIME(O(n2))
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P – Polynomial Time Complexity

Definition (P – Polynomial Time Complexity)
A decision problem π is in P if it is decidable by a TM M whose time
complexity is a polynomial function (i.e., T (n) = O(nk) for some k ≥ 0).

P =
⋃

k≥0
DTIME(O(nk))

For example, the decision problem ⟨EvenPalin⟩ is in P.

⟨EvenPalin⟩ ∈ DTIME(O(n2)) ⊆ P

Definition (Tractable Problems)
A problem π is called a tractable problem if it is a P problem.
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Time Complexity of NTMs

Definition (Time Complexity of NTMs)
We say a nondeterministic Turing machine (NTM) M has a time
complexity T : N → N if M halts on w in at most T (n) moves for all
w ∈ Σ∗ whose length is n.

<latexit sha1_base64="edMTm442xJ8F795iIYC7Tp+D7KY=">AAAB6XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PQi8co5gHJEmYnvcmQ2dllZlYIS/7AiwdFvPpH3vwbZ5McNLGgoajqprsrSATXxnW/ncLK6tr6RnGztLW9s7tX3j9o6jhVDBssFrFqB1Sj4BIbhhuB7UQhjQKBrWB0m/utJ1Sax/LRjBP0IzqQPOSMGis9sFKvXHGr7hRkmXhzUoE56r3yV7cfszRCaZigWnc8NzF+RpXhTOCk1E01JpSN6AA7lkoaofaz6aUTcmKVPgljZUsaMlV/T2Q00nocBbYzomaoF71c/M/rpCa89jMuk9SgZLNFYSqIiUn+NulzhcyIsSWUKW5vJWxIFWXGhpOH4C2+vEyaZ1Xvsnpxf16p3czjKMIRHMMpeHAFNbiDOjSAQQjP8Apvzsh5cd6dj1lrwZnPHMIfOJ8//hSNBQ==</latexit>c

<latexit sha1_base64="edMTm442xJ8F795iIYC7Tp+D7KY=">AAAB6XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PQi8co5gHJEmYnvcmQ2dllZlYIS/7AiwdFvPpH3vwbZ5McNLGgoajqprsrSATXxnW/ncLK6tr6RnGztLW9s7tX3j9o6jhVDBssFrFqB1Sj4BIbhhuB7UQhjQKBrWB0m/utJ1Sax/LRjBP0IzqQPOSMGis9sFKvXHGr7hRkmXhzUoE56r3yV7cfszRCaZigWnc8NzF+RpXhTOCk1E01JpSN6AA7lkoaofaz6aUTcmKVPgljZUsaMlV/T2Q00nocBbYzomaoF71c/M/rpCa89jMuk9SgZLNFYSqIiUn+NulzhcyIsSWUKW5vJWxIFWXGhpOH4C2+vEyaZ1Xvsnpxf16p3czjKMIRHMMpeHAFNbiDOjSAQQjP8Apvzsh5cd6dj1lrwZnPHMIfOJ8//hSNBQ==</latexit>c

<latexit sha1_base64="edMTm442xJ8F795iIYC7Tp+D7KY=">AAAB6XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PQi8co5gHJEmYnvcmQ2dllZlYIS/7AiwdFvPpH3vwbZ5McNLGgoajqprsrSATXxnW/ncLK6tr6RnGztLW9s7tX3j9o6jhVDBssFrFqB1Sj4BIbhhuB7UQhjQKBrWB0m/utJ1Sax/LRjBP0IzqQPOSMGis9sFKvXHGr7hRkmXhzUoE56r3yV7cfszRCaZigWnc8NzF+RpXhTOCk1E01JpSN6AA7lkoaofaz6aUTcmKVPgljZUsaMlV/T2Q00nocBbYzomaoF71c/M/rpCa89jMuk9SgZLNFYSqIiUn+NulzhcyIsSWUKW5vJWxIFWXGhpOH4C2+vEyaZ1Xvsnpxf16p3czjKMIRHMMpeHAFNbiDOjSAQQjP8Apvzsh5cd6dj1lrwZnPHMIfOJ8//hSNBQ==</latexit>c

<latexit sha1_base64="4LmY0AhP990Nxip0tFMvcUnAGNo=">AAAB8HicbVDLSgNBEJyNrxhfUY9eBoMQL2FXfB2DXjxGyEuSJcxOepMhM7PrzKwQlnyFFw+KePVzvPk3TpI9aGJBQ1HVTXdXEHOmjet+O7mV1bX1jfxmYWt7Z3evuH/Q1FGiKDRoxCPVDogGziQ0DDMc2rECIgIOrWB0O/VbT6A0i2TdjGPwBRlIFjJKjJUeuhwecb0sT3vFkltxZ8DLxMtICWWo9Ypf3X5EEwHSUE607nhubPyUKMMoh0mhm2iICR2RAXQslUSA9tPZwRN8YpU+DiNlSxo8U39PpERoPRaB7RTEDPWiNxX/8zqJCa/9lMk4MSDpfFGYcGwiPP0e95kCavjYEkIVs7diOiSKUGMzKtgQvMWXl0nzrOJdVi7uz0vVmyyOPDpCx6iMPHSFqugO1VADUSTQM3pFb45yXpx352PemnOymUP0B87nD6yhj68=</latexit> T (n)

<latexit sha1_base64="OxNWMMW8gio5nPun+01zUjW0INo=">AAAB7XicbVDLSgNBEOyNrxhfUY9eFoPgKeyKr2PQi8cI5gHJEmZnJ8mY2ZllplcIS/7BiwdFvPo/3vwbJ8keNLGgoajqprsrTAQ36HnfTmFldW19o7hZ2tre2d0r7x80jUo1ZQ2qhNLtkBgmuGQN5ChYO9GMxKFgrXB0O/VbT0wbruQDjhMWxGQgeZ9TglZqdmmk0PTKFa/qzeAuEz8nFchR75W/upGiacwkUkGM6fhegkFGNHIq2KTUTQ1LCB2RAetYKknMTJDNrp24J1aJ3L7StiS6M/X3REZiY8ZxaDtjgkOz6E3F/7xOiv3rIOMySZFJOl/UT4WLyp2+7kZcM4pibAmhmttbXTokmlC0AZVsCP7iy8ukeVb1L6sX9+eV2k0eRxGO4BhOwYcrqMEd1KEBFB7hGV7hzVHOi/PufMxbC04+cwh/4Hz+ALGXjzk=</latexit>

