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Recall ’VNPLRG
* A context-free language (CFL) is defined in three different ways:

® A context free grammar (CFG)
® A pushdown automaton (PDA) with final states

® A pushdown automaton (PDA) with empty stacks

® \We have learned that the class of regular languages is closed under
various operations. (Closure Properties)

® For which operations is the class of CFLs closed?
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Closure Properties of CFLs 7VPLRG

Definition (Closure Properties)

The class of CFLs is closed under an n-ary operator op if and only if
op(Ly,---,Ly) is context-free for any CFLs Ly, -, L,. We say that such
properties are closure properties of CFLs.

The class of CFLs is closed under the following operations:
e Union
e Concatenation
e Kleene Star
® Reverse
® Homomorphism

® |nverse Homomorphism

COSE215 @ Korea University Closure Properties of CFLs May 18, 2026 5/35



Closure under Union 7VNPLRG

Theorem (Closure under Union)

If L1 and Ly are context-free languages, then so is L1 U L.
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Closure under Union ’VNPLRG

Theorem (Closure under Union)

If L1 and Ly are context-free languages, then so is L1 U L.

Proof) For given two CFLs L; and Lj, we can always construct two CFGs:

Gl = (vla za 517 Rl)
G2 = (W2, %, 52, R2)
such that L; = L(Gl) and Ly = L(G2).
Note that the variables of G; and G, should be disjoint. (i.e., V1NV, = @)
Then, Ly U Ly is accepted by the CFG G = (V, X, S, R) where:
o V= V1UV2U{5}
e Sis a new start variable (i.e., S ¢ V1 U V)
° R:R1UR2U{S—>51,S—>52}
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Closure under Union — Example ’VPLRG

For example, consider the following two CFLs:
Ly ={ab" | n >0} L, ={ac" | n> 0}
Then, L; is accepted by:
51 = aX X = DbX|e
and L, is accepted by:
So —»aX X —=cX|e

But, the same variable X is used in both grammars.
So, we need to rename it to different variables, such as B and C.
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Closure under Union — Example ’VPLRG

For example, consider the following two CFLs:
L; ={ab" | n >0} L, ={ac" | n> 0}
Then, L; is accepted by:
S, — aB B — bB e
and L, is accepted by:

So—aC C—cCle
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Closure under Union — Example ’VPLRG

For example, consider the following two CFLs:
L; ={ab" | n >0} L, ={ac" | n> 0}
Then, L; is accepted by:
S, — aB B — bB e
and L, is accepted by:
So—aC C—cCle

Then, L3 U Ly is accepted by the following CFG:

S —)51|52
S, — aB B —DbB|e
So — aC C—cCle
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Closure under Concatenation ’MPLRG

Theorem (Closure under Concatenation)

If L1 and Ly are context-free languages, then so is Ly - L.
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Closure under Concatenation ’MPLRG

Theorem (Closure under Concatenation)

If L1 and Ly are context-free languages, then so is Ly - L.

Proof) For given two CFLs L; and L, we can always construct two CFGs:

Gl = (Vla za 517 Rl)
G2 = (W2, %, 52, R2)
such that L; = L(Gl) and Ly = L(G2).
Note that the variables of G; and G, should be disjoint. (i.e., V1NV, = @)
Then, Ly - Ly is accepted by the CFG G = (V, X%, S, R) where:
o V= V1UV2U{5}
e Sis a new start variable (i.e., S ¢ Vi1 U V)
° R:R1UR2U{S—>5152}
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Closure under Concatenation — Example ") PLRG

For example, consider the following two CFLs:
L; ={ab" | n >0} L, ={ac" | n> 0}
Then, L; is accepted by:
S, — aB B — bB e
and L, is accepted by:
So—aC C—cCle
Then, L; - Ly is accepted by the following CFG:

S—>5152
S5, — aB B —DbB|e
So — aC C—cCle
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Closure under Kleene Star ’MPLRG

Theorem (Closure under Kleene Star)

If L is a context-free language, then so is L*.
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Closure under Kleene Star ’MPLRG

Theorem (Closure under Kleene Star)

If L is a context-free language, then so is L*.

