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Recall ’VNPLRG

e Closure Properties of Regular Languages

® Pumping Lemma for Regular Languages

P(S*)
( L(DFA) = L(NFA) \
= L(RE) = L(e-NFA) e-NFA
a.b waa \\ / \

”b ® DFA —> RE
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Recall ’VNPLRG

e Closure Properties of Regular Languages

® Pumping Lemma for Regular Languages

P(S*)
( L(DFA) = L(NFA) \
= L(RE) = L(e-NFA) e-NFA
a.b waa \\ / \

”b ® DFA —> RE

\_ _J

{w|N()E (mod 3)}

® How to test whether two finite automata are equivalent?
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Recall ’VNPLRG

e Closure Properties of Regular Languages

® Pumping Lemma for Regular Languages

P(S*)
( L(DFA) = L(NFA) \
= L(RE) = L(e-NFA) e-NFA
a.b waa \\ / \

”b ® DFA —> RE

\_ _J

{w|N()E (mod 3)}

® How to test whether two finite automata are equivalent?

® How to minimize a finite automaton?
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Equivalence of Finite Automata 7VPLRG

® Are the following two DFA equivalent (i.e., L(Dg) = L(D1))?
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Equivalence of Finite Automata 7VPLRG

® Are the following two DFA equivalent (i.e., L(Dg) = L(D1))?

® Yes, because L(Dy) = L(D1) = {wb | w € {a,b}*}.
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Equivalence of Finite Automata 7VPLRG

® Are the following two DFA equivalent (i.e., L(Dg) = L(D1))?

® Yes, because L(Dy) = L(D1) = {wb | w € {a,b}*}.
® \We first define the equivalence of states and utilize it to test the
equivalence of DFA.
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Equivalence of States (=) 7V PLRG

Definition (Equivalence of States (=))

For a given DFA D, g; is equivalent to g; (i.e., gi = g;) if and only if

Vw e X*. 6%(qi,w) € F <= 6" (qj,w) € F
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Equivalence of States (=) 7V PLRG

Definition (Equivalence of States (=))

For a given DFA D, g; is equivalent to g; (i.e., gi = g;) if and only if

Vw e X*. 6%(qi,w) € F <= 6" (qj,w) € F

g =q <= YweX"
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Equivalence of States (=) 7V PLRG

Definition (Equivalence of States (=))

For a given DFA D, g; is equivalent to g; (i.e., gi = g;) if and only if

Vw e X*. 6%(qi,w) € F <= 6" (qj,w) € F

However, it is difficult to make it as an algorithm.

g =q <= YweX"
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Equivalence of States (=) 7V PLRG

Definition (Equivalence of States (=))

For a given DFA D, g; is equivalent to g; (i.e., gi = g;) if and only if

Vw e X*. 6%(qi,w) € F <= 6" (qj,w) € F

However, it is difficult to make it as an algorithm. Let’s consider g; # g;

g =q <= YweX"
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Equivalence of States (=) 7V PLRG

Definition (Equivalence of States (=))

For a given DFA D, g; is equivalent to g; (i.e., gi = g;) if and only if

Vw e X*. 6%(qi,w) € F <= 6" (qj,w) € F

However, it is difficult to make it as an algorithm. Let’s consider g; # g;

g #q = IweX" (§"(qi,w)c F < 6(qj,w) &F)

g =q <= YweX"
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Equivalence of States (=) 7V PLRG

Definition (Equivalence of States (=))

For a given DFA D, g; is equivalent to g; (i.e., gi = g;) if and only if

Vw e X*. 6%(qi,w) € F <= 6" (qj,w) € F

H

However, it is difficult to make it as an algorithm. Let’s consider g; # g;

g #q = IweX" (§"(qi,w)c F < 6(qj,w) &F)

g =q <= YweX"

q,-,jéqj — dwe X"
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Distinguishable States ( # ) N PLRG

We can inductively test q; is distinguishable with g; (i.e., q; # qj):
¢ (Basis Case) w = ¢
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Distinguishable States ( # ) ’VPLRG

We can inductively test q; is distinguishable with g; (i.e., q; # qj):
¢ (Basis Case) w = ¢

