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Recall
• We have learned about the Pumping Lemma for Regular

Languages (RLs).
• We could use it to prove that some languages are NOT regular.
• Is there a similar lemma for Context-Free Languages (CFLs)?
• Yes. We can use it to prove the following language is NOT a CFL:

L = {anbncn | n ≥ 0}
<latexit sha1_base64="n92EN7qKro3HBPjOFkdf9pTRcuY=">AAAB/3icbVDLSgMxFM3UV62vUcGNm2ARqosyI0VdFt24rGgf0BlKJs20oUlmSDJCGWfhr7hxoYhbf8Odf2PazkJbDwQO59zLPTlBzKjSjvNtFZaWV1bXiuuljc2t7R17d6+lokRi0sQRi2QnQIowKkhTU81IJ5YE8YCRdjC6nvjtByIVjcS9HsfE52ggaEgx0kbq2QceR3qIEUsbWSX17uiAo9PspGeXnaozBVwkbk7KIEejZ395/QgnnAiNGVKq6zqx9lMkNcWMZCUvUSRGeIQGpGuoQJwoP53mz+CxUfowjKR5QsOp+nsjRVypMQ/M5CStmvcm4n9eN9HhpZ9SESeaCDw7FCYM6ghOyoB9KgnWbGwIwpKarBAPkURYm8pKpgR3/suLpHVWdc+rtdtauX6V11EEh+AIVIALLkAd3IAGaAIMHsEzeAVv1pP1Yr1bH7PRgpXv7IM/sD5/AI22lc4=</latexit>P(⌃⇤)

<latexit sha1_base64="/zCSF5YzKE75PzK8Z+pFFvsDV74=">AAACAnicbVDLSgNBEJz1GeNr1ZN4GQyCp7ArQT0GvXiMYB6QxDA76SRDZmeXmV4xLMGLv+LFgyJe/Qpv/o2Th6CJBQPVVd30dAWxFAY978tZWFxaXlnNrGXXNza3tt2d3YqJEs2hzCMZ6VrADEihoIwCJdRiDSwMJFSD/uXIr96BNiJSNziIoRmyrhIdwRlaqeXuNxDuETFlw1tFf4rAFi035+W9Meg88ackR6YotdzPRjviSQgKuWTG1H0vxmbKNAouYZhtJAZixvusC3VLFQvBNNPxCUN6ZJU27UTaPoV0rP6eSFlozCAMbGfIsGdmvZH4n1dPsHPeTIWKEwTFJ4s6iaQY0VEetC00cJQDSxjXwv6V8h7TjKNNLWtD8GdPnieVk7x/mi9cF3LFi2kcGXJADskx8ckZKZIrUiJlwskDeSIv5NV5dJ6dN+d90rrgTGf2yB84H9+H45gr</latexit>

anbn

<latexit sha1_base64="9tQw7V57vUA3ZdVPVKWNm/piBjo=">AAAB83icbVDLSgNBEJz1GeMr6tHLYBA8hV3xdQx68RjBPCC7htlJJxkyO7vM9IphyW948aCIV3/Gm3/jJNmDJhY0FFXddHeFiRQGXffbWVpeWV1bL2wUN7e2d3ZLe/sNE6eaQ53HMtatkBmQQkEdBUpoJRpYFEpohsObid98BG1ErO5xlEAQsb4SPcEZWsn3EZ4QMWPjB9Upld2KOwVdJF5OyiRHrVP68rsxTyNQyCUzpu25CQYZ0yi4hHHRTw0kjA9ZH9qWKhaBCbLpzWN6bJUu7cXalkI6VX9PZCwyZhSFtjNiODDz3kT8z2un2LsKMqGSFEHx2aJeKinGdBIA7QoNHOXIEsa1sLdSPmCacbQxFW0I3vzLi6RxWvEuKud3Z+XqdR5HgRySI3JCPHJJquSW1EidcJKQZ/JK3pzUeXHenY9Z65KTzxyQP3A+fwDAapIq</latexit>