Proof) For a given CFL L, we can always construct a CFG:

G = (V,%,S,R)

such that L = L(G).

Then, L* is accepted by the CFG G' = (V/, X, S, R') where:
e V' =VU{S}
e S’ is a new start variable (i.e., S’ ¢ V)
* RR=RU{S —¢5 — S5}
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Closure under Kleene Star — Example 7V PLRG
For example, consider the following CFL:
L={a"" | n>0}

Then, L is accepted by:
S —e€|aSb

Then, L* is accepted by the following CFG:

S — eSS
S —elaSp
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Closure under Reverse 7VNPLRG

Theorem (Closure under Reverse)

If L is a context-free language, then so is LR.
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Closure under Reverse 7VNPLRG

Theorem (Closure under Reverse)

If L is a context-free language, then so is LR.

Proof) For a given CFL L, we can always construct a CFG:

G=(V,%,5R)
such that L = L(G).

Then, LR is accepted by the CFG G’ = (V, %, S, R') where:
e R={X=aR|X saecR)
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Closure under Reverse — Example ’MPLRG
For example, consider the following CFL:
L={(ab)"c"da™ | n,m > 0}

Then, L is accepted by:
S =+ X|Sd
X — €] abXc

Then, LR is accepted by the following CFG:

S =+ X|dS
X — €] cXba
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Closure under Homomorphism 7V PLRG
Let's recall the definition of a homomorphism.

Definition (Homomorphism)

Suppose Y and ¥ are two finite sets of symbols. Then, a function
h:%y—X]
is called a homomorphism. For a given word w = aja---a, € X,
h(w) = h(ai)h(az) - - h(a,)
For a language L C X,
h(L) ={h(w) | we L} CX]
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Closure under Homomorphism 7V PLRG
Let's recall the definition of a homomorphism.

Definition (Homomorphism)

Suppose Yy and X are two finite sets of symbols. Then, a function
h:¥y— X]
is called a homomorphism. For a given word w = aja---a, € X,
h(w) = h(ai)h(az) - - h(a,)
For a language L C X,
h(L) ={h(w) |we L} C¥]

Let o = {0,1}, ¥; = {a,b}, and h(0) = ab, h(1) = a. Then,

h(10) = aab h(010) = abaab h(1100) = aaabab
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Closure under Homomorphism 7V PLRG

Theorem (Closure under Homomorphism)

If h is a homomorphism and L is a context-free language, then so is h(L).
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Closure under Homomorphism 7V PLRG

Theorem (Closure under Homomorphism)

If h is a homomorphism and L is a context-free language, then so is h(L).

Proof) For a given CFL L, we can always construct a CFG:

G=(V,%,S,R)
such that L = L(G).
Then, for a given homomorphism h: Xg — X3, h(L) is accepted by the
CFG G' = (V',X1,S, R") where:
o V' =VU{X,|a€ o}

*R={Y =Y Yi|Y =Y Yo € RRU{Xs = h(a) | a € To}
where V1 <i<n. Y/ = Y, ifYieV

! X, fYi=aek

O
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Closure under Homomorphism — Example "V PLRG

For example, consider the following CFL:
L= {wwR | we {0,1})
Then, L is accepted by:
S —¢|0S0] 151
If a homomorphism h: {0,1} — {a,b}* is defined as follows:
h(0) = ab h(1) =a
Then, h(L) is accepted by the following CFG:
S = e| XoSXo | X1SX:

Xo — ab
X1 — a
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Closure under Inverse Homomorphism ’VPLRG

Let's recall the definition of an inverse homomorphism.

Definition (Inverse Homomorphism)

Suppose Yy and X are two finite sets of symbols. For a given language
L C ¥ and a homomorphism h: ¥y — X7,

h (L) ={weXi|h(w)el}Cx;
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Closure under Inverse Homomorphism ’VPLRG
Let's recall the definition of an inverse homomorphism.

