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Recall
• Regular Languages

• Finite Automata - DFA, NFA, ϵ-NFA
• Regular Expressions

<latexit sha1_base64="54UZt6j5pS5xz/B1Y4GxQxIAlZk=">AAAB8XicbVDJSgNBEO2JW4xb1KOXwSB4CjPidowL4jGCWTAZQk+nJmnS0zN014hhyF948aCIV//Gm39jJ5mDJj4oeLxXRVU9PxZco+N8W7mFxaXllfxqYW19Y3OruL1T11GiGNRYJCLV9KkGwSXUkKOAZqyAhr6Ahj+4GvuNR1CaR/IehzF4Ie1JHnBG0UgPbYQnTK9vLkadYskpOxPY88TNSIlkqHaKX+1uxJIQJDJBtW65ToxeShVyJmBUaCcaYsoGtActQyUNQXvp5OKRfWCUrh1EypREe6L+nkhpqPUw9E1nSLGvZ72x+J/XSjA491Iu4wRBsumiIBE2Rvb4fbvLFTAUQ0MoU9zcarM+VZShCalgQnBnX54n9aOye1o+uTsuVS6zOPJkj+yTQ+KSM1Iht6RKaoQRSZ7JK3mztPVivVsf09aclc3skj+wPn8AeBaQzA==</latexit>

DFA

<latexit sha1_base64="eyvEj5fTRTWjLByz0l5ELsilBUI=">AAAB8XicbVBNS8NAEN3Ur1q/qh69BIvgqSTi17EqiCepYD+wDWWznbRLN5uwOxFL6L/w4kERr/4bb/4bt20O2vpg4PHeDDPz/FhwjY7zbeUWFpeWV/KrhbX1jc2t4vZOXUeJYlBjkYhU06caBJdQQ44CmrECGvoCGv7gauw3HkFpHsl7HMbghbQnecAZRSM9tBGeML29vhh1iiWn7ExgzxM3IyWSodopfrW7EUtCkMgE1brlOjF6KVXImYBRoZ1oiCkb0B60DJU0BO2lk4tH9oFRunYQKVMS7Yn6eyKlodbD0DedIcW+nvXG4n9eK8Hg3Eu5jBMEyaaLgkTYGNnj9+0uV8BQDA2hTHFzq836VFGGJqSCCcGdfXme1I/K7mn55O64VLnM4siTPbJPDolLzkiF3JAqqRFGJHkmr+TN0taL9W59TFtzVjazS/7A+vwBh1yQ1g==</latexit>

NFA
<latexit sha1_base64="4cSHh/b3ZimxiTZ5Jn+lq6G84q0=">AAAB/HicbVDJSgNBEO2JW4xbNEcvg0HwYpgRt2NUEE8SwSyQGUJPp5I06ekZumvEMMRf8eJBEa9+iDf/xs5y0MQHBY/3qqiqF8SCa3ScbyuzsLi0vJJdza2tb2xu5bd3ajpKFIMqi0SkGgHVILiEKnIU0IgV0DAQUA/6VyO//gBK80je4yAGP6RdyTucUTRSK1/wINZcRNJDeMT08Pb6YtjKF52SM4Y9T9wpKZIpKq38l9eOWBKCRCao1k3XidFPqULOBAxzXqIhpqxPu9A0VNIQtJ+Ojx/a+0Zp251ImZJoj9XfEykNtR6EgekMKfb0rDcS//OaCXbO/ZTLOEGQbLKokwgbI3uUhN3mChiKgSGUKW5utVmPKsrQ5JUzIbizL8+T2lHJPS2d3B0Xy5fTOLJkl+yRA+KSM1ImN6RCqoSRAXkmr+TNerJerHfrY9KasaYzBfIH1ucP0tKU5A==</latexit>

✏-NFA

<latexit sha1_base64="n92EN7qKro3HBPjOFkdf9pTRcuY=">AAAB/3icbVDLSgMxFM3UV62vUcGNm2ARqosyI0VdFt24rGgf0BlKJs20oUlmSDJCGWfhr7hxoYhbf8Odf2PazkJbDwQO59zLPTlBzKjSjvNtFZaWV1bXiuuljc2t7R17d6+lokRi0sQRi2QnQIowKkhTU81IJ5YE8YCRdjC6nvjtByIVjcS9HsfE52ggaEgx0kbq2QceR3qIEUsbWSX17uiAo9PspGeXnaozBVwkbk7KIEejZ395/QgnnAiNGVKq6zqx9lMkNcWMZCUvUSRGeIQGpGuoQJwoP53mz+CxUfowjKR5QsOp+nsjRVypMQ/M5CStmvcm4n9eN9HhpZ9SESeaCDw7FCYM6ghOyoB9KgnWbGwIwpKarBAPkURYm8pKpgR3/suLpHVWdc+rtdtauX6V11EEh+AIVIALLkAd3IAGaAIMHsEzeAVv1pP1Yr1bH7PRgpXv7IM/sD5/AI22lc4=</latexit>P(⌃⇤)

<latexit sha1_base64="/zCSF5YzKE75PzK8Z+pFFvsDV74=">AAACAnicbVDLSgNBEJz1GeNr1ZN4GQyCp7ArQT0GvXiMYB6QxDA76SRDZmeXmV4xLMGLv+LFgyJe/Qpv/o2Th6CJBQPVVd30dAWxFAY978tZWFxaXlnNrGXXNza3tt2d3YqJEs2hzCMZ6VrADEihoIwCJdRiDSwMJFSD/uXIr96BNiJSNziIoRmyrhIdwRlaqeXuNxDuETFlw1tFf4rAFi035+W9Meg88ackR6YotdzPRjviSQgKuWTG1H0vxmbKNAouYZhtJAZixvusC3VLFQvBNNPxCUN6ZJU27UTaPoV0rP6eSFlozCAMbGfIsGdmvZH4n1dPsHPeTIWKEwTFJ4s6iaQY0VEetC00cJQDSxjXwv6V8h7TjKNNLWtD8GdPnieVk7x/mi9cF3LFi2kcGXJADskx8ckZKZIrUiJlwskDeSIv5NV5dJ6dN+d90rrgTGf2yB84H9+H45gr</latexit>

anbn

<latexit sha1_base64="FfGvy2Bl9BlkuPdjQXa1mWGKkP0=">AAACBnicbVDLSgMxFM3UV62vUZciBItQN2VGiroR6gNxIVLBPqAtJZOmbWjmQXJHLENXbvwVNy4Uces3uPNvzLQjaOuBwLnn3MvNPU4guALL+jJSM7Nz8wvpxczS8srqmrm+UVF+KCkrU1/4suYQxQT3WBk4CFYLJCOuI1jV6Z/FfvWOScV97xYGAWu6pOvxDqcEtNQyt69yDWD3EJ1fnAz38DH+qa/jumVmrbw1Ap4mdkKyKEGpZX422j4NXeYBFUSpum0F0IyIBE4FG2YaoWIBoX3SZXVNPeIy1YxGZwzxrlbauONL/TzAI/X3RERcpQauoztdAj016cXif149hM5RM+JeEALz6HhRJxQYfBxngttcMgpioAmhkuu/YtojklDQyWV0CPbkydOksp+3D/KFm0K2eJrEkUZbaAflkI0OURFdohIqI4oe0BN6Qa/Go/FsvBnv49aUkcxsoj8wPr4BsymXXw==</latexit>