···

<latexit sha1_base64="edMTm442xJ8F795iIYC7Tp+D7KY=">AAAB6XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PQi8co5gHJEmYnvcmQ2dllZlYIS/7AiwdFvPpH3vwbZ5McNLGgoajqprsrSATXxnW/ncLK6tr6RnGztLW9s7tX3j9o6jhVDBssFrFqB1Sj4BIbhhuB7UQhjQKBrWB0m/utJ1Sax/LRjBP0IzqQPOSMGis9sFKvXHGr7hRkmXhzUoE56r3yV7cfszRCaZigWnc8NzF+RpXhTOCk1E01JpSN6AA7lkoaofaz6aUTcmKVPgljZUsaMlV/T2Q00nocBbYzomaoF71c/M/rpCa89jMuk9SgZLNFYSqIiUn+NulzhcyIsSWUKW5vJWxIFWXGhpOH4C2+vEyaZ1Xvsnpxf16p3czjKMIRHMMpeHAFNbiDOjSAQQjP8Apvzsh5cd6dj1lrwZnPHMIfOJ8//hSNBQ==</latexit>c

<latexit sha1_base64="OxNWMMW8gio5nPun+01zUjW0INo=">AAAB7XicbVDLSgNBEOyNrxhfUY9eFoPgKeyKr2PQi8cI5gHJEmZnJ8mY2ZllplcIS/7BiwdFvPo/3vwbJ8keNLGgoajqprsrTAQ36HnfTmFldW19o7hZ2tre2d0r7x80jUo1ZQ2qhNLtkBgmuGQN5ChYO9GMxKFgrXB0O/VbT0wbruQDjhMWxGQgeZ9TglZqdmmk0PTKFa/qzeAuEz8nFchR75W/upGiacwkUkGM6fhegkFGNHIq2KTUTQ1LCB2RAetYKknMTJDNrp24J1aJ3L7StiS6M/X3REZiY8ZxaDtjgkOz6E3F/7xOiv3rIOMySZFJOl/UT4WLyp2+7kZcM4pibAmhmttbXTokmlC0AZVsCP7iy8ukeVb1L6sX9+eV2k0eRxGO4BhOwYcrqMEd1KEBFB7hGV7hzVHOi/PufMxbC04+cwh/4Hz+ALGXjzk=</latexit>· · ·
<latexit sha1_base64="OxNWMMW8gio5nPun+01zUjW0INo=">AAAB7XicbVDLSgNBEOyNrxhfUY9eFoPgKeyKr2PQi8cI5gHJEmZnJ8mY2ZllplcIS/7BiwdFvPo/3vwbJ8keNLGgoajqprsrTAQ36HnfTmFldW19o7hZ2tre2d0r7x80jUo1ZQ2qhNLtkBgmuGQN5ChYO9GMxKFgrXB0O/VbT0wbruQDjhMWxGQgeZ9TglZqdmmk0PTKFa/qzeAuEz8nFchR75W/upGiacwkUkGM6fhegkFGNHIq2KTUTQ1LCB2RAetYKknMTJDNrp24J1aJ3L7StiS6M/X3REZiY8ZxaDtjgkOz6E3F/7xOiv3rIOMySZFJOl/UT4WLyp2+7kZcM4pibAmhmttbXTokmlC0AZVsCP7iy8ukeVb1L6sX9+eV2k0eRxGO4BhOwYcrqMEd1KEBFB7hGV7hzVHOi/PufMxbC04+cwh/4Hz+ALGXjzk=</latexit>· · ·

<latexit sha1_base64="edMTm442xJ8F795iIYC7Tp+D7KY=">AAAB6XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PQi8co5gHJEmYnvcmQ2dllZlYIS/7AiwdFvPpH3vwbZ5McNLGgoajqprsrSATXxnW/ncLK6tr6RnGztLW9s7tX3j9o6jhVDBssFrFqB1Sj4BIbhhuB7UQhjQKBrWB0m/utJ1Sax/LRjBP0IzqQPOSMGis9sFKvXHGr7hRkmXhzUoE56r3yV7cfszRCaZigWnc8NzF+RpXhTOCk1E01JpSN6AA7lkoaofaz6aUTcmKVPgljZUsaMlV/T2Q00nocBbYzomaoF71c/M/rpCa89jMuk9SgZLNFYSqIiUn+NulzhcyIsSWUKW5vJWxIFWXGhpOH4C2+vEyaZ1Xvsnpxf16p3czjKMIRHMMpeHAFNbiDOjSAQQjP8Apvzsh5cd6dj1lrwZnPHMIfOJ8//hSNBQ==</latexit>c

<latexit sha1_base64="OxNWMMW8gio5nPun+01zUjW0INo=">AAAB7XicbVDLSgNBEOyNrxhfUY9eFoPgKeyKr2PQi8cI5gHJEmZnJ8mY2ZllplcIS/7BiwdFvPo/3vwbJ8keNLGgoajqprsrTAQ36HnfTmFldW19o7hZ2tre2d0r7x80jUo1ZQ2qhNLtkBgmuGQN5ChYO9GMxKFgrXB0O/VbT0wbruQDjhMWxGQgeZ9TglZqdmmk0PTKFa/qzeAuEz8nFchR75W/upGiacwkUkGM6fhegkFGNHIq2KTUTQ1LCB2RAetYKknMTJDNrp24J1aJ3L7StiS6M/X3REZiY8ZxaDtjgkOz6E3F/7xOiv3rIOMySZFJOl/UT4WLyp2+7kZcM4pibAmhmttbXTokmlC0AZVsCP7iy8ukeVb1L6sX9+eV2k0eRxGO4BhOwYcrqMEd1KEBFB7hGV7hzVHOi/PufMxbC04+cwh/4Hz+ALGXjzk=</latexit>· · ·