Definition (Inverse Homomorphism)

Suppose Yy and X are two finite sets of symbols. For a given language
L C ¥ and a homomorphism h: ¥y — X7,

h (L) ={weXi|h(w)el}Cx;

Let o = {0,1}, X1 = {a,b}, and h(0) = aa, h(1) = b. Consider the
following language L C X 7:

L={a""|n>1}
Then, 011 € h~%(L) because h(011) = aabb € L.
However, 10 ¢ h=1(L) because h(10) = baa ¢ L.
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Closure under Inverse Homomorphism ’VPLRG

Theorem (Closure under Inverse Homomorphism)

If h: X9 — 2] is a homomorphism and L C Y7 is a context-free language,
then so is h=1(L).
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Closure under Inverse Homomorphism ’VPLRG

Theorem (Closure under Inverse Homomorphism)

If h: X9 — 2] is a homomorphism and L C Y7 is a context-free language,
then so is h=1(L).

Proof) Consider a PDA P = (Q,%1,I,4,qo, Z, F) for L by final states.

The key idea is to construct a new PDA P’ that simulates P with pairs of
1) states and 2) remaining symbols of ¥; as new states.
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Closure under Inverse Homomorphism ’VPLRG

Theorem (Closure under Inverse Homomorphism)

If h: X9 — 2] is a homomorphism and L C Y7 is a context-free language,
then so is h=1(L).

Proof) Consider a PDA P = (Q,X1,T,9,qo, Z, F) for L by final states.

The key idea is to construct a new PDA P’ that simulates P with pairs of
1) states and 2) remaining symbols of ¥; as new states.

Then, a PDA P' = (Q x h(Xo)», Xo,I,0",(qo, €), Z, F x {€}) accepts
h=Y(L) by final states where:
e A- ={x € XJ | x is a suffix of w € A} for any A C ¥}
® Forallac€ Xy, ge @, and X € X1,
0'((q,€), 2, X) = {((a, h(a)), X)}
® Forall be X3 U{e}, bx € h(Xo)=, g € Q, and X € ¥;,

8'((q, bx), e, X) = {((p,x),7) | (p,7) € 6(q, b, X)}

[
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Closure under Inverse Homomorphism — Example AVPLRG

For example, consider the following PDA:

alZz = XZ]
a[X — XX] b[X —¢€

P =
start [Z] 3—8—‘17 X= E]e 12 _>Z]

that accepts L = {a"b" | n > 1} by final states.

If a homomorphism h: {0,1} — {a,b}" is defined as follows:

h(0) = aa h(1) =b
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Closure under Inverse Homomorphism — Example AVPLRG

alZz = XZ]
a[X — XX] b[X —¢€

P = h(0) = aa h(1) =1b
stort (2] 8 b [X — € 8 elZ — Z]‘

Then, the following PDA accepts h~*(L) by final states:

@@

e [X — XX]
e[Z —» XZ]

€ [X = XX]
€z - Xx2]

1[X~)X
1[Z = 2]

1[X = X]
1[Z = 2]
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Non-Closure Properties of CFLs 7VPLRG

Definition (Closure Properties)

The class of CFLs is closed under an n-ary operator op if and only if
op(Ly,---,Ly) is context-free for any CFLs Ly, -, L,. We say that such
properties are closure properties of CFLs.

The class of CFLs is NOT closed under the following operations:
® Intersection
e Complement

e Difference
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Non-Closure Properties of CFLs 7VPLRG

Definition (Closure Properties)

The class of CFLs is closed under an n-ary operator op if and only if
op(Ly,---,Ly) is context-free for any CFLs Ly, -, L,. We say that such
properties are closure properties of CFLs.

The class of CFLs is NOT closed under the following operations:
® Intersection
e Complement

e Difference

We will prove it by using the fact that the following language is not a CFL:

L={a""c" | n>0}
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Non-Closure Properties of CFLs 7VPLRG

Definition (Closure Properties)

The class of CFLs is closed under an n-ary operator op if and only if
op(Ly,---,Ly) is context-free for any CFLs Ly, -, L,. We say that such
properties are closure properties of CFLs.