an

<latexit sha1_base64="1VCgF0mxBR9vvM8wVZmEyHDi1kI=">AAAB8HicbVDJSgNBEK2JW4xb1KOXwSB4CjPidgx68eAhilkkGUJPpydp0t0zdNeIYchXePGgiFc/x5t/Y2c5aPRBweO9KqrqhYngBj3vy8ktLC4tr+RXC2vrG5tbxe2duolTTVmNxiLWzZAYJrhiNeQoWDPRjMhQsEY4uBz7jQemDY/VHQ4TFkjSUzzilKCV7tvIHjG7vR51iiWv7E3g/iX+jJRghmqn+NnuxjSVTCEVxJiW7yUYZEQjp4KNCu3UsITQAemxlqWKSGaCbHLwyD2wSteNYm1LoTtRf05kRBozlKHtlAT7Zt4bi/95rRSj8yDjKkmRKTpdFKXCxdgdf+92uWYUxdASQjW3t7q0TzShaDMq2BD8+Zf/kvpR2T8tn9wclyoXszjysAf7cAg+nEEFrqAKNaAg4Qle4NXRzrPz5rxPW3PObGYXfsH5+AYLqZCV</latexit>

RL

<latexit sha1_base64="SBFzntk1dr+WaqMGrfHfvaEUUgk=">AAAB8XicbVBNS8NAEN3Ur1q/qh69BIvgqSTi17FYEA8eKtgPbEPZbCft0s0m7E7EEvovvHhQxKv/xpv/xm2bg7Y+GHi8N8PMPD8WXKPjfFu5peWV1bX8emFjc2t7p7i719BRohjUWSQi1fKpBsEl1JGjgFasgIa+gKY/rE785iMozSN5j6MYvJD2JQ84o2ikhw7CE6bV69txt1hyys4U9iJxM1IiGWrd4lenF7EkBIlMUK3brhOjl1KFnAkYFzqJhpiyIe1D21BJQ9BeOr14bB8ZpWcHkTIl0Z6qvydSGmo9Cn3TGVIc6HlvIv7ntRMMLr2UyzhBkGy2KEiEjZE9ed/ucQUMxcgQyhQ3t9psQBVlaEIqmBDc+ZcXSeOk7J6Xz+5OS5WrLI48OSCH5Ji45IJUyA2pkTphRJJn8kreLG29WO/Wx6w1Z2Uz++QPrM8fh0aQ1g==</latexit>

CFL
<latexit sha1_base64="DqURJCMkXScSKnb/0zqRWKjBpOg=">AAACDXicbZDLSsNAFIYn9VbrLerSzWAVXJVEvC2LblxWsBdoY5lMJ+3QySTMnIgl9AXc+CpuXCji1r0738ZpG6G2/jDw8Z9zOHN+PxZcg+N8W7mFxaXllfxqYW19Y3PL3t6p6ShRlFVpJCLV8IlmgktWBQ6CNWLFSOgLVvf7V6N6/Z4pzSN5C4OYeSHpSh5wSsBYbfugBewBAFIyvJO/7E8xNdy2i07JGQvPg5tBEWWqtO2vVieiScgkUEG0brpODF5KFHAq2LDQSjSLCe2TLmsalCRk2kvH1wzxoXE6OIiUeRLw2J2eSEmo9SD0TWdIoKdnayPzv1ozgeDCS7mME2CSThYFicAQ4VE0uMMVoyAGBghV3PwV0x5RhIIJsGBCcGdPnofacck9K53enBTLl1kcebSH9tERctE5KqNrVEFVRNEjekav6M16sl6sd+tj0pqzspld9EfW5w9gtp2q</latexit>

anbncn
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Size of Parse Trees in Chomsky Normal Form

Theorem (Size of Parse Trees in Chomsky Normal Form)
For a given CFG G in Chomsky Normal Form, for all w ∈ L(G), if the
length of the longest path in the parse tree of w is n, then |w | ≤ 2n−1.
Note that the length of a path is the number of edges in the path.

For example, consider the following CFG in CNF, and the parse tree of
w = aabb. The length of the longest path in the parse tree is 4, and the
length of the word is 4. Thus, |w | = 4 ≤ 23 = 2n−1.

S → ϵ | AC | AB
D → AC | AB
C → DB
A → a
B → b

S

C

B

b

D

B

b

A

a

A

a
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Size of Parse Trees of Chomsky Normal Form – Proof
Proof) Let’s perform induction on the length of the longest path n.

• (Basis Case) n = 1. Then, |ϵ| = 0 ≤ 21−1 and |a| = 1 ≤ 21−1.