L(DFA) = L(NFA)

<latexit sha1_base64="t3AFnXOnd4TRIQ1cdPhmks19jx4=">AAACAHicbVDLSsNAFJ3UV62vqAsXbgaL4KokUtRl0Y3LCvYBbSyT6aQdOpmEmRuxhGz8FTcuFHHrZ7jzb5y2EbT1wIUz59zL3Hv8WHANjvNlFZaWV1bXiuuljc2t7R17d6+po0RR1qCRiFTbJ5oJLlkDOAjWjhUjoS9Yyx9dTfzWPVOaR/IWxjHzQjKQPOCUgJF69kEX2AMApCS7k/jn4Wc9u+xUnCnwInFzUkY56j37s9uPaBIyCVQQrTuuE4OXEgWcCpaVuolmMaEjMmAdQyUJmfbS6QEZPjZKHweRMiUBT9XfEykJtR6HvukMCQz1vDcR//M6CQQXXsplnACTdPZRkAgMEZ6kgftcMQpibAihiptdMR0SRSiYzEomBHf+5EXSPK24Z5XqTbVcu8zjKKJDdIROkIvOUQ1dozpqIIoy9IRe0Kv1aD1bb9b7rLVg5TP76A+sj2/0dZdL</latexit>

anb

<latexit sha1_base64="Rroad1FYVO3+v6gzwOnKbhzw218=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8cK9gPaUDbbTbt0swm7E7WE/g0vHhTx6p/x5r9x2+agrQ8GHu/NMDMvSKQw6LrfTmFldW19o7hZ2tre2d0r7x80TZxqxhsslrFuB9RwKRRvoEDJ24nmNAokbwWjm6nfeuDaiFjd4zjhfkQHSoSCUbRS97GL/AkRM9ed9MoVt+rOQJaJl5MK5Kj3yl/dfszSiCtkkhrT8dwE/YxqFEzySambGp5QNqID3rFU0YgbP5vdPCEnVumTMNa2FJKZ+nsio5Ex4yiwnRHFoVn0puJ/XifF8MrPhEpS5IrNF4WpJBiTaQCkLzRnKMeWUKaFvZWwIdWUoY2pZEPwFl9eJs2zqndRPb87r9Su8ziKcATHcAoeXEINbqEODWCQwDO8wpuTOi/Ou/Mxby04+cwh/IHz+QM9bpHT</latexit>

w00

<latexit sha1_base64="GYtzptKTolIxAeYLkDREUwkwl5Q=">AAACHXicbVDLSgMxFM34tr6qLt0Ei1A3ZUaLuiy6cSUK1hY6pWQyt20w8zC501qG+RE3/oobF4q4cCP+jWntQlsPJBzOuZfkHC+WQqNtf1kzs3PzC4tLy7mV1bX1jfzm1o2OEsWhyiMZqbrHNEgRQhUFSqjHCljgSah5t2dDv9YDpUUUXuMghmbAOqFoC87QSK182U1pn7qB8M3FsOt56UVW7O9TF+4S0aM2dRHuMaXFIPJpRg+Nk7XyBbtkj0CniTMmBTLGZSv/4foRTwIIkUumdcOxY2ymTKHgErKcm2iIGb9lHWgYGrIAdDMdpcvonlF82o6UOSHSkfp7I2WB1oPAM5PDBHrSG4r/eY0E2yfNVIRxghDyn4faiaQY0WFV1BcKOMqBIYwrYf5KeZcpxtEUmjMlOJORp8nNQck5KpWvyoXK6biOJbJDdkmROOSYVMg5uSRVwskDeSIv5NV6tJ6tN+v9Z3TGGu9skz+wPr8BQSugJA==</latexit>{w | N(w) ⌘ 0 (mod 3)}

<latexit sha1_base64="Q9FEOIzPBFaGuNUWo3qf90+LtJw=">AAACAXicbVDLSgNBEJz1GeMr6kXwMhgEPRh2xddFiAriQSSCUSEbwuykEwdnZ5eZXjEs8eKvePGgiFf/wpt/4yTZg6+ChqKqm+6uIJbCoOt+OkPDI6Nj47mJ/OTU9MxsYW7+wkSJ5lDlkYz0VcAMSKGgigIlXMUaWBhIuAxuDnv+5S1oIyJ1jp0Y6iFrK9ESnKGVGoXFPXqy6kNshIyUj3CH6frp0X53rVEouiW3D/qXeBkpkgyVRuHDb0Y8CUEhl8yYmufGWE+ZRsEldPN+YiBm/Ia1oWapYiGYetr/oEtXrNKkrUjbUkj76veJlIXGdMLAdoYMr81vryf+59USbO3WU6HiBEHxwaJWIilGtBcHbQoNHGXHEsa1sLdSfs0042hDy9sQvN8v/yUXGyVvu7R1tlksH2Rx5MgSWSarxCM7pEyOSYVUCSf35JE8kxfnwXlyXp23QeuQk80skB9w3r8AIMaWEA==</latexit>

= L(✏-NFA)
<latexit sha1_base64="C7uN6ckxMmTD+41tN91yGNe9Lnk=">AAAB9HicbVDLSgNBEJyNrxhfUY9eBoMQL2FXfF2EoAgePEQxD0iWMDuZTYbMzq4zvcGw5Du8eFDEqx/jzb9xkuxBEwsaiqpuuru8SHANtv1tZRYWl5ZXsqu5tfWNza389k5Nh7GirEpDEaqGRzQTXLIqcBCsESlGAk+wute/Gvv1AVOah/IBhhFzA9KV3OeUgJHci9tiC9gTJPfXo8N2vmCX7AnwPHFSUkApKu38V6sT0jhgEqggWjcdOwI3IQo4FWyUa8WaRYT2SZc1DZUkYNpNJkeP8IFROtgPlSkJeKL+nkhIoPUw8ExnQKCnZ72x+J/XjME/dxMuoxiYpNNFfiwwhHicAO5wxSiIoSGEKm5uxbRHFKFgcsqZEJzZl+dJ7ajknJZO7o4L5cs0jizaQ/uoiBx0hsroBlVQFVH0iJ7RK3qzBtaL9W59TFszVjqzi/7A+vwB6rmRkA==</latexit>

= L(RE)

<latexit sha1_base64="I56QIHJycczSZdW8XCBAH9jEwKg=">AAAB8HicbVDJSgNBEK2JW4xb1KOXwSB4CjPidgyK4DGKWSQZQk+nJ2nS3TN014hhyFd48aCIVz/Hm39jZzlo9EHB470qquqFieAGPe/LyS0sLi2v5FcLa+sbm1vF7Z26iVNNWY3GItbNkBgmuGI15ChYM9GMyFCwRji4HPuNB6YNj9UdDhMWSNJTPOKUoJXu28geMbu9GnWKJa/sTeD+Jf6MlGCGaqf42e7GNJVMIRXEmJbvJRhkRCOngo0K7dSwhNAB6bGWpYpIZoJscvDIPbBK141ibUuhO1F/TmREGjOUoe2UBPtm3huL/3mtFKPzIOMqSZEpOl0UpcLF2B1/73a5ZhTF0BJCNbe3urRPNKFoMyrYEPz5l/+S+lHZPy2f3ByXKhezOPKwB/twCD6cQQWuoQo1oCDhCV7g1dHOs/PmvE9bc85sZhd+wfn4BgEGkI4=</latexit>

