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Definition of NFA ’VNPLRG

Definition (Nondeterministic Finite Automaton (NFA))

A nondeterministic finite automaton is a 5-tuple:

=(Q,%,6,q0, F)
e @ is a finite set of states
® Y is a finite set of symbols
® §:QxX— P(Q)is the transition function
® go € Q is the initial state
e [ C Q is the set of final states

N = ({qo, 91, ¢2}, {2, b}, 4, g0, {g2})

6(qo0,a) = {qo, g1} 0(q1,a) = {2} 3(q2,2)
6(q0,b) = {qo} 4(q1,b) =2 3(q2,D)

%}
%}
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Definition of NFA ’VNPLRG

// The definition of NFA
case class NFA(
states: Set[State],
symbols: Set[Symboll,
trans: Map[(State, Symbol), Set[Statel],
initState: State,
finalStates: Set[State],

// An example of NFA
val nfal: NFA = NFA(

states = Set(0, 1, 2),
symbols = Set('a', 'b'),
trans = Map(
(0, 'a') -> Set(0, 1), (1, 'a') -> Set(2), // (2, 'a') -> set(),
(0, 'b') => 8et(0), // (1, 'b') -> Set(), (2, 'b') -> Set(),
) .withDefaultValue(Set()),
initState =0,

finalStates = Set(2),
)

You can skip empty transitions using withDefaultValue method.
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Transition Diagram and Transition Table VPLRG

Ny = ({qO: qi, q2}7 {a7 b}7 d, qo, {qZ})

5(q07a) - {q07 CII} 5(CI1; a) — {QQ} 5(Q27a) =9
6(qo,b) = {qo} 6(qi,p) =2 6(q2,b) =2
Transition Diagram Transition Table
a,b q | a ‘ b

— qo | {90, 91} | {90}

start e a e a q | {g2} )
%] %)

*q2
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Extended Transition Function ’MPLRG

Definition (Extended Transition Function)

For a given NFA N = (Q, X, , qo, F), the extended transition function
0* 1 P(Q) x X* — P(Q) is defined as follows:

* (Basis Case) 6*(S,¢) = S

® (Induction Case) §*(S, aw) = 6" (U,es (g, a), w)
where SC Q,a€e X, and we X*

a,b
Ny =
start @ 2 @ 2
5({qo}.baa) = 5*(3(qo,b),aa) — 5*({q0}.2a)
= 0"(0(qo0,2), 2) = 0"({q0, a1}, 2)
= 5*(5((707 )U5(q1,a),6) = 6*({q07q17q2}7€)
= {0, 01,2}
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Extended Transition Function ’MPLRG

Definition (Extended Transition Function)

For a given NFA N = (Q, X, , qo, F), the extended transition function
0* 1 P(Q) x X* — P(Q) is defined as follows:

* (Basis Case) 6*(S,¢) = S

® (Induction Case) §*(S, aw) = 6" (U,es (g, a), w)
where SC Q,a€e X, and we X*

a,b

)
Ny =
a a
OO

6*({qo},aba) = 0*(6(qo,2),ba) = 0*({qo0, q1},ba)

= 0"(6(qo,b) U(q1,b),2) 6*({qo},a)
5*(5(q07a)76) - 5*({q0,q1},6)
{q0, 1}
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Extended Transition Function

’VNPLRG

// The type definition of words
type Word = String
case class NFA(...):

// The extended transition function of NFA

def extTrans(qs: Set[State], w: Word): Set[State] = w match
case "" => gs
case x <| w => extTrans(gs.flatMap(q => trans(q, x)), w)

// An example transition for a word "baa"
nfal.extTrans(Set(0), "baa") // Set(0, 1, 2)

// An example transition for a word "aba"
nfal.extTrans(Set(0), "aba") // Set(0, 1)
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Acceptance of a Word ’NPLRG

w yes

Finite

Word Automaton
no

Definition (Acceptance of a Word)

For a given NFA N = (Q, X, , qo, F), we say that N accepts a word
w € X* if and only if 0*({qo},w)NF # &

a,b

Ny =
a a

6"({qo},baa) N F = {qo, q1, 92} N {q2} = {q2} # &
It means that N; accepts baa.

