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Closure Properties of Regular Languages VPLRG

Let's consider a regular language. For example,
L={waa|we {a,b}"}
Then, is its reverse language LF also regular?
LR = {aaw | w € {a,b}*}
Yes! We can construct a regular expression whose language is LR as:

L(aa(alb)*) = LR = {aaw | w € {a,b}*}

COSE215 @ Korea University Lecture 8 — Closure Properties of RLs April 2, 2025



Closure Properties of Regular Languages VPLRG

Then, for any regular language L, is LR always regular? Yes!
The class of regular languages is closed under the reversal operator.

In this lecture, we will discuss and prove the closure properties of regular
languages for various language operators.
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Closure Properties of Regular Languages VPLRG

Definition (Closure Properties)

The class of regular languages is closed under an n-ary operator op if and
only if op(L1,- -, Lp) is regular for any regular languages L1, -, L,. We
say that such properties are closure properties of regular languages.

To prove the closure properties for the n-ary operator op, we need to
provide a way to do the following for any regular languages Ly, -, L,:

@ Construct a regular expression R whose language is
L(R) = op(L(R1),- -+, L(Rs)) for any regular expressions Ry, - , Ry.

® Construct a finite automaton A whose language is
L(A) = op(L(A1),- -+, L(A)) for any finite automata Aq,--- , Ap.
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Closure Properties of Regular Languages VPLRG

In this lecture, we will prove the closure properties of regular languages for
the following operators:

e Union

e Concatenation
e Kleene Star

e Complement

® Intersection

e Difference

® Reversal

® Homomorphism

® |nverse Homomorphism
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Closure under Union, Concatenation, and Kleene Star 7VPLRG

Theorem (Closure under Union, Concatenation, and Kleene Star)

If L1 and Ly are regular languages, then so is Ly U Ly, L1L>, and Lj.

Proof) Let Ry and R; be the regular expressions such that L(R;) = L
and L(R») = Lo, respectively.

Consider the following regular expression:
Ri1 Ry RiR> R*

Then, by the definition of the union (U), concatenation (-), and Kleene
star (*) operators for regular expressions,

L(RiIRy) = L1 U Ly L(R1R2) = L1L> L(R*) =L*

So, we proved that the class of regular languages are closed under the
union, concatenation, and Kleene star operators. O
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Closure under Complement 7V PLRG

Consider a regular language L = {waa | w € {a,b}*}.

s its complement L = ¥* \ L also regular? Yes!

The key idea is to construct a new DFA D by swapping the final and
non-final states of the original DFA:
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Closure under Complement 7V PLRG

Theorem (Closure under Complement)

If L is a regular language, then so is L.

Proof) Let D = (Q, %, 0, go, F) be the DFA such that L(D) = L. Consider
the following DFA:

5:(072757(1070\’:)'
Then, _
Ywe I wel(D) <= 0 (q,w)eQ\F
<~ 5*(q0,W)¢F
— w¢L(D)
— w¢é¢l
— wel
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Closure under Intersection 'V PLRG
Ly ={w e {0,1}" | w has 0} Ly ={w e {0,1}" | w has 1}
Is the intersection of two regular languages L1 N Ly also regular? Yes!
1 0,1 0 0,1

Do = Dy =
0 1
start @ start @

First, consider the above DFAs Dy and D; accepting the languages L; and
Ly, respectively.

The key idea is to construct a new DFA D by combining them with their

pair of states as its states.
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Closure under Intersection ’MPLRG

Theorem (Closure under Intersection)

If Ly and Ly are regular languages, then so is Lo N Ly.

PI"OOf) Let Do = (QOa 2,50» qo, FO) and Dy = (01727517 qi1, Fl) be the
DFA such that L(Dg) = Lo and L(D1) = L;. Consider the following DFA:

D= (QO X Q172755 (CIO,CII), FO X Fl)

where Vg € Qo,¢' € Q.2 € X. 5((q,q'), 2) = (do(g. 2),d1(q’, 2)). Then,
Vwe X we L(D) 5*((q0, ql), W) € Fox A

5*(qo, w) € Fop and 0*(q1,w) € F1

w € L(Dg) and w € L(Dy)

w e L(Do) N L(Dl)

we lLgNLy

11117
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Closure under Intersection ’MPLRG

Theorem (Closure under Intersection)

If Ly and Ly are regular languages, then so is Lo N Ly.

Proof) Another proof is to use De Morgan'’s law:

Lonly =LoULy

Since we already know that the regular languages are closed under
complement and union, we are done.
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Closure under Difference 7VNPLRG

Theorem (Closure under Difference)

If Ly and Ly are regular languages, then so is Lo \ L;.

Proof) Similarly, we can use the following fact:

Lo\ L1 =LoNLy

Since we already know that the regular languages are closed under
complement and intersection, we are done.
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Closure under Reversal 7VNPLRG
L={waorwb|we{a,b,c,d}"}

s the reversal LR of the above regular language L also regular? Yes!

The key idea is to construct a new e-NFA (N€)R by
@ reversing the direction of the transitions
e
(3]
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Closure under Reversal 7VNPLRG
L={waorwb|we{a,b,c,d}"}

s the reversal LR of the above regular language L also regular? Yes!