RE

COSE215 @ Korea University Lecture 11 - CFGs and CFLs April 13, 2026 2 / 20



Recall

<latexit sha1_base64="eyvEj5fTRTWjLByz0l5ELsilBUI=">AAAB8XicbVBNS8NAEN3Ur1q/qh69BIvgqSTi17EqiCepYD+wDWWznbRLN5uwOxFL6L/w4kERr/4bb/4bt20O2vpg4PHeDDPz/FhwjY7zbeUWFpeWV/KrhbX1jc2t4vZOXUeJYlBjkYhU06caBJdQQ44CmrECGvoCGv7gauw3HkFpHsl7HMbghbQnecAZRSM9tBGeML29vhh1iiWn7ExgzxM3IyWSodopfrW7EUtCkMgE1brlOjF6KVXImYBRoZ1oiCkb0B60DJU0BO2lk4tH9oFRunYQKVMS7Yn6eyKlodbD0DedIcW+nvXG4n9eK8Hg3Eu5jBMEyaaLgkTYGNnj9+0uV8BQDA2hTHFzq836VFGGJqSCCcGdfXme1I/K7mn55O64VLnM4siTPbJPDolLzkiF3JAqqRFGJHkmr+TN0taL9W59TFtzVjazS/7A+vwBh1yQ1g==</latexit>

NFA

(Lecture 4)

(Lecture 1)
Mathematical 
Preliminaries

(Lecture 2)

Scala

(Part 0) 
Basic  

Concepts

<latexit sha1_base64="I56QIHJycczSZdW8XCBAH9jEwKg=">AAAB8HicbVDJSgNBEK2JW4xb1KOXwSB4CjPidgyK4DGKWSQZQk+nJ2nS3TN014hhyFd48aCIVz/Hm39jZzlo9EHB470qquqFieAGPe/LyS0sLi2v5FcLa+sbm1vF7Z26iVNNWY3GItbNkBgmuGI15ChYM9GMyFCwRji4HPuNB6YNj9UdDhMWSNJTPOKUoJXu28geMbu9GnWKJa/sTeD+Jf6MlGCGaqf42e7GNJVMIRXEmJbvJRhkRCOngo0K7dSwhNAB6bGWpYpIZoJscvDIPbBK141ibUuhO1F/TmREGjOUoe2UBPtm3huL/3mtFKPzIOMqSZEpOl0UpcLF2B1/73a5ZhTF0BJCNbe3urRPNKFoMyrYEPz5l/+S+lHZPy2f3ByXKhezOPKwB/twCD6cQQWuoQo1oCDhCV7g1dHOs/PmvE9bc85sZhd+wfn4BgEGkI4=</latexit>

RE

(Lecture 6)(Lecture 7)
(Part 1) 
Finite  

Automata

(Part 2) 
Pushdown 
Automata

(Part 3) 
Turing 

Machines

(Lecture 14/15)
<latexit sha1_base64="Nb0tZ5iL7Lq/dGOvgncbKwaTCP0=">AAAB/XicbZDJSgNBEIZ7XGPcxuXmpTEInsKMuB3jgniMaBZIhqGn05M06VnorhHjMPgqXjwo4tX38Obb2EnmoIk/NHz8VUVV/14suALL+jZmZufmFxYLS8XlldW1dXNjs66iRFJWo5GIZNMjigkeshpwEKwZS0YCT7CG178Y1hv3TCoehXcwiJkTkG7IfU4JaMs1t9vAHiCtXp5l7hivbjPXLFllayQ8DXYOJZSr6ppf7U5Ek4CFQAVRqmVbMTgpkcCpYFmxnSgWE9onXdbSGJKAKScdXZ/hPe10sB9J/ULAI/f3REoCpQaBpzsDAj01WRua/9VaCfinTsrDOAEW0vEiPxEYIjyMAne4ZBTEQAOhkutbMe0RSSjowIo6BHvyy9NQPyjbx+Wjm8NS5TyPo4B20C7aRzY6QRV0jaqohih6RM/oFb0ZT8aL8W58jFtnjHxmC/2R8fkD1WWVfA==</latexit>

PDAFS

<latexit sha1_base64="eXj1CxNou8ujGQbQWdPUYw4QrGM=">AAAB/XicbZDJSgNBEIZ7XGPcxuXmpTEInsKMuB3jBh4jmgWSYejp9CRNeha6a8Q4DL6KFw+KePU9vPk2dpI5aOIPDR9/VVHVvxcLrsCyvo2Z2bn5hcXCUnF5ZXVt3dzYrKsokZTVaCQi2fSIYoKHrAYcBGvGkpHAE6zh9S+G9cY9k4pH4R0MYuYEpBtyn1MC2nLN7TawB0irl2eZO8ar28w1S1bZGglPg51DCeWquuZXuxPRJGAhUEGUatlWDE5KJHAqWFZsJ4rFhPZJl7U0hiRgyklH12d4Tzsd7EdSvxDwyP09kZJAqUHg6c6AQE9N1obmf7VWAv6pk/IwToCFdLzITwSGCA+jwB0uGQUx0ECo5PpWTHtEEgo6sKIOwZ788jTUD8r2cfno5rBUOc/jKKAdtIv2kY1OUAVdoyqqIYoe0TN6RW/Gk/FivBsf49YZI5/ZQn9kfP4A09+Vew==</latexit>

PDAES

(Lecture 16)

<latexit sha1_base64="IQBQCZXWu3mLTRyW4BhitwPv/tA=">AAAB/nicbZDLSsNAFIYnXmu9RcWVm8EiuCqJeFtWLeKyor1AG8JkOmmHTi7MnIglBHwVNy4UcetzuPNtnLZZaOsPAx//OYdz5vdiwRVY1rcxN7+wuLRcWCmurq1vbJpb2w0VJZKyOo1EJFseUUzwkNWBg2CtWDISeII1vcHVqN58YFLxKLyHYcycgPRC7nNKQFuuudsB9ghptVa9yNwJX99lrlmyytZYeBbsHEooV801vzrdiCYBC4EKolTbtmJwUiKBU8GyYidRLCZ0QHqsrTEkAVNOOj4/wwfa6WI/kvqFgMfu74mUBEoNA093BgT6aro2Mv+rtRPwz52Uh3ECLKSTRX4iMER4lAXucskoiKEGQiXXt2LaJ5JQ0IkVdQj29JdnoXFUtk/LJ7fHpcplHkcB7aF9dIhsdIYq6AbVUB1RlKJn9IrejCfjxXg3Piatc0Y+s4P+yPj8AWgBlco=</latexit>

DPDAFS

<latexit sha1_base64="PzXwj1SmQucPK7GWI4epXaBAeeM=">AAAB/nicbZDLSsNAFIYnXmu9RcWVm8EiuCqJeFtWreCyor1AG8JkOmmHTi7MnIglBHwVNy4UcetzuPNtnLZZaOsPAx//OYdz5vdiwRVY1rcxN7+wuLRcWCmurq1vbJpb2w0VJZKyOo1EJFseUUzwkNWBg2CtWDISeII1vcHVqN58YFLxKLyHYcycgPRC7nNKQFuuudsB9ghptVa9yNwJX99lrlmyytZYeBbsHEooV801vzrdiCYBC4EKolTbtmJwUiKBU8GyYidRLCZ0QHqsrTEkAVNOOj4/wwfa6WI/kvqFgMfu74mUBEoNA093BgT6aro2Mv+rtRPwz52Uh3ECLKSTRX4iMER4lAXucskoiKEGQiXXt2LaJ5JQ0IkVdQj29JdnoXFUtk/LJ7fHpcplHkcB7aF9dIhsdIYq6AbVUB1RlKJn9IrejCfjxXg3Piatc0Y+s4P+yPj8AWZ7lck=</latexit>