<latexit sha1_base64="edMTm442xJ8F795iIYC7Tp+D7KY=">AAAB6XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PQi8co5gHJEmYnvcmQ2dllZlYIS/7AiwdFvPpH3vwbZ5McNLGgoajqprsrSATXxnW/ncLK6tr6RnGztLW9s7tX3j9o6jhVDBssFrFqB1Sj4BIbhhuB7UQhjQKBrWB0m/utJ1Sax/LRjBP0IzqQPOSMGis9sFKvXHGr7hRkmXhzUoE56r3yV7cfszRCaZigWnc8NzF+RpXhTOCk1E01JpSN6AA7lkoaofaz6aUTcmKVPgljZUsaMlV/T2Q00nocBbYzomaoF71c/M/rpCa89jMuk9SgZLNFYSqIiUn+NulzhcyIsSWUKW5vJWxIFWXGhpOH4C2+vEyaZ1Xvsnpxf16p3czjKMIRHMMpeHAFNbiDOjSAQQjP8Apvzsh5cd6dj1lrwZnPHMIfOJ8//hSNBQ==</latexit>c

<latexit sha1_base64="edMTm442xJ8F795iIYC7Tp+D7KY=">AAAB6XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PQi8co5gHJEmYnvcmQ2dllZlYIS/7AiwdFvPpH3vwbZ5McNLGgoajqprsrSATXxnW/ncLK6tr6RnGztLW9s7tX3j9o6jhVDBssFrFqB1Sj4BIbhhuB7UQhjQKBrWB0m/utJ1Sax/LRjBP0IzqQPOSMGis9sFKvXHGr7hRkmXhzUoE56r3yV7cfszRCaZigWnc8NzF+RpXhTOCk1E01JpSN6AA7lkoaofaz6aUTcmKVPgljZUsaMlV/T2Q00nocBbYzomaoF71c/M/rpCa89jMuk9SgZLNFYSqIiUn+NulzhcyIsSWUKW5vJWxIFWXGhpOH4C2+vEyaZ1Xvsnpxf16p3czjKMIRHMMpeHAFNbiDOjSAQQjP8Apvzsh5cd6dj1lrwZnPHMIfOJ8//hSNBQ==</latexit>c

<latexit sha1_base64="edMTm442xJ8F795iIYC7Tp+D7KY=">AAAB6XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PQi8co5gHJEmYnvcmQ2dllZlYIS/7AiwdFvPpH3vwbZ5McNLGgoajqprsrSATXxnW/ncLK6tr6RnGztLW9s7tX3j9o6jhVDBssFrFqB1Sj4BIbhhuB7UQhjQKBrWB0m/utJ1Sax/LRjBP0IzqQPOSMGis9sFKvXHGr7hRkmXhzUoE56r3yV7cfszRCaZigWnc8NzF+RpXhTOCk1E01JpSN6AA7lkoaofaz6aUTcmKVPgljZUsaMlV/T2Q00nocBbYzomaoF71c/M/rpCa89jMuk9SgZLNFYSqIiUn+NulzhcyIsSWUKW5vJWxIFWXGhpOH4C2+vEyaZ1Xvsnpxf16p3czjKMIRHMMpeHAFNbiDOjSAQQjP8Apvzsh5cd6dj1lrwZnPHMIfOJ8//hSNBQ==</latexit>c

<latexit sha1_base64="edMTm442xJ8F795iIYC7Tp+D7KY=">AAAB6XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PQi8co5gHJEmYnvcmQ2dllZlYIS/7AiwdFvPpH3vwbZ5McNLGgoajqprsrSATXxnW/ncLK6tr6RnGztLW9s7tX3j9o6jhVDBssFrFqB1Sj4BIbhhuB7UQhjQKBrWB0m/utJ1Sax/LRjBP0IzqQPOSMGis9sFKvXHGr7hRkmXhzUoE56r3yV7cfszRCaZigWnc8NzF+RpXhTOCk1E01JpSN6AA7lkoaofaz6aUTcmKVPgljZUsaMlV/T2Q00nocBbYzomaoF71c/M/rpCa89jMuk9SgZLNFYSqIiUn+NulzhcyIsSWUKW5vJWxIFWXGhpOH4C2+vEyaZ1Xvsnpxf16p3czjKMIRHMMpeHAFNbiDOjSAQQjP8Apvzsh5cd6dj1lrwZnPHMIfOJ8//hSNBQ==</latexit>c

<latexit sha1_base64="edMTm442xJ8F795iIYC7Tp+D7KY=">AAAB6XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PQi8co5gHJEmYnvcmQ2dllZlYIS/7AiwdFvPpH3vwbZ5McNLGgoajqprsrSATXxnW/ncLK6tr6RnGztLW9s7tX3j9o6jhVDBssFrFqB1Sj4BIbhhuB7UQhjQKBrWB0m/utJ1Sax/LRjBP0IzqQPOSMGis9sFKvXHGr7hRkmXhzUoE56r3yV7cfszRCaZigWnc8NzF+RpXhTOCk1E01JpSN6AA7lkoaofaz6aUTcmKVPgljZUsaMlV/T2Q00nocBbYzomaoF71c/M/rpCa89jMuk9SgZLNFYSqIiUn+NulzhcyIsSWUKW5vJWxIFWXGhpOH4C2+vEyaZ1Xvsnpxf16p3czjKMIRHMMpeHAFNbiDOjSAQQjP8Apvzsh5cd6dj1lrwZnPHMIfOJ8//hSNBQ==</latexit>c<latexit sha1_base64="edMTm442xJ8F795iIYC7Tp+D7KY=">AAAB6XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PQi8co5gHJEmYnvcmQ2dllZlYIS/7AiwdFvPpH3vwbZ5McNLGgoajqprsrSATXxnW/ncLK6tr6RnGztLW9s7tX3j9o6jhVDBssFrFqB1Sj4BIbhhuB7UQhjQKBrWB0m/utJ1Sax/LRjBP0IzqQPOSMGis9sFKvXHGr7hRkmXhzUoE56r3yV7cfszRCaZigWnc8NzF+RpXhTOCk1E01JpSN6AA7lkoaofaz6aUTcmKVPgljZUsaMlV/T2Q00nocBbYzomaoF71c/M/rpCa89jMuk9SgZLNFYSqIiUn+NulzhcyIsSWUKW5vJWxIFWXGhpOH4C2+vEyaZ1Xvsnpxf16p3czjKMIRHMMpeHAFNbiDOjSAQQjP8Apvzsh5cd6dj1lrwZnPHMIfOJ8//hSNBQ==</latexit>c