S

ϵ

S

a

• (Induction Case) The first rule of S is in the form of S → XY . The
length of the longest path in the parse tree of X (or Y ) is less than or
equal to n − 1. If X ⇒∗ x ∈ Σ∗ and Y ⇒∗ y ∈ Σ∗, then |x | ≤ 2n−2

and |y | ≤ 2n−2 (∵ I.H.). Thus, |w | = |x | + |y | ≤ 2n−2 + 2n−2 = 2n−1.

S

Y

(a word y)

X

(a word x)
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Pumping Lemma for Context-Free Languages

Lemma (Pumping Lemma for Context-Free Languages)
For a given CFL L, there exists a positive integer n such that for all
z ∈ L, if |z | ≥ n, there exists a split z = uvwxy such that

1 |vx | > 0
2 |vwx | ≤ n
3 ∀i ≥ 0. uv iwx iy ∈ L

A = L is context-free

⇓

B = ∃n > 0. ∀z ∈ L. |z | ≥ n ⇒ ∃z = uvwxy . 1 ∧ 2 ∧ 3
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Proof of Pumping Lemma
• Let L be a context-free language.
• Then, ∃ CFG G in Chomsky Normal Form. s.t. L(G) = L.
• Let m ≥ 0 be the number of variables in G , and n be 2m > 0.
• Take any z = a1a2 · · · ak ∈ L s.t. |z | = k ≥ n.
• Consider the longest path A1(= S), A2, · · · , Ap in the parse tree of z .

Then, k = |z | ≤ 2p−1by Theorem of Size of Parse Trees in CNF.
It means that p ≥ m + 1 (∵ 2p−1 ≥ k ≥ n = 2m).

• Pick m + 1 variables from the bottom of the path: Ap−m, · · · , Ap.
• Then, ∃i , j . (p − m ≤ i < j ≤ p) ∧ (Ai = Aj) by Pigeonhole Principle.
• Split the word z = uvwxy as follows:

<latexit sha1_base64="1rN1A2qyOJCqmP31n6jRcnkzRlA=">AAAB6nicbVDJSgNBEK2JW4xb1KOXxiB4CjPidox68RjRLJAMoafTk7Tp6Rm6a4Qw5BO8eFDEq1/kzb+xsxw08UHB470qquoFiRQGXffbyS0tr6yu5dcLG5tb2zvF3b26iVPNeI3FMtbNgBouheI1FCh5M9GcRoHkjWBwM/YbT1wbEasHHCbcj2hPiVAwila6v+o8doolt+xOQBaJNyMlmKHaKX61uzFLI66QSWpMy3MT9DOqUTDJR4V2anhC2YD2eMtSRSNu/Gxy6ogcWaVLwljbUkgm6u+JjEbGDKPAdkYU+2beG4v/ea0Uw0s/EypJkSs2XRSmkmBMxn+TrtCcoRxaQpkW9lbC+lRThjadgg3Bm395kdRPyt55+ezutFS5nsWRhwM4hGPw4AIqcAtVqAGDHjzDK7w50nlx3p2PaWvOmc3swx84nz8Rio2s</latexit>