DPDAES

<latexit sha1_base64="0Dex8tKwqfmrlY54hg3IZwdlnjw=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PQi8cI5gHJEmYnnWTI7Ow6MyuEJT/hxYMiXv0db/6Ns8keNLGgoajqprsriAXXxnW/ncLK6tr6RnGztLW9s7tX3j9o6ihRDBssEpFqB1Sj4BIbhhuB7VghDQOBrWB8m/mtJ1SaR/LBTGL0QzqUfMAZNVZqd3USaDSlXrniVt0ZyDLxclKBHPVe+avbj1gSojRMUK07nhsbP6XKcCZwWuomGmPKxnSIHUslDVH76ezeKTmxSp8MImVLGjJTf0+kNNR6Ega2M6RmpBe9TPzP6yRmcO2nXMaJQcnmiwaJICYi2fOkzxUyIyaWUKa4vZWwEVWUGRtRFoK3+PIyaZ5Vvcvqxf15pXaTx1GEIziGU/DgCmpwB3VoAAMBz/AKb86j8+K8Ox/z1oKTzxzCHzifP8fYj9A=</latexit> ⇢

<latexit sha1_base64="0Dex8tKwqfmrlY54hg3IZwdlnjw=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PQi8cI5gHJEmYnnWTI7Ow6MyuEJT/hxYMiXv0db/6Ns8keNLGgoajqprsriAXXxnW/ncLK6tr6RnGztLW9s7tX3j9o6ihRDBssEpFqB1Sj4BIbhhuB7VghDQOBrWB8m/mtJ1SaR/LBTGL0QzqUfMAZNVZqd3USaDSlXrniVt0ZyDLxclKBHPVe+avbj1gSojRMUK07nhsbP6XKcCZwWuomGmPKxnSIHUslDVH76ezeKTmxSp8MImVLGjJTf0+kNNR6Ega2M6RmpBe9TPzP6yRmcO2nXMaJQcnmiwaJICYi2fOkzxUyIyaWUKa4vZWwEVWUGRtRFoK3+PIyaZ5Vvcvqxf15pXaTx1GEIziGU/DgCmpwB3VoAAMBz/AKb86j8+K8Ox/z1oKTzxzCHzifP8fYj9A=</latexit>

⇢
(Lecture 17)

<latexit sha1_base64="0Dex8tKwqfmrlY54hg3IZwdlnjw=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PQi8cI5gHJEmYnnWTI7Ow6MyuEJT/hxYMiXv0db/6Ns8keNLGgoajqprsriAXXxnW/ncLK6tr6RnGztLW9s7tX3j9o6ihRDBssEpFqB1Sj4BIbhhuB7VghDQOBrWB8m/mtJ1SaR/LBTGL0QzqUfMAZNVZqd3USaDSlXrniVt0ZyDLxclKBHPVe+avbj1gSojRMUK07nhsbP6XKcCZwWuomGmPKxnSIHUslDVH76ezeKTmxSp8MImVLGjJTf0+kNNR6Ega2M6RmpBe9TPzP6yRmcO2nXMaJQcnmiwaJICYi2fOkzxUyIyaWUKa4vZWwEVWUGRtRFoK3+PIyaZ5Vvcvqxf15pXaTx1GEIziGU/DgCmpwB3VoAAMBz/AKb86j8+K8Ox/z1oKTzxzCHzifP8fYj9A=</latexit> ⇢ <latexit sha1_base64="fr1RvRz+Y//KjC+p7F6W+kbymOM=">AAAB83icbVBNSwMxEM3Wr1q/qh69BIvgqeyKX8eiF48VrC10l5JNs21oNlmSiVBK/4YXD4p49c9489+YbfegrQ8GHu/NMDMvzgQ34PvfXmlldW19o7xZ2dre2d2r7h88GmU1ZS2qhNKdmBgmuGQt4CBYJ9OMpLFg7Xh0m/vtJ6YNV/IBxhmLUjKQPOGUgJPCUCoIjY0Ng0qvWvPr/gx4mQQFqaECzV71K+wralMmgQpiTDfwM4gmRAOngk0roTUsI3REBqzrqCQpM9FkdvMUnziljxOlXUnAM/X3xISkxozT2HWmBIZm0cvF/7yuheQ6mnCZWWCSzhclVmBQOA8A97lmFMTYEUI1d7diOiSaUHAx5SEEiy8vk8ezenBZv7g/rzVuijjK6Agdo1MUoCvUQHeoiVqIogw9o1f05lnvxXv3PuatJa+YOUR/4H3+APXUkaU=</latexit> 6⇢

Parse Trees & 
Ambiguity

(Lecture 13)

Automata Grammars Languages

<latexit sha1_base64="4cSHh/b3ZimxiTZ5Jn+lq6G84q0=">AAAB/HicbVDJSgNBEO2JW4xbNEcvg0HwYpgRt2NUEE8SwSyQGUJPp5I06ekZumvEMMRf8eJBEa9+iDf/xs5y0MQHBY/3qqiqF8SCa3ScbyuzsLi0vJJdza2tb2xu5bd3ajpKFIMqi0SkGgHVILiEKnIU0IgV0DAQUA/6VyO//gBK80je4yAGP6RdyTucUTRSK1/wINZcRNJDeMT08Pb6YtjKF52SM4Y9T9wpKZIpKq38l9eOWBKCRCao1k3XidFPqULOBAxzXqIhpqxPu9A0VNIQtJ+Ojx/a+0Zp251ImZJoj9XfEykNtR6EgekMKfb0rDcS//OaCXbO/ZTLOEGQbLKokwgbI3uUhN3mChiKgSGUKW5utVmPKsrQ5JUzIbizL8+T2lHJPS2d3B0Xy5fTOLJkl+yRA+KSM1ImN6RCqoSRAXkmr+TNerJerHfrY9KasaYzBfIH1ucP0tKU5A==</latexit>

✏-NFA

(Lecture 5)

(Lecture 23)
<latexit sha1_base64="hr714ZmWq5NIh1r2ly4Q1dHZ25Q=">AAAB8XicbVBNS8NAEN3Ur1q/qh69BIvgqSTi17EoghehQr+wDWWznbRLN5uwOxFL6L/w4kERr/4bb/4bt20O2vpg4PHeDDPz/FhwjY7zbeWWlldW1/LrhY3Nre2d4u5eQ0eJYlBnkYhUy6caBJdQR44CWrECGvoCmv7weuI3H0FpHskajmLwQtqXPOCMopEeOghPmN7U7sbdYskpO1PYi8TNSIlkqHaLX51exJIQJDJBtW67ToxeShVyJmBc6CQaYsqGtA9tQyUNQXvp9OKxfWSUnh1EypREe6r+nkhpqPUo9E1nSHGg572J+J/XTjC49FIu4wRBstmiIBE2RvbkfbvHFTAUI0MoU9zcarMBVZShCalgQnDnX14kjZOye14+uz8tVa6yOPLkgBySY+KSC1Iht6RK6oQRSZ7JK3mztPVivVsfs9aclc3skz+wPn8AoS2Q5w==</latexit>