Definition (NTIME)
A decision problem π is in NTIME(T (n)) if it is decidable by a NTM M
whose time complexity is T (n).
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Time Complexity of NTMs – Example
⟨MakeEvenPalin⟩ – Is a word w ∈ {a, b, c}∗ convertible to an
even-length palindrome by replacing all c’s with a’s or b’s?

· · · B a c b c c a B · · ·

M⟨MakeEvenPalin⟩ =

q0start q1 M⟨EvenPalin⟩

[a→a]R
[b→b]R
[c→a]R
[c→b]R

[B→B]L

[a→a]L
[b→b]L

[B→B]R

The decision problem ⟨MakeEvenPalin⟩ is decidable by the above NTM
whose time complexity is T (n) = 2(n + 1) + O(n2) = O(n2).

⟨MakeEvenPalin⟩ ∈ NTIME(O(n2))
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NP – Nondeterministic Polynomial Time Complexity

Definition (NP – Nondeterministic Polynomial Time Complexity)
A decision problem π is in NP if it is decidable by an NTM M whose time
complexity is a polynomial function (i.e., T (n) = O(nk) for some k ≥ 0).

NP =
⋃

k≥0
NTIME(O(nk))

For example, the decision problem ⟨MakeEvenPalin⟩ is in NP.

⟨MakeEvenPalin⟩ ∈ NTIME(O(n2)) ⊆ NP
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Search Problem

Definition (Search Problem)
A search problem π is a decision problem that asks for the existence of a
witness x (i.e., a solution) in the search space S(w) for a given input w ,
satisfying the another decision problem π′ as a verification problem.

∀w ∈ Σ∗. π(w) = yes ⇐⇒ ∃x ∈ S(w). π′(w , x) = yes

For example, ⟨MakeEvenPalin⟩ is a search problem with ⟨EvenPalin⟩ as
a verification problem:

⟨MakeEvenPalin⟩(w) = yes ⇐⇒ ∃x ∈ S(w). ⟨EvenPalin⟩(x) = yes

where the search space S(w) of an input w is defined as follows:

S(w) = {x | x = (a possible replacement of all c’s in w with a’s or b’s)}

e.g., w = acbcca S(w) =
{

aabaaa, aababa, aabbaa, aabbba,
abbaaa, abbaba, abbbaa, abbbba

}
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NP – Nondeterministic Polynomial Time Complexity

Definition (NP – Verifier-based Definition)
A search problem π defined with a verification problem π′ is in NP if there
is a polynomial time TM M as a verifier for π:

∀w ∈ Σ∗. ∀x ∈ S(w). π′(w , x) = yes ⇐⇒ (w , x) ∈ L(M)

TM 
(as a verifier)

Accept

Reject
NTM 

(as a witness generator)Word
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(w, x)

For example, ⟨MakeEvenPalin⟩ is a search problem in NP:

M⟨MakeEvenPalin⟩ =

q0start q1 M⟨EvenPalin⟩

[a→a]R
[b→b]R
[c→a]R
[c→b]R

[B→B]L

[a→a]L
[b→b]L

[B→B]R
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NP – Example: ⟨SAT⟩
⟨SAT⟩ (Boolean SATisfiability problem) – Is a given Boolean formula
(consisting of Boolean variables, ∧, ∨, and ¬) satisfiable?

For example, is the following Boolean formula satisfiable?

(x1 ∨ ¬x2) ∧ (x1 ∨ x2 ∨ x3) ∧ ¬x1

Yes! For example, x1 = #f, x2 = #f, and x3 = #t is a satisfying
assignment.

Is it ⟨SAT⟩ in NP? Yes!

We can construct a polynomial time TM as a verifier for ⟨SAT⟩, which
takes 1) a Boolean formula and 1) an assignment of Boolean variables,
and checks whether the assignment satisfies the formula.

In other words, we can construct a polynomial time NTM for ⟨SAT⟩ by 1)
generating all assignments of Boolean variables and 2) verifying
whether the assignment satisfies the formula using the verifier.
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Polynomial Time Reduction (≤P)

Definition (Polynomial Time Reduction (≤P))
A decision problem π1 is polynomial time reducible to another decision
problem π2 (denoted by π1 ≤P π2) if there exists a polynomial time
computable function f : Σ∗ → Σ∗ such that:

∀w ∈ Σ∗. π1(w) = yes ⇐⇒ π2(f (w)) = yes

We say that π2 is harder than π1 if π1 ≤P π2 because we can solve π1 in
polynomial time if we can solve π2 in polynomial time.