Aj

<latexit sha1_base64="NwGGLh7KJH6m1IUq5ExMsb+mMPo=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHaNryPRi0dI5JHAhswOvTAyO7uZmSUhhC/w4kFjvPpJ3vwbB9iDgpV0UqnqTndXkAiujet+O7m19Y3Nrfx2YWd3b/+geHjU0HGqGNZZLGLVCqhGwSXWDTcCW4lCGgUCm8HwfuY3R6g0j+WjGSfoR7QvecgZNVaqjbrFklt25yCrxMtICTJUu8WvTi9maYTSMEG1bntuYvwJVYYzgdNCJ9WYUDakfWxbKmmE2p/MD52SM6v0SBgrW9KQufp7YkIjrcdRYDsjagZ62ZuJ/3nt1IS3/oTLJDUo2WJRmApiYjL7mvS4QmbE2BLKFLe3EjagijJjsynYELzll1dJ46LsXZevapelyl0WRx5O4BTOwYMbqMADVKEODBCe4RXenCfnxXl3PhatOSebOYY/cD5/AOZxjQQ=</latexit>v<latexit sha1_base64="xXGhe73jRKts53g8Xq99LRv7430=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV3xdQx68ZiAeUCyhNlJbzJmdnaZmRXCki/w4kERr36SN//GSbIHTSxoKKq66e4KEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6m/qtJ1Sax/LBjBP0IzqQPOSMGivV016p7FbcGcgy8XJShhy1Xumr249ZGqE0TFCtO56bGD+jynAmcFLsphoTykZ0gB1LJY1Q+9ns0Ak5tUqfhLGyJQ2Zqb8nMhppPY4C2xlRM9SL3lT8z+ukJrzxMy6T1KBk80VhKoiJyfRr0ucKmRFjSyhT3N5K2JAqyozNpmhD8BZfXibN84p3VbmsX5Srt3kcBTiGEzgDD66hCvdQgwYwQHiGV3hzHp0X5935mLeuOPnMEfyB8/kD5O2NAw==</latexit>u <latexit sha1_base64="ZwKkaJcdU3hHlnhMyVD4tdz55QM=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHaNryPRi0dI5JHAhswODYzMzm5mZo1kwxd48aAxXv0kb/6NA+xBwUo6qVR1p7sriAXXxnW/ndzK6tr6Rn6zsLW9s7tX3D9o6ChRDOssEpFqBVSj4BLrhhuBrVghDQOBzWB0O/Wbj6g0j+S9Gcfoh3QgeZ8zaqxUe+oWS27ZnYEsEy8jJchQ7Ra/Or2IJSFKwwTVuu25sfFTqgxnAieFTqIxpmxEB9i2VNIQtZ/ODp2QE6v0SD9StqQhM/X3REpDrcdhYDtDaoZ60ZuK/3ntxPSv/ZTLODEo2XxRPxHERGT6NelxhcyIsSWUKW5vJWxIFWXGZlOwIXiLLy+TxlnZuyxf1M5LlZssjjwcwTGcggdXUIE7qEIdGCA8wyu8OQ/Oi/PufMxbc042cwh/4Hz+AOl5jQY=</latexit>x
<latexit sha1_base64="tmEvmksfb9cWDAa5xB1ckWUhUbQ=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV3xdQx68ZiAeUCyhNlJbzJmdnaZmRXCki/w4kERr36SN//GSbIHTSxoKKq66e4KEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6m/qtJ1Sax/LBjBP0IzqQPOSMGivVx71S2a24M5Bl4uWkDDlqvdJXtx+zNEJpmKBadzw3MX5GleFM4KTYTTUmlI3oADuWShqh9rPZoRNyapU+CWNlSxoyU39PZDTSehwFtjOiZqgXvan4n9dJTXjjZ1wmqUHJ5ovCVBATk+nXpM8VMiPGllCmuL2VsCFVlBmbTdGG4C2+vEya5xXvqnJZvyhXb/M4CnAMJ3AGHlxDFe6hBg1ggPAMr/DmPDovzrvzMW9dcfKZI/gD5/MH6v2NBw==</latexit>y<latexit sha1_base64="VihglsaGWVupHNt8GOAH0WQPGPE=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHaNryPRi0dI5JHAhswODYzMzm5mZjVkwxd48aAxXv0kb/6NA+xBwUo6qVR1p7sriAXXxnW/ndzK6tr6Rn6zsLW9s7tX3D9o6ChRDOssEpFqBVSj4BLrhhuBrVghDQOBzWB0O/Wbj6g0j+S9Gcfoh3QgeZ8zaqxUe+oWS27ZnYEsEy8jJchQ7Ra/Or2IJSFKwwTVuu25sfFTqgxnAieFTqIxpmxEB9i2VNIQtZ/ODp2QE6v0SD9StqQhM/X3REpDrcdhYDtDaoZ60ZuK/3ntxPSv/ZTLODEo2XxRPxHERGT6NelxhcyIsSWUKW5vJWxIFWXGZlOwIXiLLy+TxlnZuyxf1M5LlZssjjwcwTGcggdXUIE7qEIdGCA8wyu8OQ/Oi/PufMxbc042cwh/4Hz+AOf1jQU=</latexit>w