ETM

<latexit sha1_base64="54UZt6j5pS5xz/B1Y4GxQxIAlZk=">AAAB8XicbVDJSgNBEO2JW4xb1KOXwSB4CjPidowL4jGCWTAZQk+nJmnS0zN014hhyF948aCIV//Gm39jJ5mDJj4oeLxXRVU9PxZco+N8W7mFxaXllfxqYW19Y3OruL1T11GiGNRYJCLV9KkGwSXUkKOAZqyAhr6Ahj+4GvuNR1CaR/IehzF4Ie1JHnBG0UgPbYQnTK9vLkadYskpOxPY88TNSIlkqHaKX+1uxJIQJDJBtW65ToxeShVyJmBUaCcaYsoGtActQyUNQXvp5OKRfWCUrh1EypREe6L+nkhpqPUw9E1nSLGvZ72x+J/XSjA491Iu4wRBsumiIBE2Rvb4fbvLFTAUQ0MoU9zcarM+VZShCalgQnBnX54n9aOye1o+uTsuVS6zOPJkj+yTQ+KSM1Iht6RKaoQRSZ7JK3mztPVivVsf09aclc3skj+wPn8AeBaQzA==</latexit>

DFA

(Lecture 3)
<latexit sha1_base64="1VCgF0mxBR9vvM8wVZmEyHDi1kI=">AAAB8HicbVDJSgNBEK2JW4xb1KOXwSB4CjPidgx68eAhilkkGUJPpydp0t0zdNeIYchXePGgiFc/x5t/Y2c5aPRBweO9KqrqhYngBj3vy8ktLC4tr+RXC2vrG5tbxe2duolTTVmNxiLWzZAYJrhiNeQoWDPRjMhQsEY4uBz7jQemDY/VHQ4TFkjSUzzilKCV7tvIHjG7vR51iiWv7E3g/iX+jJRghmqn+NnuxjSVTCEVxJiW7yUYZEQjp4KNCu3UsITQAemxlqWKSGaCbHLwyD2wSteNYm1LoTtRf05kRBozlKHtlAT7Zt4bi/95rRSj8yDjKkmRKTpdFKXCxdgdf+92uWYUxdASQjW3t7q0TzShaDMq2BD8+Zf/kvpR2T8tn9wclyoXszjysAf7cAg+nEEFrqAKNaAg4Qle4NXRzrPz5rxPW3PObGYXfsH5+AYLqZCV</latexit>

RL

(Lecture 3)

<latexit sha1_base64="5kG1qFdA/nM6eO3M+WIGxPCyKFo=">AAAB8XicbVBNS8NAEN3Ur1q/qh69BIvgqSTi17FYUI8V7Ae2oWy2k3bpZhN2J2IJ/RdePCji1X/jzX/jts1BWx8MPN6bYWaeHwuu0XG+rdzS8srqWn69sLG5tb1T3N1r6ChRDOosEpFq+VSD4BLqyFFAK1ZAQ19A0x9WJ37zEZTmkbzHUQxeSPuSB5xRNNJDB+EJ0+r1zbhbLDllZwp7kbgZKZEMtW7xq9OLWBKCRCao1m3XidFLqULOBIwLnURDTNmQ9qFtqKQhaC+dXjy2j4zSs4NImZJoT9XfEykNtR6FvukMKQ70vDcR//PaCQaXXsplnCBINlsUJMLGyJ68b/e4AoZiZAhliptbbTagijI0IRVMCO78y4ukcVJ2z8tnd6elylUWR54ckENyTFxyQSrkltRInTAiyTN5JW+Wtl6sd+tj1pqzspl98gfW5w9/rZDR</latexit>

CFG

(Lecture 11/12)
<latexit sha1_base64="SBFzntk1dr+WaqMGrfHfvaEUUgk=">AAAB8XicbVBNS8NAEN3Ur1q/qh69BIvgqSTi17FYEA8eKtgPbEPZbCft0s0m7E7EEvovvHhQxKv/xpv/xm2bg7Y+GHi8N8PMPD8WXKPjfFu5peWV1bX8emFjc2t7p7i719BRohjUWSQi1fKpBsEl1JGjgFasgIa+gKY/rE785iMozSN5j6MYvJD2JQ84o2ikhw7CE6bV69txt1hyys4U9iJxM1IiGWrd4lenF7EkBIlMUK3brhOjl1KFnAkYFzqJhpiyIe1D21BJQ9BeOr14bB8ZpWcHkTIl0Z6qvydSGmo9Cn3TGVIc6HlvIv7ntRMMLr2UyzhBkGy2KEiEjZE9ed/ucQUMxcgQyhQ3t9psQBVlaEIqmBDc+ZcXSeOk7J6Xz+5OS5WrLI48OSCH5Ji45IJUyA2pkTphRJJn8kreLG29WO/Wx6w1Z2Uz++QPrM8fh0aQ1g==</latexit>

CFL

(Lecture 11)

<latexit sha1_base64="+evP/fmfXoFJ2W9wvRs5c0cW/dY=">AAAB8XicbVBNS8NAEN3Ur1q/qh69LBbBU0nEr2PRixehQr+wDWWznbRLN5uwOxFL6L/w4kERr/4bb/4bkzYHrT4YeLw3w8w8L5LCoG1/WYWl5ZXVteJ6aWNza3unvLvXMmGsOTR5KEPd8ZgBKRQ0UaCETqSBBZ6Etje+zvz2A2gjQtXASQRuwIZK+IIzTKX7HsIjJo3baalfrthVewb6lzg5qZAc9X75szcIeRyAQi6ZMV3HjtBNmEbBJUxLvdhAxPiYDaGbUsUCMG4yu3hKj1JlQP1Qp6WQztSfEwkLjJkEXtoZMByZRS8T//O6MfqXbiJUFCMoPl/kx5JiSLP36UBo4CgnKWFci/RWykdMM45pSFkIzuLLf0nrpOqcV8/uTiu1qzyOIjkgh+SYOOSC1MgNqZMm4USRJ/JCXi1jPVtv1vu8tWDlM/vkF6yPb0gQkKw=</latexit>

TM

(Lecture 21/22)
<latexit sha1_base64="LFa8jYcTvzg0O7qcXqsJoqJBD1M=">AAAB8XicbVBNS8NAEN3Ur1q/qh69BIvgqSTi17EoggcPVewHtqFstpN26WYTdidiCf0XXjwo4tV/481/47bNQVsfDDzem2Fmnh8LrtFxvq3cwuLS8kp+tbC2vrG5VdzeqesoUQxqLBKRavpUg+ASashRQDNWQENfQMMfXI79xiMozSN5j8MYvJD2JA84o2ikhzbCE6Z3VzejTrHklJ0J7HniZqREMlQ7xa92N2JJCBKZoFq3XCdGL6UKORMwKrQTDTFlA9qDlqGShqC9dHLxyD4wStcOImVKoj1Rf0+kNNR6GPqmM6TY17PeWPzPayUYnHspl3GCINl0UZAIGyN7/L7d5QoYiqEhlClubrVZnyrK0IRUMCG4sy/Pk/pR2T0tn9welyoXWRx5skf2ySFxyRmpkGtSJTXCiCTP5JW8Wdp6sd6tj2lrzspmdskfWJ8/nKmQ5A==</latexit>