5*({qo},aba) N F ={qo, q1} N {2} = @

It means that N; does not accept aba.
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Acceptance of a Word ’NPLRG

Ny

start

case class NFA(...):

// The acceptance of a word by NFA
def accept(w: Word): Boolean =
extTrans(Set(initState), w).intersect(finalStates).nonEmpty

// An example acceptance of a word "baa"
nfal.accept("baa") // true

// An example non-acceptance of a word "aba

nfal.accept("aba") // false
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Language of NFA 7NPLRG

Definition (Language of NFA)

For a given NFA N = (Q, X, 6, qo, F), the language of N is defined as:

L(N) ={w € X" | N accepts w}

a,b

)
N =
a a

L(N) ={waa | w € {a,b}"}
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Examples

L={a"b|n>0}

’VNPLRG

L = {w € {0,1}* | w contains
exactly two 0's }

L= {w € {a,b}* | w contains three
consecutive a's }

a,b a,b
a a a
M OO

L = {w e {0,1}* | Nw) =0
(mod 3)} where N(w) is the natural
number represented by w in binary

L={a™" | n>0}

COSE215 @ Korea University
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Equivalence of DFA and NFA 7VPLRG
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Equivalence of DFA and NFA 7VPLRG

Is there any language that is the language of a DFA but not the language
of an NFA, or vice versa?

P(S%)
f L(DFA) L(NFA) \

a"p"
[ J

\
{w | N(w) =0 (mod 3)}
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Equivalence of DFA and NFA 7VPLRG

Is there any language that is the language of a DFA but not the language
of an NFA, or vice versa? No! DFA and NFA are equivalent.

P(2%)
f L(DFA) = L(NFA) \

anbn
([ ]

waa
"y [ ]

\_ _/

\
{w | N(w) =0 (mod 3)}

COSE215 @ Korea University Lecture 4 — NFA March 19, 2025 18 /32



Equivalence of DFA and NFA 7VPLRG

Theorem (Equivalence of DFA and NFA)

A language L is the language L(D) of a DFA D if and only if L is the
language L(N) of an NFA N.

Proof) By the following two theorems.

Theorem (DFA to NFA)

For a given DFA D = (Q, X.,6,q, F), 3 NFA N. L(D) = L(N).

It means (1) we can always construct an NFA equivalent to a given DFA.

Theorem (NFA to DFA — Subset Construction)

For a given NFA N = (Q, X, 4, qo, F), 3 DFA D. L(D) = L(N).

It means (2) we can always construct a DFA equivalent to a given NFA.
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DFA — NFA — Example 7V PLRG

(D) Let’s learn how to construct an NFA equivalent to a given DFA.

DFA D

q a | b
— Qo {ql} {qo0}

a1 {CI2} {QO}

xq2 | {g2} | {90}
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DFA — NFA ’VNPLRG

Theorem (DFA to NFA)

For a given DFA D = (Q, X, dp, qo, F), 3 NFA N. L(D) = L(N).

Proof) Consider the following NFA:

N =(Q,%,dn, qo, F)
where Vg € Q. Va e L.

on(g,a) = {dp(q, a)}
Then,

w € L(D) < d5(qo,w) € F (. definition of L(D))
<= {05(qo,w)} NF # @ (. set theory)
< y({qo},w) N F # @ (. lemma in the next slide)
<= w € L(N) (.- definition of L(N)) [
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DFA — NFA - Lemma ’VNPLRG

Vg e Q. Yw e 1" oy({a}, w) = {0p(q, w)}-

Proof) By induction on the length of word.

* (Base Case) 3({q}.e) = {a} = {9(a )}
¢ (Inductive Case) Assume it holds for w (I.H.).

dn({q}, aw) = 6y (dn(g,a),w) (. definition of &)

= oy({dp(q, a)}, w) (. definition of dy)

= {0p(0p(q; a),w)} (. 1H)

= {0p(q,aw)} (.- definition of 6) [
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DFA < NFA (Subset Construction) — Example ~ #MPLRG

(2 Let’s learn how to construct a DFA equivalent to a given NFA.

We will use subsets of states in the NFA as states in the DFA.
(This is called the subset construction approach.)

NFA N

a,b
a a
4= et 3 . ‘
q a b

—qo | {90, 91} | {qo0}
| {e} %)
*qo %] %]
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DFA < NFA (Subset Construction) — Example ~ #MPLRG

(2 Let’s learn how to construct a DFA equivalent to a given NFA.

We will use subsets of states in the NFA as states in the DFA.
(This is called the subset construction approach.)