<latexit sha1_base64="+TEZ3DniQbyku8Rr9l2gFVIU7rw=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PUi8eI5gHJEmYnvcmQ2dllZlYISz7BiwdFvPpF3vwbJ8keNFrQUFR1090VJIJr47pfTmFpeWV1rbhe2tjc2t4p7+41dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6mfqtR1Sax/LBjBP0IzqQPOSMGivdX/V4r1xxq+4M5C/xclKBHPVe+bPbj1kaoTRMUK07npsYP6PKcCZwUuqmGhPKRnSAHUsljVD72ezUCTmySp+EsbIlDZmpPycyGmk9jgLbGVEz1IveVPzP66QmvPQzLpPUoGTzRWEqiInJ9G/S5wqZEWNLKFPc3krYkCrKjE2nZEPwFl/+S5onVe+8enZ3Wqld53EU4QAO4Rg8uIAa3EIdGsBgAE/wAq+OcJ6dN+d93lpw8pl9+AXn4xsQBo2r</latexit>

Ai

<latexit sha1_base64="I6lx7kJ3J2ctPwbk+TFgr5/RVcU=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHaNryPRi0dI5JHAhswODYzMzm5mZk1wwxd48aAxXv0kb/6NA+xBwUo6qVR1p7sriAXXxnW/ndzK6tr6Rn6zsLW9s7tX3D9o6ChRDOssEpFqBVSj4BLrhhuBrVghDQOBzWB0O/Wbj6g0j+S9Gcfoh3QgeZ8zaqxUe+oWS27ZnYEsEy8jJchQ7Ra/Or2IJSFKwwTVuu25sfFTqgxnAieFTqIxpmxEB9i2VNIQtZ/ODp2QE6v0SD9StqQhM/X3REpDrcdhYDtDaoZ60ZuK/3ntxPSv/ZTLODEo2XxRPxHERGT6NelxhcyIsSWUKW5vJWxIFWXGZlOwIXiLLy+TxlnZuyxf1M5LlZssjjwcwTGcggdXUIE7qEIdGCA8wyu8OQ/Oi/PufMxbc042cwh/4Hz+AOyBjQg=</latexit>z

<latexit sha1_base64="ld2JPVk0glh/Z6mHiUKokfAIi3I=">AAAB/3icbZDLSgMxFIYz9VbrbVRw4yZYBDeWGfG2cFF047KCvUA7lEyaaWOTTEwyQhm78FXcuFDEra/hzrcxbWehrT8EPv5zDufkDyWj2njet5Obm19YXMovF1ZW19Y33M2tmo4ThUkVxyxWjRBpwqggVUMNIw2pCOIhI/WwfzWq1x+I0jQWt2YgScBRV9CIYmSs1XZ3JDzksMXIPaTwAt5NULbdolfyxoKz4GdQBJkqbfer1YlxwokwmCGtm74nTZAiZShmZFhoJZpIhPuoS5oWBeJEB+n4/iHct04HRrGyTxg4dn9PpIhrPeCh7eTI9PR0bWT+V2smJjoPUipkYojAk0VRwqCJ4SgM2KGKYMMGFhBW1N4KcQ8phI2NrGBD8Ke/PAu1o5J/Wjq5OS6WL7M48mAX7IED4IMzUAbXoAKqAINH8AxewZvz5Lw4787HpDXnZDPb4I+czx8LP5Q2</latexit>

p � m  i < j  p
<latexit sha1_base64="j3RPB6U9fGEKzd72lA12hi2HcVI=">AAAB8XicbVDLSgNBEOz1GeMr6tHLYBA8hV3xdQx68RjBPDBZwuzsJBkyO7vM9IphyV948aCIV//Gm3/jJNmDJhY0FFXddHcFiRQGXffbWVpeWV1bL2wUN7e2d3ZLe/sNE6ea8TqLZaxbATVcCsXrKFDyVqI5jQLJm8HwZuI3H7k2Ilb3OEq4H9G+Ej3BKFrpoYP8CTOqwnG3VHYr7hRkkXg5KUOOWrf01QljlkZcIZPUmLbnJuhnVKNgko+LndTwhLIh7fO2pYpG3PjZ9OIxObZKSHqxtqWQTNXfExmNjBlFge2MKA7MvDcR//PaKfau/EyoJEWu2GxRL5UEYzJ5n4RCc4ZyZAllWthbCRtQTRnakIo2BG/+5UXSOK14F5Xzu7Ny9TqPowCHcAQn4MElVOEWalAHBgqe4RXeHOO8OO/Ox6x1yclnDuAPnM8fFo+RNA==</latexit>