REL

(Lecture 21)

<latexit sha1_base64="PDewh5DmkKxnnYqrw44Mr7Hqdbs=">AAAB8HicbVDJSgNBEO2JW4xb1KOXwSB4CjPidgzm4sFDBLNIMoSeTk3SpLtn6K4Rw5Cv8OJBEa9+jjf/xs5y0OiDgsd7VVTVCxPBDXrel5NbWl5ZXcuvFzY2t7Z3irt7DROnmkGdxSLWrZAaEFxBHTkKaCUaqAwFNMNhdeI3H0AbHqs7HCUQSNpXPOKMopXuOwiPmN1Ux91iySt7U7h/iT8nJTJHrVv87PRilkpQyAQ1pu17CQYZ1ciZgHGhkxpIKBvSPrQtVVSCCbLpwWP3yCo9N4q1LYXuVP05kVFpzEiGtlNSHJhFbyL+57VTjC6DjKskRVBstihKhYuxO/ne7XENDMXIEso0t7e6bEA1ZWgzKtgQ/MWX/5LGSdk/L5/dnpYqV/M48uSAHJJj4pMLUiHXpEbqhBFJnsgLeXW08+y8Oe+z1pwzn9knv+B8fAP0yZCG</latexit>

LC

(Lecture 24)
<latexit sha1_base64="fPcCkSB4cYOXQiQKsFHtetlOZUk=">AAAB8HicbVDJSgNBEK2JW4xb1KOXxiB4CjPidgzqwYOHCGaRZAg9nZ6kSU/P0F0jhiFf4cWDIl79HG/+jZ3loNEHBY/3qqiqFyRSGHTdLye3sLi0vJJfLaytb2xuFbd36iZONeM1FstYNwNquBSK11Cg5M1EcxoFkjeCweXYbzxwbUSs7nCYcD+iPSVCwSha6b6N/BGzq5tRp1hyy+4E5C/xZqQEM1Q7xc92N2ZpxBUySY1peW6CfkY1Cib5qNBODU8oG9Aeb1mqaMSNn00OHpEDq3RJGGtbCslE/TmR0ciYYRTYzohi38x7Y/E/r5VieO5nQiUpcsWmi8JUEozJ+HvSFZozlENLKNPC3kpYn2rK0GZUsCF48y//JfWjsndaPrk9LlUuZnHkYQ/24RA8OIMKXEMVasAggid4gVdHO8/Om/M+bc05s5ld+AXn4xv2RpCH</latexit>

DL

<latexit sha1_base64="0Dex8tKwqfmrlY54hg3IZwdlnjw=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PQi8cI5gHJEmYnnWTI7Ow6MyuEJT/hxYMiXv0db/6Ns8keNLGgoajqprsriAXXxnW/ncLK6tr6RnGztLW9s7tX3j9o6ihRDBssEpFqB1Sj4BIbhhuB7VghDQOBrWB8m/mtJ1SaR/LBTGL0QzqUfMAZNVZqd3USaDSlXrniVt0ZyDLxclKBHPVe+avbj1gSojRMUK07nhsbP6XKcCZwWuomGmPKxnSIHUslDVH76ezeKTmxSp8MImVLGjJTf0+kNNR6Ega2M6RmpBe9TPzP6yRmcO2nXMaJQcnmiwaJICYi2fOkzxUyIyaWUKa4vZWwEVWUGRtRFoK3+PIyaZ5Vvcvqxf15pXaTx1GEIziGU/DgCmpwB3VoAAMBz/AKb86j8+K8Ox/z1oKTzxzCHzifP8fYj9A=</latexit> ⇢

(Lecture 25)

(Lecture 26)
<latexit sha1_base64="diSFsA8mr2b6p9enFW+/IaT+S1A=">AAAB8XicbVDLSgNBEJz1GeMr6tHLYBA8hV3xdQx68RjBPDBZwuykNxkyO7vM9IphyV948aCIV//Gm3/jJNmDJhY0FFXddHcFiRQGXffbWVpeWV1bL2wUN7e2d3ZLe/sNE6eaQ53HMtatgBmQQkEdBUpoJRpYFEhoBsObid98BG1ErO5xlIAfsb4SoeAMrfTQQXjCIMxq426p7FbcKegi8XJSJjlq3dJXpxfzNAKFXDJj2p6boJ8xjYJLGBc7qYGE8SHrQ9tSxSIwfja9eEyPrdKjYaxtKaRT9fdExiJjRlFgOyOGAzPvTcT/vHaK4ZWfCZWkCIrPFoWppBjTyfu0JzRwlCNLGNfC3kr5gGnG0YZUtCF48y8vksZpxbuonN+dlavXeRwFckiOyAnxyCWpkltSI3XCiSLP5JW8OcZ5cd6dj1nrkpPPHJA/cD5/AO1FkRk=</latexit>

P
<latexit sha1_base64="HvDtLE/2fx4ANdsbLJj8lRKV0lk=">AAAB8nicbVDLSgNBEJyNrxhfUY9eFoPgKeyKr2PQiyeJYB6wCWF20psMmZ1ZZnrFsOQzvHhQxKtf482/cZLsQaMFDUVVN91dYSK4Qc/7cgpLyyura8X10sbm1vZOeXevaVSqGTSYEkq3Q2pAcAkN5CignWigcSigFY6up37rAbThSt7jOIFuTAeSR5xRtFLQQXjEMMpu65NeueJVvRncv8TPSYXkqPfKn52+YmkMEpmgxgS+l2A3oxo5EzApdVIDCWUjOoDAUkljMN1sdvLEPbJK342UtiXRnak/JzIaGzOOQ9sZUxyaRW8q/ucFKUaX3YzLJEWQbL4oSoWLyp3+7/a5BoZibAllmttbXTakmjK0KZVsCP7iy39J86Tqn1fP7k4rtas8jiI5IIfkmPjkgtTIDamTBmFEkSfyQl4ddJ6dN+d93lpw8pl98gvOxzeMgpFx</latexit>

NP

<latexit sha1_base64="0Dex8tKwqfmrlY54hg3IZwdlnjw=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PQi8cI5gHJEmYnnWTI7Ow6MyuEJT/hxYMiXv0db/6Ns8keNLGgoajqprsriAXXxnW/ncLK6tr6RnGztLW9s7tX3j9o6ihRDBssEpFqB1Sj4BIbhhuB7VghDQOBrWB8m/mtJ1SaR/LBTGL0QzqUfMAZNVZqd3USaDSlXrniVt0ZyDLxclKBHPVe+avbj1gSojRMUK07nhsbP6XKcCZwWuomGmPKxnSIHUslDVH76ezeKTmxSp8MImVLGjJTf0+kNNR6Ega2M6RmpBe9TPzP6yRmcO2nXMaJQcnmiwaJICYi2fOkzxUyIyaWUKa4vZWwEVWUGRtRFoK3+PIyaZ5Vvcvqxf15pXaTx1GEIziGU/DgCmpwB3VoAAMBz/AKb86j8+K8Ox/z1oKTzxzCHzifP8fYj9A=</latexit>