OV O

( (5*(q,~,e) cF (5*(qj,e) Q F )

COSE215 @ Korea University Lecture 10 — Equiv. & Min. of FA April 8, 2026



Distinguishable States ( # ) ’VPLRG

We can inductively test q; is distinguishable with g; (i.e., q; # qj):
¢ (Basis Case) w = ¢

OV O

((5*(q,~,e) € F < (5*(qj,e) Q F)
<~ (g cF — q ¢F )
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Distinguishable States ( # ) ’VPLRG

We can inductively test q; is distinguishable with g; (i.e., q; # qj):
¢ (Basis Case) w = ¢

OV O

(6*(gie) € F <= 0"(q5.¢) € F)
<~ (g €F = q ¢F )

¢ (Induction Case) w = ax
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Distinguishable States ( # ) ’VPLRG

We can inductively test q; is distinguishable with g; (i.e., q; # qj):
¢ (Basis Case) w = ¢

OV O

(6*(qi,e) € F < 0*(qj,€) € F)
<~ (g €F = q ¢F )

¢ (Induction Case) w = ax
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Distinguishable States ( # ) ’VPLRG

We can inductively test q; is distinguishable with g; (i.e., q; # qj):
¢ (Basis Case) w = ¢

ORONNONO
(6*(qi,e) € F < 0*(qj,€) € F)
<~ (g €F = q ¢F )

¢ (Induction Case) w = ax

(©)
JaeXx. IxeX*.
()

*

qj,ax) ¢ F )

dacX.dxeX* (¢
0 5(qjaa)ax) € F )

e Jae¥ Ixext (5

gi,ax) € F — §*
JEF < o*

(
(
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Distinguishable States ( # ) ’VPLRG

We can inductively test q; is distinguishable with g; (i.e., q; # qj):
¢ (Basis Case) w = ¢

OOV OO
(6*(qi,e) € F < 0*(qj,€) € F)
<~ (q€F — q ¢F )
¢ (Induction Case) w = ax
GOC
dJaeX.dxeX”. ax\/aac
dacX. Ixe X*. (6"(gi,ax) € F <= 0%(qj,ax) ¢ F )
< daeX.IxeX* (0%(d(qi,a),x) € F <> 6"(6(qgj,a),x) € F)
< dacX. 6(qi,a) #d(qgj,a)

O O

—
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Distinguishable States ( # ) ’VPLRG

Definition (Distinguishable States ( # ))

For a given DFA D, g; is distinguishable with g; (i.e., q; # q;) iff
® (Basis Case) g€ F < q; ¢ F.
® (Induction Case) Ja € ¥. 6(q;,a) # d(qj,a).
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Distinguishable States ( # ) ’VPLRG

Definition (Distinguishable States ( # ))

For a given DFA D, g; is distinguishable with g; (i.e., q; # q;) iff
® (Basis Case) g€ F < q; ¢ F.
® (Induction Case) Ja € ¥. 6(q;,a) # d(qj,a).

G2 Z qa
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Distinguishable States ( # ) ’VPLRG

Definition (Distinguishable States ( # ))

For a given DFA D, g; is distinguishable with g; (i.e., q; # q;) iff
® (Basis Case) g€ F < q; ¢ F.
® (Induction Case) Ja € ¥. 6(q;,a) # d(qj,a).

G2 Z qa
(Fg€eFANq¢F)
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Distinguishable States ( # ) ’VPLRG

Definition (Distinguishable States ( # ))

For a given DFA D, g; is distinguishable with g; (i.e., q; # q;) iff
® (Basis Case) g€ F < q; ¢ F.
® (Induction Case) Ja € ¥. 6(q;,a) # d(qj,a).

G2 Z qa
(Fg€eFANq¢F)

a1 # 93
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Distinguishable States ( # ) ’VPLRG

Definition (Distinguishable States ( # ))

For a given DFA D, g; is distinguishable with g; (i.e., q; # q;) iff
® (Basis Case) g€ F < q; ¢ F.
® (Induction Case) Ja € ¥. 6(q;,a) # d(qj,a).