and
<latexit sha1_base64="s5MQm0E5tIQneAxQCWPoDRA4AFo=">AAAB8HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr4uQ6MVjBPOQZFlmJ5NkzMzsMjMrhCVf4cWDIl79HG/+jZNkD5pY0FBUddPdFcacaeO6305uaXlldS2/XtjY3NreKe7uNXSUKELrJOKRaoVYU84krRtmOG3FimIRctoMhzcTv/lElWaRvDejmPoC9yXrMYKNlR6qAUNXqBo8BsWSW3anQIvEy0gJMtSC4lenG5FEUGkIx1q3PTc2foqVYYTTcaGTaBpjMsR92rZUYkG1n04PHqMjq3RRL1K2pEFT9fdEioXWIxHaToHNQM97E/E/r52Y3qWfMhknhkoyW9RLODIRmnyPukxRYvjIEkwUs7ciMsAKE2MzKtgQvPmXF0njpOydl8/uTkuV6yyOPBzAIRyDBxdQgVuoQR0ICHiGV3hzlPPivDsfs9ack83swx84nz9HaI9u</latexit>

Ai = Aj
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Proof of Pumping Lemma - 1 and 2

<latexit sha1_base64="1rN1A2qyOJCqmP31n6jRcnkzRlA=">AAAB6nicbVDJSgNBEK2JW4xb1KOXxiB4CjPidox68RjRLJAMoafTk7Tp6Rm6a4Qw5BO8eFDEq1/kzb+xsxw08UHB470qquoFiRQGXffbyS0tr6yu5dcLG5tb2zvF3b26iVPNeI3FMtbNgBouheI1FCh5M9GcRoHkjWBwM/YbT1wbEasHHCbcj2hPiVAwila6v+o8doolt+xOQBaJNyMlmKHaKX61uzFLI66QSWpMy3MT9DOqUTDJR4V2anhC2YD2eMtSRSNu/Gxy6ogcWaVLwljbUkgm6u+JjEbGDKPAdkYU+2beG4v/ea0Uw0s/EypJkSs2XRSmkmBMxn+TrtCcoRxaQpkW9lbC+lRThjadgg3Bm395kdRPyt55+ezutFS5nsWRhwM4hGPw4AIqcAtVqAGDHjzDK7w50nlx3p2PaWvOmc3swx84nz8Rio2s</latexit>