NTM for <latexit sha1_base64="mIlHga4W2geJnd1i5kyEu6Nua3U=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKX8eiF48VTFtoQ9lsJ+3SzSbsboRS+hu8eFDEqz/Im//GbZuDtj4YeLw3w8y8MBVcG9f9dgpr6xubW8Xt0s7u3v5B+fCoqZNMMfRZIhLVDqlGwSX6hhuB7VQhjUOBrXB0N/NbT6g0T+SjGacYxHQgecQZNVbyuynv1Xrlilt15yCrxMtJBXI0euWvbj9hWYzSMEG17nhuaoIJVYYzgdNSN9OYUjaiA+xYKmmMOpjMj52SM6v0SZQoW9KQufp7YkJjrcdxaDtjaoZ62ZuJ/3mdzEQ3wYTLNDMo2WJRlAliEjL7nPS5QmbE2BLKFLe3EjakijJj8ynZELzll1dJs1b1rqqXDxeV+m0eRxFO4BTOwYNrqMM9NMAHBhye4RXeHOm8OO/Ox6K14OQzx/AHzucPe2uOfA==</latexit>⇡2

Accept

Reject
TM for .Word

<latexit sha1_base64="G4NrL4+FchmdNAyoq1HYtt9oFXI=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHYNUY9ELx4hkUcCGzI79MLI7OxmZlZDCF/gxYPGePWTvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR7cxvPaLSPJb3ZpygH9GB5CFn1Fip/tQrltyyOwdZJV5GSpCh1it+dfsxSyOUhgmqdcdzE+NPqDKcCZwWuqnGhLIRHWDHUkkj1P5kfuiUnFmlT8JY2ZKGzNXfExMaaT2OAtsZUTPUy95M/M/rpCa89idcJqlByRaLwlQQE5PZ16TPFTIjxpZQpri9lbAhVZQZm03BhuAtv7xKmhdl77JcqVdK1ZssjjycwCmcgwdXUIU7qEEDGCA8wyu8OQ/Oi/PufCxac042cwx/4Hz+AOejjQQ=</latexit>w
<latexit sha1_base64="a4KgIW8MhgjQPibO9q8NT/wDr8Q=">AAAB63icbVDLSgNBEOyNrxhfUY9eBoMQL2FXfB2DXjxGMA9IljA7mU2GzMwuM7NKWPILXjwo4tUf8ubfOJvsQRMLGoqqbrq7gpgzbVz32ymsrK6tbxQ3S1vbO7t75f2Dlo4SRWiTRDxSnQBrypmkTcMMp51YUSwCTtvB+Dbz249UaRbJBzOJqS/wULKQEWwyKaw+nfbLFbfmzoCWiZeTCuRo9MtfvUFEEkGlIRxr3fXc2PgpVoYRTqelXqJpjMkYD2nXUokF1X46u3WKTqwyQGGkbEmDZurviRQLrScisJ0Cm5Fe9DLxP6+bmPDaT5mME0MlmS8KE45MhLLH0YApSgyfWIKJYvZWREZYYWJsPCUbgrf48jJpndW8y9rF/XmlfpPHUYQjOIYqeHAFdbiDBjSBwAie4RXeHOG8OO/Ox7y14OQzh/AHzucPbhqN2g==</latexit>

f(w)
<latexit sha1_base64="XfwCK5zZDdPU0ydowFOpTzy/11w=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV3xdQx68ZiAeUCyhNlJbzJmdnaZmRXCki/w4kERr36SN//GSbIHTSxoKKq66e4KEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6m/qtJ1Sax/LBjBP0IzqQPOSMGivVw16p7FbcGcgy8XJShhy1Xumr249ZGqE0TFCtO56bGD+jynAmcFLsphoTykZ0gB1LJY1Q+9ns0Ak5tUqfhLGyJQ2Zqb8nMhppPY4C2xlRM9SL3lT8z+ukJrzxMy6T1KBk80VhKoiJyfRr0ucKmRFjSyhT3N5K2JAqyozNpmhD8BZfXibN84p3VbmsX5Srt3kcBTiGEzgDD66hCvdQgwYwQHiGV3hzHp0X5935mLeuOPnMEfyB8/kDzjGM9A==</latexit>

f

NTM for <latexit sha1_base64="xA24zJksyulV5f7EBYRPZMx0zsM=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0nEr2PRi8cKxhbaUDbbTbt0swm7E6GE/gYvHhTx6g/y5r9x2+agrQ8GHu/NMDMvTKUw6LrfTmlldW19o7xZ2dre2d2r7h88miTTjPsskYluh9RwKRT3UaDk7VRzGoeSt8LR7dRvPXFtRKIecJzyIKYDJSLBKFrJ76ai5/WqNbfuzkCWiVeQGhRo9qpf3X7CspgrZJIa0/HcFIOcahRM8kmlmxmeUjaiA96xVNGYmyCfHTshJ1bpkyjRthSSmfp7IqexMeM4tJ0xxaFZ9Kbif14nw+g6yIVKM+SKzRdFmSSYkOnnpC80ZyjHllCmhb2VsCHVlKHNp2JD8BZfXiaPZ3Xvsn5xf15r3BRxlOEIjuEUPLiCBtxBE3xgIOAZXuHNUc6L8+58zFtLTjFzCH/gfP4AeeeOew==</latexit>⇡1

If a decision problem π2 is in NP and π1 ≤P π2, then π1 is in NP.
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Polynomial Time Reduction (≤P) – Example
Consider the following two decision problems:

• ⟨MakeEvenPalin⟩ – Is a word w ∈ {a, b, c}∗ convertible to an
even-length palindrome by replacing all c’s with a’s or b’s?

• ⟨SAT⟩ – Is a given Boolean formula satisfiable?
We can show that ⟨MakeEvenPalin⟩ ≤P ⟨SAT⟩ by the following
polynomial time computable function f :

f (a1a2 · · · an) =
∧n

i=1((xi ∧ xn+1−i) ∨ (¬xi ∧ ¬xn+1−i))
∧

∧
{xi | ai = a} ∧

∧
{¬xi | ai = b}

(xi = #t means that ai = a and xi = #f means that ai = b)

For example,

f (acba) = ((x1 ∧x4)∨(¬x1 ∧¬x4))∧((x2 ∧x3)∨(¬x2 ∧¬x3))∧x1 ∧¬x3 ∧x4

Thus, we can solve ⟨MakeEvenPalin⟩ using a machine for ⟨SAT⟩, and
⟨SAT⟩ is harder problem than ⟨MakeEvenPalin⟩.
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NP-complete – Hardest Problems in NP

Definition (NP-hard – Harder Problems Than All NP)
A decision problem π is in NP-hard if ∀π′ ∈ NP, π′ ≤P π.