⇢

<latexit sha1_base64="WaL0tWjltrkuxlqV+KuqJEpv8BI=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr4sQ9OIxAfOAZAmzk04yZnZ2mZkVwpIv8OJBEa9+kjf/xkmyB00saCiquunuCmLBtXHdbye3srq2vpHfLGxt7+zuFfcPGjpKFMM6i0SkWgHVKLjEuuFGYCtWSMNAYDMY3U395hMqzSP5YMYx+iEdSN7njBor1W66xZJbdmcgy8TLSAkyVLvFr04vYkmI0jBBtW57bmz8lCrDmcBJoZNojCkb0QG2LZU0RO2ns0Mn5MQqPdKPlC1pyEz9PZHSUOtxGNjOkJqhXvSm4n9eOzH9az/lMk4MSjZf1E8EMRGZfk16XCEzYmwJZYrbWwkbUkWZsdkUbAje4svLpHFW9i7LF7XzUuU2iyMPR3AMp+DBFVTgHqpQBwYIz/AKb86j8+K8Ox/z1pyTzRzCHzifP5ANjMs=</latexit>=
?<latexit sha1_base64="0Dex8tKwqfmrlY54hg3IZwdlnjw=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PQi8cI5gHJEmYnnWTI7Ow6MyuEJT/hxYMiXv0db/6Ns8keNLGgoajqprsriAXXxnW/ncLK6tr6RnGztLW9s7tX3j9o6ihRDBssEpFqB1Sj4BIbhhuB7VghDQOBrWB8m/mtJ1SaR/LBTGL0QzqUfMAZNVZqd3USaDSlXrniVt0ZyDLxclKBHPVe+avbj1gSojRMUK07nhsbP6XKcCZwWuomGmPKxnSIHUslDVH76ezeKTmxSp8MImVLGjJTf0+kNNR6Ega2M6RmpBe9TPzP6yRmcO2nXMaJQcnmiwaJICYi2fOkzxUyIyaWUKa4vZWwEVWUGRtRFoK3+PIyaZ5Vvcvqxf15pXaTx1GEIziGU/DgCmpwB3VoAAMBz/AKb86j8+K8Ox/z1oKTzxzCHzifP8fYj9A=</latexit>

⇢

Pumping 
Lemma

(Lecture 20)

Pumping 
Lemma

(Lecture 9)

Closure 
Properties
(Lecture 8)(Lecture 10)

Equivalence & 
Minimization

(Lecture 19)

Closure 
Properties

(Lecture 18)

Chomsky 
Normal Form
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Context-Free Grammars (CFGs)
• Consider the following language:

L = {w ∈ {(, )}∗ | w is balanced}

For example, the following words are in (or not in) L:

L ∋ ϵ, (), (()), ()(), (()()), (()(())), ((())), · · ·
L ̸∋ (, ), )(, ((), ()), (())), (()((), · · ·

• Is this language regular? No, we can prove that this language is not
regular using the Pumping Lemma (Do it yourself!).

• Is there a way to describe this language?

• Yes, let’s learn Context-Free Grammars (CFGs)!
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Basic Idea

L = {w ∈ {(, )}∗ | w is balanced}

How to inductively generate (or produce) words in the language L?

• Base Case: ϵ ∈ L
• Inductive Case: There are two inductive rules:

• If w ∈ L, then (w) ∈ L
• If w1, w2 ∈ L, then w1w2 ∈ L

ϵ (()()) (())() ()(())() · · ·

Context-Free Grammars (CFGs) provide a way to describe languages
with such inductive rules to generate words in the language.
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Context-Free Grammars (CFGs)

Definition (Context-Free Grammar (CFG))
A context-free grammar is a 4-tuple:

G = (V , Σ, S, R)

where
• V : a finite set of variables (nonterminals)
• Σ: a finite set of symbols (terminals)
• S ∈ V : the start variable
• R ⊆ V × (V ∪ Σ)∗: a set of production rules.

G = ({S, A, B}, {(, )}, S, R)
where R is defined as:

S → ϵ S → A S → B
A → (S) B → SS
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Context-Free Grammars (CFGs)

G = ({S, A, B}, {(, )}, S, R)

where R is defined as:

S → ϵ S → A S → B
A → (S) B → SS

We often call the sequence of variables and symbols in the production rule
a right-hand side (RHS) of the production rule.

S → ϵ | A | B A → (S) B → SS

We can simplify the notation using the bar (|) notation by combining
multiple production rules for the same variable.
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Context-Free Grammars (CFGs)
// The definition of variables (nonterminals)
type Nt = String
// The type definitions of symbols (terminals)
type Symbol = Char
// The definition of right-hand side of a production rule
case class Rhs(seq: List[Nt | Symbol])
// The definition of context-free grammars
case class CFG(

nts: Set[Nt],
symbols: Set[Symbol],
start: Nt,
rules: Map[Nt, List[Rhs]],

)

// An example of CFG
val cfg: CFG = CFG(

nts = Set("S", "A", "B"), symbols = Set('(', ')'), start = "S",
rules = Map(

"S" -> List(Rhs(List()), Rhs(List("A")), Rhs(List("B"))),
"A" -> List(Rhs(List('(', "S", ')'))),
"B" -> List(Rhs(List("S", "S")))

),
)
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Derivation Relations

Definition (Derivation Relation (⇒))
Consider a CFG G = (V , Σ, S, R). If a production rule A → γ ∈ R exists,
the derivation relation ⇒⊆ (V ∪ Σ)∗ × (V ∪ Σ)∗ is defined as:

αAβ ⇒ αγβ

for all α, β ∈ (V ∪ Σ)∗. We say that αAβ derives αγβ.

Definition (Closure of Derivation Relation (⇒∗))
The closure of derivation relation ⇒∗ is defined as:

• (Basis Case) ∀α ∈ (V ∪ Σ)∗. α ⇒∗ α

• (Induction Case) ∀α, β, γ ∈ (V ∪ Σ)∗. (α ⇒∗ γ) if

(α ⇒ β) ∧ (β ⇒∗ γ)
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Derivation Relations

G = ({S, A, B}, {(, )}, S, R)

S → ϵ | A | B A → (S) B → SS

A derivation for (())():

S ⇒ B ⇒ SS ⇒ AS ⇒ (S)S

⇒ (A)S ⇒ ((S))S ⇒ (())S ⇒ (())A

⇒ (())(S) ⇒ (())()

Thus, we can derive (or generate/produce) the word (())() from S:

S ⇒∗ (())()
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Leftmost and Rightmost Derivations
• Leftmost Derivation (⇒L): always derive the leftmost variable.
• Rightmost Derivation (⇒R): always derive the rightmost variable.

G = ({S, A, B}, {(, )}, S, R)

S → ϵ | A | B A → (S) B → SS

For example, the leftmost derivation for (())():

S ⇒L B ⇒L SS ⇒L AS
⇒L (S)S ⇒L (A)S ⇒L ((S))S
⇒L (())S ⇒L (())A ⇒L (())(S) ⇒L (())()

and, the rightmost derivation for (())():

S ⇒R B ⇒R SS ⇒R SA
⇒R S(S) ⇒R S() ⇒R A()

⇒R (S)() ⇒R (A)() ⇒R ((S))() ⇒R (())()

COSE215 @ Korea University Lecture 11 - CFGs and CFLs April 13, 2026 12 / 20



Leftmost and Rightmost Derivations
• Leftmost Derivation (⇒L): always derive the leftmost variable.
• Rightmost Derivation (⇒R): always derive the rightmost variable.