G2 Z qa
(Fg€eFANq¢F)

q1 # q3
(. 9(a1,2) = 2 # 6u = 3(qs,2)))
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Distinguishable States ( # ) ’VPLRG

Definition (Distinguishable States ( # ))

For a given DFA D, g; is distinguishable with g; (i.e., q; # q;) iff
® (Basis Case) g€ F < q; ¢ F.
® (Induction Case) Ja € ¥. 6(q;,a) # d(qj,a).

G2 Z qa
(Fg€eFANq¢F)

q1 # q3
(. 9(a1,2) = 2 # 6u = 3(qs,2)))

qo Z qa
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Distinguishable States ( # ) ’VPLRG

Definition (Distinguishable States ( # ))

For a given DFA D, g; is distinguishable with g; (i.e., q; # q;) iff
® (Basis Case) g€ F < q; ¢ F.
® (Induction Case) Ja € ¥. 6(q;,a) # d(qj,a).

G2 Z qa
(Fg€eFANq¢F)

q1 # q3
(. 9(a1,2) = 2 # 6u = 3(qs,2)))

do # qa
(. 6(q0,b) = g3 # q1 = 9(qa, b)))

COSE215 @ Korea University Lecture 10 — Equiv. & Min. of FA April 8, 2026



Table-Filling Algorithm

’VNPLRG

q a|b
—qo |91 | a3
911492 | q1
*q2 | g2 | 92
931494 | g3

gs | G2 | q1

gs | 94 | G2

April 8, 2026
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Table-Filling Algorithm

(Basis case) w = e.
geEF < q &F

(Induction case) w = ax.
Jda € X. 6(qgi,a) # (qj, a)

’VNPLRG

q a|b
—qo |91 | a3
911492 | q1
*q2 | g2 | 92
931494 | g3

gs | G2 | q1

gs | 94 | G2

April 8, 2026
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Table-Filling Algorithm 7NPLRG

q a|b

—dqo|q1|9s3

g1 | g2 | 41

*q2 | g2 | 92

93| 94 | 43

da | G2 | q1

g5 |1 g4 | G2
(Basis case) w = e. <
GEF « ¢ ¢F 72
q3
(Induction case) w = ax. a4
Jae . 8(qia) £6(qja) "

qo 91 G2 Qg3 Q4
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Table-Filling Algorithm 7NPLRG

q a|b

—dqo|q1|9s3

g1 | g2 | 41

*q2 | 92 | G2

93| 94 | 43

da | G2 | q1

g5 |1 g4 | G2

(Basis case) w = e. Zl T
i EF <= q¢F >

q 9 ¢ o "
(Induction case) w = ax. a4 X
as X

Ha e ¥ 0, a) # (g, a) Qo 9 @ 4B a0
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Table-Filling Algorithm 7NPLRG

q a|b
—dqo|q1|9s3
g1 | g2 | 41
*q2 | 92 | G2
93| 94 | 43
da | G2 | q1
g5 |1 g4 | G2
(Basis case) w = e. Zl i =
2
gGeEF < q &F 0 < T
(Induction case) w = ax. g X1 X
gs | x | x | x | x| x

Jda € X. (qi, a) # 0(q;, a)
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Table-Filling Algorithm 7NPLRG

q a|b
—dqo|q1|9s3
g1 | g2 | 41
*q2 | 92 | G2
93| 94 | 43
da | G2 | q1
g5 |1 g4 | G2
(Basis case) w = e. Zl i =
2
gGeEF < q &F 0 < T
(Induction case) w = ax. g X1 X
gs | x | x | x | x| x

Jda € X. (qi, a) # 0(q;, a)

Qo =q3/\q1L = qa
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Equivalence of Finite Automata 7VPLRG

Theorem (Equivalence of Finite Automata)

Consider two DFA D = (Q,X,0,qo, F) and D' = (Q',%,¢', qp, F'). Then,

L(D) = L(D') <= qo= g}

inaDFAD" = (QWQ',%,d", qo, F W F") where

I Y _ 6(‘7”7 a) q' €@
Vg e QUQ. 6 (qaa) = { 5/(q//7a) q" € Q
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Equivalence of Finite Automata 7VPLRG