In other word, π is in NP-hard if π is harder than all problems in NP.

Definition (NP-complete – Hardest Problems in NP)
A decision problem π is in NP-complete if

1 π is in NP, and
2 π is in NP-hard (i.e., ∀π′ ∈ NP, π′ ≤P π).

In other word, π is in NP-complete if π is the hardest problem in NP.

COSE215 @ Korea University Lecture 26 – P, NP, NP-Complete June 11, 2025 18 / 24



⟨SAT⟩ – The First NP-complete Problem

Theorem (Cook–Levin theorem)
⟨SAT⟩ is in NP-complete.

We need to show that
1 ⟨SAT⟩ is in NP, and
2 ⟨SAT⟩ is in NP-hard.

For 1 , we already know that ⟨SAT⟩ is in NP.

For 2 , we need to show that ∀π ∈ NP, π ≤P ⟨SAT⟩.

The core idea is to simulate an NTM M for π using a Boolean formula ϕ
such that ϕ is satisfiable if and only if M accepts w . But, we skip the
details of the proof. Please refer to the link1 for the details.

1https://en.wikipedia.org/wiki/Cook-Levin_theorem
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Other NP-complete Problems

Theorem (Lemma)
A decision problem π is in NP-hard if ⟨SAT⟩ ≤P π

This lemma is very useful to show that a decision problem π is in
NP-complete by showing that 1) π is in NP and 2) ⟨SAT⟩ ≤P π.

We can show that all of the following decision problems are in
NP-complete by using this lemma:2

• ⟨SubsetSum⟩ – Given a set of integers S and an integer t, is there a
subset S ′ ⊆ S such that

∑
S ′ = t?

• ⟨Clique⟩ – Given a graph G and an integer k, is there a clique of size
k in G?

• ⟨VertexCover⟩ – Given a graph G and an integer k, is there a vertex
cover of size k in G?

• · · ·
2https://en.wikipedia.org/wiki/List_of_NP-complete_problems
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Major Unsolved Problem: P = NP?
<latexit sha1_base64="Bm64DwVZ1qo/Up1pdE0kIV2t3xA=">AAACAnicbVDLSsNAFJ3UV62vqCtxEyyCG0sivpZFN11JBfuANpTJZNIOnUzCzI1YQnDjr7hxoYhbv8Kdf+M07UJbD1zu4Zx7mbnHizlTYNvfRmFhcWl5pbhaWlvf2Nwyt3eaKkokoQ0S8Ui2PawoZ4I2gAGn7VhSHHqctrzh9dhv3VOpWCTuYBRTN8R9wQJGMGipZ+51gT6AF6R5V0F6U8+Oa1j6Wc8s2xU7hzVPnCkpoynqPfOr60ckCakAwrFSHceOwU2xBEY4zUrdRNEYkyHu046mAodUuWl+QmYdasW3gkjqEmDl6u+NFIdKjUJPT4YYBmrWG4v/eZ0Egks3ZSJOgAoyeShIuAWRNc7D8pmkBPhIE0wk03+1yABLTECnVtIhOLMnz5PmScU5r5zdnparV9M4imgfHaAj5KALVEU1VEcNRNAjekav6M14Ml6Md+NjMlowpju76A+Mzx/1MJfM</latexit>

NP-Hard

<latexit sha1_base64="eeqZkA2SznwZKx4hnF4wYD6Ioas=">AAAB/XicbVDLSsNAFJ3UV62v+Ni5GSyCq5KIr2XRjSupYB/QljKZTtqhk0mYuRFrCP6KGxeKuPU/3Pk3TtMstPXA5R7OuZe5c7xIcA2O820VFhaXlleKq6W19Y3NLXt7p6HDWFFWp6EIVcsjmgkuWR04CNaKFCOBJ1jTG11N/OY9U5qH8g7GEesGZCC5zykBI/XsvQ6wB/D8JOvaT25qadqzy07FyYDniZuTMspR69lfnX5I44BJoIJo3XadCLoJUcCpYGmpE2sWEToiA9Y2VJKA6W6SXZ/iQ6P0sR8qUxJwpv7eSEig9TjwzGRAYKhnvYn4n9eOwb/oJlxGMTBJpw/5scAQ4kkUuM8VoyDGhhCquLkV0yFRhIIJrGRCcGe/PE8axxX3rHJ6e1KuXuZxFNE+OkBHyEXnqIquUQ3VEUWP6Bm9ojfryXqx3q2P6WjBynd20R9Ynz+GQpXu</latexit>

NP
<latexit sha1_base64="H2kMi8lBMpboPcWd96m1dNtWS6s=">AAAB/HicbVDLSsNAFJ3UV62vaJduBovgqiTia1l047KCfUAbymQ6aYdOJmHmRiwh/oobF4q49UPc+TdO0yy09cDlHs65l7lz/FhwDY7zbZVWVtfWN8qbla3tnd09e/+graNEUdaikYhU1yeaCS5ZCzgI1o0VI6EvWMef3Mz8zgNTmkfyHqYx80IykjzglICRBna1D+wR/CDNuw7SZpYN7JpTd3LgZeIWpIYKNAf2V38Y0SRkEqggWvdcJwYvJQo4FSyr9BPNYkInZMR6hkoSMu2l+fEZPjbKEAeRMiUB5+rvjZSEWk9D30yGBMZ60ZuJ/3m9BIIrL+UyToBJOn8oSASGCM+SwEOuGAUxNYRQxc2tmI6JIhRMXhUTgrv45WXSPq27F/Xzu7Na47qIo4wO0RE6QS66RA10i5qohSiaomf0it6sJ+vFerc+5qMlq9ipoj+wPn8A4xGVlg==</latexit>