G = ({S, A, B}, {(, )}, S, R)

S → ϵ | A | B A → (S) B → SS

For example, the leftmost derivation for (())():

S ⇒L B ⇒L SS ⇒L AS
⇒L (S)S ⇒L (A)S ⇒L ((S))S
⇒L (())S ⇒L (())A ⇒L (())(S) ⇒L (())()

and, the rightmost derivation for (())():

S ⇒R B ⇒R SS ⇒R SA
⇒R S(S) ⇒R S() ⇒R A()

⇒R (S)() ⇒R (A)() ⇒R ((S))() ⇒R (())()

COSE215 @ Korea University Lecture 11 - CFGs and CFLs April 13, 2026 12 / 20



Leftmost and Rightmost Derivations
• Leftmost Derivation (⇒L): always derive the leftmost variable.
• Rightmost Derivation (⇒R): always derive the rightmost variable.

G = ({S, A, B}, {(, )}, S, R)

S → ϵ | A | B A → (S) B → SS

For example, the leftmost derivation for (())():

S ⇒L B ⇒L SS ⇒L AS
⇒L (S)S ⇒L (A)S ⇒L ((S))S
⇒L (())S ⇒L (())A ⇒L (())(S) ⇒L (())()

and, the rightmost derivation for (())():

S ⇒R B ⇒R SS ⇒R SA
⇒R S(S) ⇒R S() ⇒R A()

⇒R (S)() ⇒R (A)() ⇒R ((S))() ⇒R (())()

COSE215 @ Korea University Lecture 11 - CFGs and CFLs April 13, 2026 12 / 20



Leftmost and Rightmost Derivations
• Leftmost Derivation (⇒L): always derive the leftmost variable.
• Rightmost Derivation (⇒R): always derive the rightmost variable.

G = ({S, A, B}, {(, )}, S, R)

S → ϵ | A | B A → (S) B → SS

For example, the leftmost derivation for (())():

S ⇒L B ⇒L SS ⇒L AS
⇒L (S)S ⇒L (A)S ⇒L ((S))S
⇒L (())S ⇒L (())A ⇒L (())(S) ⇒L (())()

and, the rightmost derivation for (())():

S ⇒R B ⇒R SS ⇒R SA
⇒R S(S) ⇒R S() ⇒R A()

⇒R (S)() ⇒R (A)() ⇒R ((S))() ⇒R (())()

COSE215 @ Korea University Lecture 11 - CFGs and CFLs April 13, 2026 12 / 20



Sentential Forms

Definition (Sentential Form)
For a given CFG G = (V , Σ, S, R), a sequence of variables or symbols
α ∈ (V ∪ Σ)∗ is a sentential form if and only if S ⇒∗ α.

• α is a left-sentential form if S ⇒∗
L α.

• α is a right-sentential form if S ⇒∗
R α.

For example, (A)S is a left-sentential form:

S ⇒L B ⇒L SS ⇒L AS ⇒L (S)S ⇒L (A)S

and, S(S) is a right-sentential form:

S ⇒R B ⇒R SS ⇒R SA ⇒R S(S)
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Context-Free Languages (CFLs)

Definition (Language of CFG)
For a given CFG G = (V , Σ, S, R), the language of G is defined as:

L(G) = {w ∈ Σ∗ | S ⇒∗ w}

Definition (Context-Free Language)
A language L is context-free language (CFL) if and only if there exists a
CFG G such that L(G) = L.

G = ({S, A, B}, {(, )}, S, R)

S → ϵ | A | B A → (S) B → SS

Then, (())() ∈ L(G) because S ⇒∗ (())().
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Example 1
What is the language of the following CFG?

G = ({S, A, B}, {(, )}, S, R)

S → ϵ | A | B A → (S) B → SS

The language of G is:

L(G) = {w ∈ {(, )}∗ | w is balanced}

In addition, it is equivalent to the following CFG:

S → ϵ | (S)S
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Example 2
Define a CFG whose language is:

L = {anbn | n ≥ 0}

The answer is:
S → ϵ | aSb
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Example 3
Define a CFG whose language is:

L = {wwR | w ∈ {a, b}∗}}

The answer is:
S → ϵ | aSa | bSb
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<latexit sha1_base64="YpGgcT1xgvWd339Dzax2YtosAY8=">AAACA3icbVDJSgNBEO2JW4zbqDe9NAYhXsKMuF2EYEA95BDBLJAMoafTSZr0LHTXiGEY8OKvePGgiFd/wpt/Y2cRNPFBwev3quiq54aCK7CsLyM1N7+wuJRezqysrq1vmJtbVRVEkrIKDUQg6y5RTHCfVYCDYPVQMuK5gtXcfnHo1+6YVDzwb2EQMscjXZ93OCWgpZa50wR2D3HxspTgc1zK/TyvkoOWmbXy1gh4ltgTkkUTlFvmZ7Md0MhjPlBBlGrYVghOTCRwKliSaUaKhYT2SZc1NPWJx5QTj25I8L5W2rgTSF0+4JH6eyImnlIDz9WdHoGemvaG4n9eI4LOmRNzP4yA+XT8UScSGAI8DAS3uWQUxEATQiXXu2LaI5JQ0LFldAj29MmzpHqYt0/yxzdH2cLFJI402kV7KIdsdIoK6BqVUQVR9ICe0At6NR6NZ+PNeB+3pozJzDb6A+PjG0rzlqo=</latexit>

CFL = L(CFG)
<latexit sha1_base64="zQ/XgY2Rtxi2pP/K9kCqgK4U2rE=">AAAB7HicbVBNTwIxEJ3iF+IX6tFLIzHxRHaNX0eiF49oXCCBlXRLFxq63U3blZANv8GLB43x6g/y5r+xwB4UfckkL+/NZGZekAiujeN8ocLS8srqWnG9tLG5tb1T3t1r6DhVlHk0FrFqBUQzwSXzDDeCtRLFSBQI1gyG11O/+ciU5rG8N+OE+RHpSx5ySoyVvBEePdx1yxWn6syA/xI3JxXIUe+WPzu9mKYRk4YKonXbdRLjZ0QZTgWblDqpZgmhQ9JnbUsliZj2s9mxE3xklR4OY2VLGjxTf05kJNJ6HAW2MyJmoBe9qfif105NeOlnXCapYZLOF4WpwCbG089xjytGjRhbQqji9lZMB0QRamw+JRuCu/jyX9I4qbrn1bPb00rtKo+jCAdwCMfgwgXU4Abq4AEFDk/wAq9Iomf0ht7nrQWUz+zDL6CPb27ijnQ=</latexit>

wwR
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Homework #2
• Please see this document on GitHub:

https://github.com/ku-plrg-classroom/docs/tree/main/cose215/cfg-examples

• The due date is 23:59 on Apr. 20 (Mon.).

• Please only submit Implementation.scala file to LMS.

• Late submission policy:
• 1 day late: 20% penalty
• 2 or more days late: no credit
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Next Lecture
• Examples of Context-Free Grammars

Jihyeok Park
jihyeok park@korea.ac.kr

https://plrg.korea.ac.kr
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