Theorem (Equivalence of Finite Automata)
Consider two DFA D = (Q, %, 8, qo, F) and D' = (Q',%, &, ¢, F'). Then,

L(D) = L(D') <> qo = g}

inaDFAD" = (QWQ',%,d", qo, F W F") where

I Y _ 6(‘7”7 a) q' €@
Vg e QUQ. 6 (Q>a) = { 6’(q”,a) q" € Q

Proof) By the definition of equivalence of states, we have

L(D) = L(D')

Vw € X*. (D accepts w <= D’ accepts w)

Vw € T*. (6*(qo, w) € F < (g}, w) € F')

Vw € £*. (0" (qo,w) € FUF' < §""(qp,w) € FUF')
qo=qpin D"’

1117

COSE215 @ Korea University Lecture 10 — Equiv. & Min. of FA April 8, 2026




Equivalence of Finite Automata — Example 1 VPLRG

Let's test the equivalence of Dy and Ds:
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Equivalence of Finite Automata — Example 1 VPLRG

Let's test the equivalence of Dy and Ds:

Let's perform the table-filling algorithm:

COSE215 @ Korea University Lecture 10 — Equiv. & Min. of FA April 8, 2026



Equivalence of Finite Automata — Example 1 VPLRG

Let's test the equivalence of Dy and Ds:

Let's perform the table-filling algorithm:

g1 | X

az X

a3 X

qa | X X | X
dgo g1 Q2 Q3
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Equivalence of Finite Automata — Example 1 VPLRG

Let's test the equivalence of Dy and Ds:

Let's perform the table-filling algorithm:

q | x
92 X ® Q=0 =g3
q3 X [ ] g
q | x x| x d1 = q4
do 91 q2 Q3
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Equivalence of Finite Automata — Example 1 VPLRG

Let's test the equivalence of Dy and Ds:

Let's perform the table-filling algorithm:

q | x
92 X ® Q=0 =g3
q3 X [ ] g
q | x x| x ‘ d1 = q4
do 91 Q92 Q3

g =q = L(Dy)=L(D1)={wb|wce{a,b}*}
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Equivalence of Finite Automata — Example 2 VPLRG

Let's test the equivalence of Dy and Ds:

COSE215 @ Korea University Lecture 10 — Equiv. & Min. of FA April 8, 2026



Equivalence of Finite Automata — Example 2 VPLRG

Let's test the equivalence of Dy and Ds:

Let's perform the table-filling algorithm:
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Equivalence of Finite Automata — Example 2 VPLRG

Let's test the equivalence of Dy and Ds:

q1 X

g2 | x | x

g3 X | x

qs | X X X

qs | X X X X X

e X X X X X X

q7 X X X X X

qg X X X X X X X
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Equivalence of Finite Automata — Example 2 VPLRG

Let's test the equivalence of Dy and Ds:

q [ x ® do=q3

92 | X | X — —

q3 X X ® ql - q4 - q7
qs | X X | x ° =

gs | X | x | x | x | x 42 g8

ge | X | x | x | x | x | x ° g5

qr | x X | x X | x

g8 | x | x X | x| x| x| x ® ge
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Equivalence of Finite Automata — Example 2 VPLRG

Let's test the equivalence of Dy and Ds:

g1 [ x ® go=g3

q2 X X — —
Qs | X x | x ° =

g5 | x | x | x | x | x 92 qs

g | X X X X X X ° qs

qr | x x | x x | x

qs | x | x x | x| x| x| x ] ® g6

9 91 92 g3 g1 g5 G5 q7

q0 7_é de — L(DQ) 7& L(D3) ( ba € L(Dg) but ba € L(Dg))
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Minimization of Finite Automata ’MPLRG

Is it possible to minimize a DFA?
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Minimization of Finite Automata ’MPLRG

Is it possible to minimize a DFA?

Yes, let's utilize equivalence classes Q/= of states defined with =.
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Minimization of Finite Automata ’MPLRG

Is it possible to minimize a DFA?

Yes, let's utilize equivalence classes Q/= of states defined with =.