P

<latexit sha1_base64="gWsb/7dkXuYjBUNY8nixJebO5CM=">AAACBnicbVDJSgNBEO2JW4xb1KMIg0HwYpgRt2MwF08SwSyQDKGnU5M06VnorhHDkJMXf8WLB0W8+g3e/Bs7kzlo4oOiHu9V0V3PjQRXaFnfRm5hcWl5Jb9aWFvf2Nwqbu80VBhLBnUWilC2XKpA8ADqyFFAK5JAfVdA0x1WJ37zHqTiYXCHowgcn/YD7nFGUUvd4n4H4QFdL0m78pKb2vi4GvqRAIRxt1iyylYKc57YGSmRDLVu8avTC1nsQ4BMUKXathWhk1CJnAkYFzqxgoiyIe1DW9OA+qCcJD1jbB5qpWd6odQVoJmqvzcS6is18l096VMcqFlvIv7ntWP0Lp2EB1GMELDpQ14sTAzNSSZmj0tgKEaaUCa5/qvJBlRShjq5gg7Bnj15njROyvZ5+ez2tFS5yuLIkz1yQI6ITS5IhVyTGqkTRh7JM3klb8aT8WK8Gx/T0ZyR7eySPzA+fwBTMJmu</latexit>

NP-Complete

<latexit sha1_base64="Bm64DwVZ1qo/Up1pdE0kIV2t3xA=">AAACAnicbVDLSsNAFJ3UV62vqCtxEyyCG0sivpZFN11JBfuANpTJZNIOnUzCzI1YQnDjr7hxoYhbv8Kdf+M07UJbD1zu4Zx7mbnHizlTYNvfRmFhcWl5pbhaWlvf2Nwyt3eaKkokoQ0S8Ui2PawoZ4I2gAGn7VhSHHqctrzh9dhv3VOpWCTuYBRTN8R9wQJGMGipZ+51gT6AF6R5V0F6U8+Oa1j6Wc8s2xU7hzVPnCkpoynqPfOr60ckCakAwrFSHceOwU2xBEY4zUrdRNEYkyHu046mAodUuWl+QmYdasW3gkjqEmDl6u+NFIdKjUJPT4YYBmrWG4v/eZ0Egks3ZSJOgAoyeShIuAWRNc7D8pmkBPhIE0wk03+1yABLTECnVtIhOLMnz5PmScU5r5zdnparV9M4imgfHaAj5KALVEU1VEcNRNAjekav6M14Ml6Md+NjMlowpju76A+Mzx/1MJfM</latexit>

NP-Hard

<latexit sha1_base64="gWsb/7dkXuYjBUNY8nixJebO5CM=">AAACBnicbVDJSgNBEO2JW4xb1KMIg0HwYpgRt2MwF08SwSyQDKGnU5M06VnorhHDkJMXf8WLB0W8+g3e/Bs7kzlo4oOiHu9V0V3PjQRXaFnfRm5hcWl5Jb9aWFvf2Nwqbu80VBhLBnUWilC2XKpA8ADqyFFAK5JAfVdA0x1WJ37zHqTiYXCHowgcn/YD7nFGUUvd4n4H4QFdL0m78pKb2vi4GvqRAIRxt1iyylYKc57YGSmRDLVu8avTC1nsQ4BMUKXathWhk1CJnAkYFzqxgoiyIe1DW9OA+qCcJD1jbB5qpWd6odQVoJmqvzcS6is18l096VMcqFlvIv7ntWP0Lp2EB1GMELDpQ14sTAzNSSZmj0tgKEaaUCa5/qvJBlRShjq5gg7Bnj15njROyvZ5+ez2tFS5yuLIkz1yQI6ITS5IhVyTGqkTRh7JM3klb8aT8WK8Gx/T0ZyR7eySPzA+fwBTMJmu</latexit>

NP-Complete

<latexit sha1_base64="H2kMi8lBMpboPcWd96m1dNtWS6s=">AAAB/HicbVDLSsNAFJ3UV62vaJduBovgqiTia1l047KCfUAbymQ6aYdOJmHmRiwh/oobF4q49UPc+TdO0yy09cDlHs65l7lz/FhwDY7zbZVWVtfWN8qbla3tnd09e/+graNEUdaikYhU1yeaCS5ZCzgI1o0VI6EvWMef3Mz8zgNTmkfyHqYx80IykjzglICRBna1D+wR/CDNuw7SZpYN7JpTd3LgZeIWpIYKNAf2V38Y0SRkEqggWvdcJwYvJQo4FSyr9BPNYkInZMR6hkoSMu2l+fEZPjbKEAeRMiUB5+rvjZSEWk9D30yGBMZ60ZuJ/3m9BIIrL+UyToBJOn8oSASGCM+SwEOuGAUxNYRQxc2tmI6JIhRMXhUTgrv45WXSPq27F/Xzu7Na47qIo4wO0RE6QS66RA10i5qohSiaomf0it6sJ+vFerc+5qMlq9ipoj+wPn8A4xGVlg==</latexit>

P

<latexit sha1_base64="eeqZkA2SznwZKx4hnF4wYD6Ioas=">AAAB/XicbVDLSsNAFJ3UV62v+Ni5GSyCq5KIr2XRjSupYB/QljKZTtqhk0mYuRFrCP6KGxeKuPU/3Pk3TtMstPXA5R7OuZe5c7xIcA2O820VFhaXlleKq6W19Y3NLXt7p6HDWFFWp6EIVcsjmgkuWR04CNaKFCOBJ1jTG11N/OY9U5qH8g7GEesGZCC5zykBI/XsvQ6wB/D8JOvaT25qadqzy07FyYDniZuTMspR69lfnX5I44BJoIJo3XadCLoJUcCpYGmpE2sWEToiA9Y2VJKA6W6SXZ/iQ6P0sR8qUxJwpv7eSEig9TjwzGRAYKhnvYn4n9eOwb/oJlxGMTBJpw/5scAQ4kkUuM8VoyDGhhCquLkV0yFRhIIJrGRCcGe/PE8axxX3rHJ6e1KuXuZxFNE+OkBHyEXnqIquUQ3VEUWP6Bm9ojfryXqx3q2P6WjBynd20R9Ynz+GQpXu</latexit>