The key idea is to construct a new e-NFA (N€)R by
@ reversing the direction of the transitions

® adding new initial state having e-transitions to the original final states

(3]
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Closure under Reversal 7VNPLRG
L={waorwb|we{a,b,c,d}"}

s the reversal LR of the above regular language L also regular? Yes!

The key idea is to construct a new e-NFA (N€)R by
@ reversing the direction of the transitions

® adding new initial state having e-transitions to the original final states
©® change original initial state to the unique new final state
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Closure under Reversal 7VNPLRG

Theorem (Closure under Reversal)

If L is a regular language, then so is LR.

Proof) Let N = (Q, %, 0, o, F) be the e-NFA such that L(N¢) = L.
Consider the following

(N)F = (Quw{qs}, %, 5, a5, {q0})
where

Vge Q.VacX.0R(g,a)=1{qd €Q|qcé(d,a)}

Vg€ Q.0%(q,¢) ={¢' € Q| qed(d,e)}
Vaec . 0R(gs,a) = @

5R(q57 6) = F
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Closure under Reversal

’VNPLRG

Theorem (Closure under Reversal)

If L is a regular language, then so is LR.

Proof) Another proof is to use the structural induction on the regular
expressions. Let R be a regular expression. Then, we can define its
reversed regular expression RF as follows:

If R = &, then RR = .

If R =¢, then RR = ¢.

If R = a, then RR = a.

If R = Ryl Ry, then RR = REIRE.

If R = RoRy, then RR = RRRE.

If R = Ry, then RR = (R{)*.

If R = (Ry), then RR = (RF). O
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Closure under Homomorphism 7V PLRG

Definition (Homomorphism)

Suppose X and ¥; are two finite sets of symbols. Then, a function
h:Yo— ]
is called a homomorphism. For a given word w = ajap---a, € X,
h(w) = h(ai)h(az) - -- h(an)
For a language L C ¥,
h(L) = {h(w) | w € L} € 37

Example
Let o = {0,1}, X1 = {a,b}, and h(0) = ab, h(1) = a. Then,

h(10) = aab h(010) = abaab h(1100) = aaabab

§
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Closure under Homomorphism 7V PLRG

Theorem (Closure under Homomorphism)

If h is a homomorphism and L is a regular language, then so is h(L).

Proof) Let R be the regular expression such that L(R) = L. Then, we can
define its homomorphic regular expression h(R) as follows:

° If R =2, then h(R) = @.

h(0) = ab
L If R = €, then h(R) = €. h(l) —a
® If R = a, then h(R) = h(a).
o If R = Ryl Ry, then h(R) = h(Ro) | h(Ry). R — 0(011)*0*

o If R = RoRy, then h(R) = h(Ro)h(Ry).
o If R = Ry, then h(R) = (h(Ro))*. o
e If R= (R, then h(R) = (h(Ro)). [ N(R)=ablabla)”(ab)
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Closure under Inverse Homomorphism ’VPLRG

Definition (Inverse Homomorphism)

Suppose X and X; are two finite sets of symbols. For a given language
L € ¥ and a homomorphism h: ¥ — X7,

h (L) ={weXi|h(w)el}Cx;

\

Example
Let X9 = {0,1}, X1 = {a,b}, and h(0) = ba, h(1) = a. Consider the
following language L C X7:

L={waa|we {a,b}"}
Then, 01 € h~1(L) because h(01) = baa € L.
However, 10 ¢ h~1(L) because h(10) = aba ¢ L.
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Closure under Inverse Homomorphism ’VPLRG

L={waa|w e {a,b}"} h:%y— Xi. h(0)=baAh(l)=a

s the inverse homomorphism h~1(L) of the above regular language L
also regular (X9 = {0,1} and X1 = {a,b})? Yes!

The key idea is to construct a new DFA h~!(D) by reconstructing the
transitions by following the path h(a) for each symbol in a € .
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Closure under Inverse Homomorphism ’VPLRG

Theorem (Closure under Inverse Homomorphism)

If h:¥g — X7 is a homomorphism and L C Y7 is a regular language, then
so is h=1(L).

Proof) Let D = (Q, X1, 9, qo, F) be the DFA such that L(D) = L.

Consider the following DFA:
h~1(D) = (Q, 0,5, 0, F).
where Vg € Q,a € ¥y. 0'(q,a) = 0*(q, h(a)). Then, Yw = a1 --- a, € X§.
w € L(h~}(D)) ()*(q0, w) € F
0'(--- (8'(0'(qo, a1), a2), - - a,,)) €F
5. . (8(6(do. h(ar)). h(22)), .. « h(an)) € F
*(qo, h(a1) - - h(an)) € F
6*(qo, h(w)) € F
h(w) € L(D)
h(w) e L

(N
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Exercise #1 7NPLRG

® Please see this document for the exercise.

https://github.com/ku-plrg-classroom/docs/tree/main/cose215/rl-closure

® Please implement the following functions in Implementation.scala.

complementDFA for the complement of a DFA.
intersectDFA for the intersection of two DFAs.
reverseENFA for the reverse of an e-NFA.
reverseRE for the reverse of a regular expression.
homRE for the homomorphism of a regular expression.

ihomDFA for the inverse homomorphism of a DFA.

® |t is just an exercise, and you don’t need to submit anything.
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Next Lecture ’VNPLRG

® The Pumping Lemma for Regular Languages
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