Note that = is an equivalence relation:
e reflexive: Vg€ Q. g =gq
e symmetric: Vg, ¢’ € Q.gq=q¢ = ¢ =gq
e transitive: Vq,9',9" € Q. q=¢d AN¢d =q¢" = q=4"
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Minimization Algorithm 7NPLRG

For a given DFA D = (Q, 0,0, qo, F), the minimization algorithm is:
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Minimization Algorithm 7NPLRG

For a given DFA D = (Q, 0,0, qo, F), the minimization algorithm is:
@ Remove all unreachable states from the initial state qp.
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Minimization Algorithm 7NPLRG

For a given DFA D = (Q, 0,0, qo, F), the minimization algorithm is:
@ Remove all unreachable states from the initial state qp.
® Partition the remaining states into equivalence classes:

Q=={lgl=1q€ Q}

where the equivalence class of a state g is defined as:

q=={d€Qlg=q}
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Minimization Algorithm 7NPLRG

For a given DFA D = (Q, 0,0, qo, F), the minimization algorithm is:
@ Remove all unreachable states from the initial state qp.
® Partition the remaining states into equivalence classes:

Q=={lgl=1q€ Q}

where the equivalence class of a state g is defined as:

q=={d€Qlg=q}

© Construct a new DFA D=z = (Q=, X, /=, [qo]=, F/=) where
® §/=: Q= x X — Q= is defined by:
Vg e Q.VaeX. 9=(lql=, a) = [6(q, a)]
(We can prove Vq',q"” € [q]=. Va € X. [6=(q, a)]= = [0=(q", a)]=")
* F=={lgl=lqeF}
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Minimization Algorithm - Example 1 'V PLRG
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Minimization Algorithm - Example 1 'V PLRG

(1) Remove unreachable states
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Minimization Algorithm - Example 1 'V PLRG

(1) Remove unreachable states

(2) Partition the states into Q/=

Q/E :{
{qo, a1}, (. qo=aq1)
) {CI2},
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Minimization Algorithm - Example 1 'V PLRG

(1) Remove unreachable states

(2) Partition the states into @Q/=

Q/E :{
{qo, a1}, (. qo=aq1)
) {CI2},
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Minimization Algorithm - Example 2 'V PLRG
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Minimization Algorithm - Example 2 'V PLRG

(1) Remove unreachable states
b a,b
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Minimization Algorithm - Example 2 'V PLRG

(1) Remove unreachable states
b a,b

(2) Partition the states into @Q/=

Q/z = {
{90,493}, (.90 =a3)
{g1,q1}, (. g1 = aqa)
{qZ}v
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Minimization Algorithm - Example 2 'V PLRG

(1) Remove unreachable states
b a,b

(2) Partition the states into @/ (3) Construct a new DFA D/—

Q==A{
{CIo, CI3}, ( do = CI3)
{g1,94}, (a1 = qu)
{qZ}v
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Proof of Minimum-State DFA ’MPLRG

Theorem (Minimum-State DFA)

For a given DFA D = (Q, X, 6, qo, F), its minimized DFA
D= = (Q=, %, /=, [qo]=, F/=) is a minimum-state DFA of D.

(ie, 3 DFA D' = (Q, %, qb, F'). s.t. L(D') = L(D) A |Q| < |Q/=|).
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Proof of Minimum-State DFA ’MPLRG

Theorem (Minimum-State DFA)

For a given DFA D = (Q, X, 6, qo, F), its minimized DFA
D= = (Q=, %, /=, [qo]=, F/=) is a minimum-state DFA of D.

(ie, 3 DFA D' = (Q, %, qb, F'). s.t. L(D') = L(D) A |Q| < |Q/=|).

® Assume that 3 DFA D'. Then, m < n when m = |Q’| and n = |Q/]|.
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Proof of Minimum-State DFA ’MPLRG

Theorem (Minimum-State DFA)

For a given DFA D = (Q, X, 6, qo, F), its minimized DFA
D= = (Q=, %, /=, [qo]=, F/=) is a minimum-state DFA of D.

(ie, 3 DFA D' = (Q, %, qb, F'). s.t. L(D') = L(D) A |Q| < |Q/=|).