NP
=

≠

<latexit sha1_base64="H2kMi8lBMpboPcWd96m1dNtWS6s=">AAAB/HicbVDLSsNAFJ3UV62vaJduBovgqiTia1l047KCfUAbymQ6aYdOJmHmRiwh/oobF4q49UPc+TdO0yy09cDlHs65l7lz/FhwDY7zbZVWVtfWN8qbla3tnd09e/+graNEUdaikYhU1yeaCS5ZCzgI1o0VI6EvWMef3Mz8zgNTmkfyHqYx80IykjzglICRBna1D+wR/CDNuw7SZpYN7JpTd3LgZeIWpIYKNAf2V38Y0SRkEqggWvdcJwYvJQo4FSyr9BPNYkInZMR6hkoSMu2l+fEZPjbKEAeRMiUB5+rvjZSEWk9D30yGBMZ60ZuJ/3m9BIIrL+UyToBJOn8oSASGCM+SwEOuGAUxNYRQxc2tmI6JIhRMXhUTgrv45WXSPq27F/Xzu7Na47qIo4wO0RE6QS66RA10i5qohSiaomf0it6sJ+vFerc+5qMlq9ipoj+wPn8A4xGVlg==</latexit>

P
<latexit sha1_base64="eeqZkA2SznwZKx4hnF4wYD6Ioas=">AAAB/XicbVDLSsNAFJ3UV62v+Ni5GSyCq5KIr2XRjSupYB/QljKZTtqhk0mYuRFrCP6KGxeKuPU/3Pk3TtMstPXA5R7OuZe5c7xIcA2O820VFhaXlleKq6W19Y3NLXt7p6HDWFFWp6EIVcsjmgkuWR04CNaKFCOBJ1jTG11N/OY9U5qH8g7GEesGZCC5zykBI/XsvQ6wB/D8JOvaT25qadqzy07FyYDniZuTMspR69lfnX5I44BJoIJo3XadCLoJUcCpYGmpE2sWEToiA9Y2VJKA6W6SXZ/iQ6P0sR8qUxJwpv7eSEig9TjwzGRAYKhnvYn4n9eOwb/oJlxGMTBJpw/5scAQ4kkUuM8VoyDGhhCquLkV0yFRhIIJrGRCcGe/PE8axxX3rHJ6e1KuXuZxFNE+OkBHyEXnqIquUQ3VEUWP6Bm9ojfryXqx3q2P6WjBynd20R9Ynz+GQpXu</latexit>

NP

=

<latexit sha1_base64="H2kMi8lBMpboPcWd96m1dNtWS6s=">AAAB/HicbVDLSsNAFJ3UV62vaJduBovgqiTia1l047KCfUAbymQ6aYdOJmHmRiwh/oobF4q49UPc+TdO0yy09cDlHs65l7lz/FhwDY7zbZVWVtfWN8qbla3tnd09e/+graNEUdaikYhU1yeaCS5ZCzgI1o0VI6EvWMef3Mz8zgNTmkfyHqYx80IykjzglICRBna1D+wR/CDNuw7SZpYN7JpTd3LgZeIWpIYKNAf2V38Y0SRkEqggWvdcJwYvJQo4FSyr9BPNYkInZMR6hkoSMu2l+fEZPjbKEAeRMiUB5+rvjZSEWk9D30yGBMZ60ZuJ/3m9BIIrL+UyToBJOn8oSASGCM+SwEOuGAUxNYRQxc2tmI6JIhRMXhUTgrv45WXSPq27F/Xzu7Na47qIo4wO0RE6QS66RA10i5qohSiaomf0it6sJ+vFerc+5qMlq9ipoj+wPn8A4xGVlg==</latexit>

P
<latexit sha1_base64="eeqZkA2SznwZKx4hnF4wYD6Ioas=">AAAB/XicbVDLSsNAFJ3UV62v+Ni5GSyCq5KIr2XRjSupYB/QljKZTtqhk0mYuRFrCP6KGxeKuPU/3Pk3TtMstPXA5R7OuZe5c7xIcA2O820VFhaXlleKq6W19Y3NLXt7p6HDWFFWp6EIVcsjmgkuWR04CNaKFCOBJ1jTG11N/OY9U5qH8g7GEesGZCC5zykBI/XsvQ6wB/D8JOvaT25qadqzy07FyYDniZuTMspR69lfnX5I44BJoIJo3XadCLoJUcCpYGmpE2sWEToiA9Y2VJKA6W6SXZ/iQ6P0sR8qUxJwpv7eSEig9TjwzGRAYKhnvYn4n9eOwb/oJlxGMTBJpw/5scAQ4kkUuM8VoyDGhhCquLkV0yFRhIIJrGRCcGe/PE8axxX3rHJ6e1KuXuZxFNE+OkBHyEXnqIquUQ3VEUWP6Bm9ojfryXqx3q2P6WjBynd20R9Ynz+GQpXu</latexit>

NP

=

“If P = NP, then the world would be a profoundly different place
than we usually assume it to be. There would be no special value
in creative leaps, no fundamental gap between solving a problem
and recognizing the solution once it’s found.”

— Scott Aaronson, UT Austin
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Summary

1. P
Time Complexity of TMs
P – Polynomial Time Complexity (Tractable Problems)

2. NP
Time Complexity of NTMs
NP – Nondeterministic Polynomial Time Complexity
NP – Verifier-based Definition

3. NP-complete
Polynomial Time Reduction (≤P)
NP-complete – Hardest Problems in NP
⟨SAT⟩ – The First NP-complete Problem
Other NP-complete Problems

4. Major Unsolved Problem: P = NP?
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