The class of CFLs is NOT closed under the following operations:
® Intersection
e Complement
e Difference

We will prove it by using the fact that the following language is not a CFL:
L={a""c" | n>0}

We will learn how to prove that L is not a CFL in the next lecture
(Pumping Lemma for CFLs).
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Non-Closure under Intersection ’VNPLRG

Theorem (Non-Closure under Intersection)
The class of CFLs is NOT closed under intersection.
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Non-Closure under Intersection ’VNPLRG

Theorem (Non-Closure under Intersection)

The class of CFLs is NOT closed under intersection.

Proof) Consider the following two languages:
Ly ={a"™"c™ | n,m> 0} Ly = {a™"c" | n,m > 0}
Then, L; is accepted by:
S5 > X|Sic X —e|laXb
and L, is accepted by:
S = Y|aS Y —€|bYc
Thus, they are both CFLs. However, their intersection is not a CFL:
Linly; ={a""c" | n>0}

O
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Non-Closure under Complement and Difference ~ #M3PLRG

Theorem (Non-Closure under Complement)

The class of CFLs is NOT closed under complement.
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Non-Closure under Complement and Difference ~ #M3PLRG

Theorem (Non-Closure under Complement)
The class of CFLs is NOT closed under complement.

Proof) Assume that the class of CFLs is closed under complement. Then,
for any two CFLs Ly and Ly, L1 N Ly is also a CFL:

leLzzf]_UTQ

However, we have already proved that the class of CFLs is not closed under
intersection. Thus, the class of CFLs is not closed under complement. [
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Non-Closure under Complement and Difference ~ #M3PLRG

Theorem (Non-Closure under Complement)
The class of CFLs is NOT closed under complement.

Proof) Assume that the class of CFLs is closed under complement. Then,
for any two CFLs Ly and Ly, L1 N Ly is also a CFL:

leLzzf]_UTQ

However, we have already proved that the class of CFLs is not closed under
intersection. Thus, the class of CFLs is not closed under complement. [

Theorem (Non-Closure under Difference)
The class of CFLs is NOT closed under difference.
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Non-Closure under Complement and Difference ~ #M3PLRG

Theorem (Non-Closure under Complement)
The class of CFLs is NOT closed under complement.

Proof) Assume that the class of CFLs is closed under complement. Then,
for any two CFLs Ly and Ly, L1 N Ly is also a CFL:

leLzzf]_UTQ

However, we have already proved that the class of CFLs is not closed under
intersection. Thus, the class of CFLs is not closed under complement. [

Theorem (Non-Closure under Difference)
The class of CFLs is NOT closed under difference.

Proof) Similarly, we can prove it using the following fact:

LlﬂLQZLl\(Ll\LQ)
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Closure Properties of CFLs with Regular Languages/VPLRG

Definition (Closure Properties)

The class of CFLs is closed under an n-ary operator op if and only if
op(Ly,---,Ly) is context-free for any CFLs Ly, -, L,. We say that such
properties are closure properties of CFLs.

The class of CFLs is closed under the following operations with RLs:
® Intersection

e Difference
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Closure under Intersection with RLs ’MPLRG

Theorem (Closure under Intersection with RLs)
If L1 Isa CFL and Ly is a RL, then L1 N Ly is a CFL.
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Closure under Intersection with RLs ’MPLRG

Theorem (Closure under Intersection with RLs)
If L1 Isa CFL and Ly is a RL, then L1 N Ly is a CFL.

There exists a PDA P that accepts L; by final states and a DFA D that
accepts L. We will construct a PDA P’ that accepts L N Ly as follows:

Stack

PDA States
for L4

yes
Word

no

DFA States
for L2
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Closure under Intersection with RLs ’MPLRG

Theorem (Closure under Intersection with RLs)
If Ly Isa CFL and Ly is a RL, then Ly N Ly is a CFL.