® Assume that 3 DFA D'. Then, m < n when m = |Q’| and n = |Q/]|.

® For any state g € Q/=, we can find a state ¢’ € Q such that g = ¢'.

(We will prove it as a lemma in the next slide.)
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Proof of Minimum-State DFA ’MPLRG

Theorem (Minimum-State DFA)

For a given DFA D = (Q, X, 6, qo, F), its minimized DFA
D= = (Q=, %, /=, [qo]=, F/=) is a minimum-state DFA of D.

(ie, 3 DFA D' = (Q, %, qb, F'). s.t. L(D') = L(D) A |Q| < |Q/=|).

® Assume that 3 DFA D'. Then, m < n when m = |Q’| and n = |Q/]|.

® For any state g € Q/=, we can find a state ¢’ € Q such that g = ¢'.

(We will prove it as a lemma in the next slide.)

* By Pigeonhole Principle, 3g; # gj € Q=.3¢' € Q. qi=q¢ Ngi =7
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Proof of Minimum-State DFA ’MPLRG

Theorem (Minimum-State DFA)

For a given DFA D = (Q, X, 6, qo, F), its minimized DFA
D= = (Q=, %, /=, [qo]=, F/=) is a minimum-state DFA of D.

(ie, 3 DFA D' = (Q, %, qb, F'). s.t. L(D') = L(D) A |Q| < |Q/=|).

® Assume that 3 DFA D'. Then, m < n when m = |Q’| and n = |Q/]|.

® For any state g € Q/=, we can find a state ¢’ € Q such that g = ¢'.
(We will prove it as a lemma in the next slide.)

* By Pigeonhole Principle, 3g; # gj € Q=.3¢' € Q. qi=q¢ Ngi =7

® |t means that g; = g;. However, it contradicts that Q/= is partitioned
into equivalence classes of states. O
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Proof of Minimum-State DFA — Lemma ’MPLRG

Consider a given DFA D = (Q, X%, 6, qo, F). Then, let

* D= = (Q)=, %, 9/=,|[q0]=, F/=) be its minimized DFA

o D'=(Q,X%,d, qp, F') be another DFA such that L(D) = L(D')
Then, for any state q € Q/=, we can find a state ¢’ € Q' such that q = ¢'.
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Proof of Minimum-State DFA — Lemma ’MPLRG

Consider a given DFA D = (Q, X%, 6, qo, F). Then, let

* D= = (Q)=, %, 9/=,|[q0]=, F/=) be its minimized DFA

o D'=(Q,X%,d, qp, F') be another DFA such that L(D) = L(D')
Then, for any state q € Q/=, we can find a state ¢’ € Q' such that q = ¢'.

First, 8" (qf, a1 - ai) = §/="([qo]=,a1- - a;) for all 0 < i < k.

COSE215 @ Korea University Lecture 10 — Equiv. & Min. of FA April 8, 2026



Proof of Minimum-State DFA — Lemma ’MPLRG

Consider a given DFA D = (Q, X%, 6, qo, F). Then, let

* D= = (Q)=, %, 9/=,|[q0]=, F/=) be its minimized DFA

o D'=(Q,X%,d, qp, F') be another DFA such that L(D) = L(D')
Then, for any state q € Q/=, we can find a state ¢’ € Q' such that q = ¢'.

First, 8" (qf, a1 - ai) = §/="([qo]=,a1- - a;) for all 0 < i < k.

e (Basis Case) 5" (qh,¢) = ah = [qo]= = 3/=" ([qo]=. €)
(- L(D') = L(D)-))
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Proof of Minimum-State DFA — Lemma ’MPLRG

Consider a given DFA D = (Q, X%, 6, qo, F). Then, let

* D= = (Q)=, %, 9/=,|[q0]=, F/=) be its minimized DFA

e D'=(Q,X%,d,q,, F') be another DFA such that L(D) = L(D')
Then, for any state q € Q/=, we can find a state ¢’ € Q' such that q = ¢'.