DFA D NFA N
q a b a,b
@ SO OO0
{qO} star a a
{a1) a OO
{CI2} | a ‘ b
{90, q1} q
{q0, 32} —qo | {90, 91} | {90}
{a1, 2} g | {g} 1%}
{90, 1, g2} *qo @ @

Let's enumerate all possible set of NFA states as DFA states.
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DFA < NFA (Subset Construction) — Example ~ #MPLRG

(2 Let’s learn how to construct a DFA equivalent to a given NFA.

We will use subsets of states in the NFA as states in the DFA.
(This is called the subset construction approach.)

DFA D NFA N
q a b a,b
@ SO OO0
—>{QO} star a a
(@) a OO
(o) o | a |
90, G
*{qz,q;} —qo | {90, 91} | {90}
#{q1, 92} | {92} @
*{q0, q1, G2} *Qo o o

The initial DFA state is {qo}.
Any DFA state containing NFA final states (i.e., ¢2) is a final DFA state.
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DFA < NFA (Subset Construction) — Example ~ #MPLRG

(2 Let’s learn how to construct a DFA equivalent to a given NFA.

We will use subsets of states in the NFA as states in the DFA.
(This is called the subset construction approach.)

DFA D NFA N
q a b a,b
[%) [%) [%)
—={q} | {g0,a} |{ao} stor a a
o} et | o <um " “ OO,
*{q2} @ 2 | b
{90, 91} | {90, 91,92} | {90} q a
#{q0, a2} | {q0, a1} |{ao} —qo | {90, 91} | {qo0}
#{q1, g2} {q2} g Q1 {g2} %
*{qo, g1, g2} | {90, 91,92} | {a0} *qo 1%} 1%}

The transition in the DFA is defined by point-wise transition in the NFA.
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DFA < NFA (Subset Construction) — Example

7VNPLRG

(2 Let’s learn how to construct a DFA equivalent to a given NFA.

We will use subsets of states in the NFA as states in the DFA.
(This is called the subset construction approach.)

DFA D
q a b
%) %) %)
— {0} | {ao,a} |{a0}
{a1} {q2} 7
«{qa} %} 1%}
{90, 91} | {90, 91,92} | {90}
#{q0, 92} | {q0,aq1} | {go}
#{q1, g2} {a2} &
*{qo, g1, g2} | {90, 91,92} | {a0}

NFA N

a,b
a a
4= et 8 . ‘
q a b

— qo
qa | {a} @
*q2 %] %]

Let's remove unreachable DFA states from the initial DFA state.
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DFA < NFA (Subset Construction) — Example ~ #MPLRG

(2 Let’s learn how to construct a DFA equivalent to a given NFA.

NFA N

a,b
a a
« et 8 . ‘
q | a b

|
—qo | {g0,91} | {q0}
q s | b q | {a} %)
{0} | {d0.a} | {ao} B I
{90, 91} | {90, 91,92} | {qo}
#{qo, g1, 92} | {90, 91, 92} | {qo0}
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DFA < NFA (Subset Construction) ") PLRG

Theorem (NFA to DFA — Subset Construction)

For a given NFA N = (Qn, X, dn, qo, Fn), 3 DFA D. L(D) = L(N).
Proof) Define a DFA

- (QDa Za 6D7 {QO}7 FD)

where
* Qp="P(Qn)
®* VSec @p.Vac. b(S,2) = U5 4.2
N\Y,
qeS

° FD:{SEQDISQFNig}
Then,

w € L(D) < dp({qo}, w) € Fp
op({qo}, w) N Fy #

< dy({qo}, w) N Fy #
< w e L(N)

. definition of L(D))

.+ definition of Fp)
*."lemma in the next slide)
.+ definition of L(N)) [
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DFA <— NFA (Subset Construction) — Lemma VPLRG

VS € Qp. Yw € X*. 05(S, w) = 6y(S, w)

Proof) By induction on the length of word.
® (Base Case) 05(S,e) =S =0x(S,¢).
¢ (Inductive Case) Assume it holds for w (I.H.).

0p(S,aw) = 65(6p(S, a), w) (.- definition of d},)
= 65 (Uges On(g,a),w) (.- definition of dp)
= 65(Uqges on(g.a),w) (- LH.)

= 0y(S, aw) (.- definition of 63) [
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Next Lecture ’VNPLRG

¢ c-Nondeterministic Finite Automata (e-NFA)
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