Proof) Consider a PDA P = (Qp,X,I,6p,qp, Z, Fp) and a DFA
D= (QD, 2.0p, qp, FD) such that:

Le(P)=1L;  L(D)=Lp

Then, L3 N Ly is accepted by the PDA P' = (Q, %, T, 4, qo, Z, F) by final
states, where:

* Q=QpxQp

* 5((p,q),e,X) ={((r',q),2) | (p', ) € dp(p, €, X)}

* ((p,q),a, X) ={((r,q'),a) | (p',a) € 6p(p,a, X) N q' = ép(q,a)}

* g0 = (gp, D)

° F=FpxFp

L]
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Closure under Intersection with RLs — Example 'V PLRG
For example, consider the following PDA P and DFA D:

al[Z = XZ] start
a [X — XX] b[X =€

P = e[z - 7] D=
e[X = X elZ -2
RO 0=
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Closure under Intersection with RLs — Example 'V PLRG
For example, consider the following PDA P and DFA D:

al[Z = XZ] start
a [X — XX] b[X =€

P = e[z - 7] D=
start (2] @6 X = X]@e [Z— Z]@

Then, a PDA P’ that accepts Lg(P) N L(D) by the final states can be
constructed as follows:

alZ — XZ]
a [X — XX]
e|Z = Z]
e[ X=X el =27
P/: start [Z] Po; 9o Gl ]® = ]@
alZ — XZ]
a[X — XX]
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Closure under Difference with RLs ’MPLRG

Theorem (Closure under Difference with RLs)
If Ly Isa CFL and Ly is a RL, then Ly \ L is a CFL.
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Closure under Difference with RLs ’MPLRG

Theorem (Closure under Difference with RLs)

If Ly Isa CFL and Ly is a RL, then Ly \ L is a CFL.

Proof) We know the following fact:

L\L=LiNnL

Since the class of RLs is closed under complement, L, is a RL. In addition,

we know that the class of CFLs is closed under intersection with RLs.

Thus, L1\ L is a CFL. O
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Closure under Difference with RLs — Example 'V PLRG
For example, consider the following PDA P and DFA D:

alZ — XZ] start
a [X = XX] b[X — €

P = (Z > 7] D=
6 X — X]% [Z — Z]
start [Z] O
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Closure under Difference with RLs — Example 'V PLRG
For example, consider the following PDA P and DFA D:

alZ — XZ] start
a [X = XX] b[X — €

P = (Z > 7] D=
6 X — X]% [Z — Z]
start [Z] P1 O

Then, a DFA D that accepts L(D) and a PDA P’ that accepts
Le(P)\ L(D) = Lr(P) N L(D) can be constructed as follows:
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Closure under Difference with RLs — Example 'V PLRG
For example, consider the following PDA P and DFA D:

alZ — XZ] start
a [X = XX] b[X — €

P = (Z > 7] D=
6 X — X]% [Z — Z]
start [Z] P1 O

Then, a DFA D that accepts L(D) and a PDA P’ that accepts
Le(P)\ L(D) = Lr(P) N L(D) can be constructed as follows:

alZ — XZ]
a[X = XX]
a ez = Z]
P/: start [Z] Po, qo [X%X]Q [ZAZ]©
b[X — ¢ b[X — ¢
& a[z = XZ]
2 [X = XX] [Z—>Z]U Zo2\
e [X = X]
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Summary ’VPLRG

1. Closure Properties of Context-Free Languages
Union
Concatenation
Kleene Star
Reversal
Homomorphism
Inverse Homomorphism

2. Non-Closure Properties of Context-Free Languages
Intersection
Complement and Difference

3. Closure Properties of CFLs with Regular Languages
Intersection with Regular Languages
Difference with Regular Languages
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Exercise #7 7NPLRG

® Please see this document for the exercise.

https://github.com/ku-plrg-classroom/docs/tree/main/cose215/cfl-closure

® Please implement the following functions in Implementation.scala.

® unionCFG for the union of two CFGs.

® concatCFG for the concatenation of two CFGs.

® starCFG for the Kleene star of a CFG.

® reverseCFG for the reversal of a CFG.

® homCFG for the homomorphism of a CFG.

® ihomPDA for the inverse homomorphism of a PDA.

® intersectPDA for the intersection of a PDA with a DFA.

® |t is just an exercise, and you don’t need to submit anything.
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Next Lecture ’VNPLRG

® The Pumping Lemma for Context-Free Languages

Jihyeok Park
jihyeok _park@korea.ac.kr
https://plrg.korea.ac.kr
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