First, 8" (qf, a1 - ai) = §/="([qo]=,a1- - a;) for all 0 < i < k.

e (Basis Case) 5" (qh,¢) = ah = [qo]= = 3/=" ([qo]=. €)
(- L(D') = L(D)-))

* (Induction Case) Assume 0'*(qg, a1~ a;) Z 0/="([qo]=, a1 - - - ai).
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Proof of Minimum-State DFA — Lemma ’MPLRG

Consider a given DFA D = (Q, X%, 6, qo, F). Then, let

* D= =(Q)=, X, =, [q)=, F/=) be its minimized DFA

e D'=(Q,X%,d,q,, F') be another DFA such that L(D) = L(D')
Then, for any state q € Q/=, we can find a state ¢’ € Q' such that q = ¢'.

First, 8" (qf, a1 - ai) = §/="([qo]=,a1- - a;) for all 0 < i < k.
* (Basis Case) 6" (qp,€) = qo = [q0]= = 9/="([q0]=; €)
(. L(D') = L(Df=))
* (Induction Case) Assume 0'*(qg, a1~ a;) Z 0/="([qo]=, a1 - - - ai).

Then, by the definition of distinguishable states,
8" (qp,a1---ai-1) # 0/="([q0l=, a1 - ai-1).
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Proof of Minimum-State DFA — Lemma ’MPLRG

Consider a given DFA D = (Q, X%, 6, qo, F). Then, let

* D= =(Q)=, X, =, [q)=, F/=) be its minimized DFA

e D'=(Q,X%,d,q,, F') be another DFA such that L(D) = L(D')
Then, for any state q € Q/=, we can find a state ¢’ € Q' such that q = ¢'.

First, 8" (qf, a1 - ai) = §/="([qo]=,a1- - a;) for all 0 < i < k.
* (Basis Case) 6" (qp,€) = qo = [q0]= = 9/="([q0]=; €)
(. L(D') = L(Df=))
* (Induction Case) Assume 0'*(qg, a1~ a;) Z 0/="([qo]=, a1 - - - ai).

Then, by the definition of distinguishable states,
8 (qb, a1~ ai—1) Z 9/="([qo)=, a1 - - - ai—1).
But, it contradicts the induction hypothesis. O
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Proof of Minimum-State DFA — Lemma ’MPLRG

Consider a given DFA D = (Q, X%, 6, qo, F). Then, let

* D= =(Q)=, X, =, [q)=, F/=) be its minimized DFA

e D'=(Q,X%,d,q,, F') be another DFA such that L(D) = L(D')
Then, for any state q € Q/=, we can find a state ¢’ € Q' such that q = ¢'.

First, 8" (qf, a1 - ai) = §/="([qo]=,a1- - a;) for all 0 < i < k.
* (Basis Case) 6" (qp,€) = qo = [q0]= = 9/="([q0]=; €)
(. L(D') = L(Df=))
* (Induction Case) Assume 0'*(qg, a1~ a;) Z 0/="([qo]=, a1 - - - ai).
Then, by the definition of distinguishable states,
5/*(6767 a1---ai-1) # 0/="([qol=, a1 - - - ai—1).
But, it contradicts the induction hypothesis. O
Let w € L(D/=) s.t. §/=([qo]=, w) = q and ¢’ = §'(qg, w).

e lll e _JDoVe ale ola
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Summary

1. Equivalence of Finite Automata
Equivalence of States (=)
Distinguishable States ( # )
Table-Filling Algorithm
Equivalence of Finite Automata
Examples

2. Minimization of Finite Automata
Minimization Algorithm
Examples
Proof of Minimum-State DFA

’VNPLRG
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Exercise #4 7NPLRG

® Please see this document for the exercise.

https://github.com/ku-plrg-classroom/docs/tree/main/cose215/dfa-eq-min

® Please implement the following functions in Implementation.scala.

® nonEqPairs for the table-filling algorithm.

® isEqual for the equivalence of DFAs.

® minimize for the minimization of DFAs.

® |t is just an exercise, and you don’t need to submit anything.
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Next Lecture ’VNPLRG

e Context-Free Grammars (CFGs) and Languages (CFLs)

Jihyeok Park
jihyeok_park@korea.ac.kr
https://plrg.korea.ac.kr
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