Aj

<latexit sha1_base64="NwGGLh7KJH6m1IUq5ExMsb+mMPo=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHaNryPRi0dI5JHAhswOvTAyO7uZmSUhhC/w4kFjvPpJ3vwbB9iDgpV0UqnqTndXkAiujet+O7m19Y3Nrfx2YWd3b/+geHjU0HGqGNZZLGLVCqhGwSXWDTcCW4lCGgUCm8HwfuY3R6g0j+WjGSfoR7QvecgZNVaqjbrFklt25yCrxMtICTJUu8WvTi9maYTSMEG1bntuYvwJVYYzgdNCJ9WYUDakfWxbKmmE2p/MD52SM6v0SBgrW9KQufp7YkIjrcdRYDsjagZ62ZuJ/3nt1IS3/oTLJDUo2WJRmApiYjL7mvS4QmbE2BLKFLe3EjagijJjsynYELzll1dJ46LsXZevapelyl0WRx5O4BTOwYMbqMADVKEODBCe4RXenCfnxXl3PhatOSebOYY/cD5/AOZxjQQ=</latexit>v<latexit sha1_base64="xXGhe73jRKts53g8Xq99LRv7430=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV3xdQx68ZiAeUCyhNlJbzJmdnaZmRXCki/w4kERr36SN//GSbIHTSxoKKq66e4KEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6m/qtJ1Sax/LBjBP0IzqQPOSMGivV016p7FbcGcgy8XJShhy1Xumr249ZGqE0TFCtO56bGD+jynAmcFLsphoTykZ0gB1LJY1Q+9ns0Ak5tUqfhLGyJQ2Zqb8nMhppPY4C2xlRM9SL3lT8z+ukJrzxMy6T1KBk80VhKoiJyfRr0ucKmRFjSyhT3N5K2JAqyozNpmhD8BZfXibN84p3VbmsX5Srt3kcBTiGEzgDD66hCvdQgwYwQHiGV3hzHp0X5935mLeuOPnMEfyB8/kD5O2NAw==</latexit>u <latexit sha1_base64="ZwKkaJcdU3hHlnhMyVD4tdz55QM=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHaNryPRi0dI5JHAhswODYzMzm5mZo1kwxd48aAxXv0kb/6NA+xBwUo6qVR1p7sriAXXxnW/ndzK6tr6Rn6zsLW9s7tX3D9o6ChRDOssEpFqBVSj4BLrhhuBrVghDQOBzWB0O/Wbj6g0j+S9Gcfoh3QgeZ8zaqxUe+oWS27ZnYEsEy8jJchQ7Ra/Or2IJSFKwwTVuu25sfFTqgxnAieFTqIxpmxEB9i2VNIQtZ/ODp2QE6v0SD9StqQhM/X3REpDrcdhYDtDaoZ60ZuK/3ntxPSv/ZTLODEo2XxRPxHERGT6NelxhcyIsSWUKW5vJWxIFWXGZlOwIXiLLy+TxlnZuyxf1M5LlZssjjwcwTGcggdXUIE7qEIdGCA8wyu8OQ/Oi/PufMxbc042cwh/4Hz+AOl5jQY=</latexit>x
<latexit sha1_base64="tmEvmksfb9cWDAa5xB1ckWUhUbQ=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV3xdQx68ZiAeUCyhNlJbzJmdnaZmRXCki/w4kERr36SN//GSbIHTSxoKKq66e4KEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6m/qtJ1Sax/LBjBP0IzqQPOSMGivVx71S2a24M5Bl4uWkDDlqvdJXtx+zNEJpmKBadzw3MX5GleFM4KTYTTUmlI3oADuWShqh9rPZoRNyapU+CWNlSxoyU39PZDTSehwFtjOiZqgXvan4n9dJTXjjZ1wmqUHJ5ovCVBATk+nXpM8VMiPGllCmuL2VsCFVlBmbTdGG4C2+vEya5xXvqnJZvyhXb/M4CnAMJ3AGHlxDFe6hBg1ggPAMr/DmPDovzrvzMW9dcfKZI/gD5/MH6v2NBw==</latexit>y<latexit sha1_base64="VihglsaGWVupHNt8GOAH0WQPGPE=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHaNryPRi0dI5JHAhswODYzMzm5mZjVkwxd48aAxXv0kb/6NA+xBwUo6qVR1p7sriAXXxnW/ndzK6tr6Rn6zsLW9s7tX3D9o6ChRDOssEpFqBVSj4BLrhhuBrVghDQOBzWB0O/Wbj6g0j+S9Gcfoh3QgeZ8zaqxUe+oWS27ZnYEsEy8jJchQ7Ra/Or2IJSFKwwTVuu25sfFTqgxnAieFTqIxpmxEB9i2VNIQtZ/ODp2QE6v0SD9StqQhM/X3REpDrcdhYDtDaoZ60ZuK/3ntxPSv/ZTLODEo2XxRPxHERGT6NelxhcyIsSWUKW5vJWxIFWXGZlOwIXiLLy+TxlnZuyxf1M5LlZssjjwcwTGcggdXUIE7qEIdGCA8wyu8OQ/Oi/PufMxbc042cwh/4Hz+AOf1jQU=</latexit>w

<latexit sha1_base64="+TEZ3DniQbyku8Rr9l2gFVIU7rw=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PUi8eI5gHJEmYnvcmQ2dllZlYISz7BiwdFvPpF3vwbJ8keNFrQUFR1090VJIJr47pfTmFpeWV1rbhe2tjc2t4p7+41dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6mfqtR1Sax/LBjBP0IzqQPOSMGivdX/V4r1xxq+4M5C/xclKBHPVe+bPbj1kaoTRMUK07npsYP6PKcCZwUuqmGhPKRnSAHUsljVD72ezUCTmySp+EsbIlDZmpPycyGmk9jgLbGVEz1IveVPzP66QmvPQzLpPUoGTzRWEqiInJ9G/S5wqZEWNLKFPc3krYkCrKjE2nZEPwFl/+S5onVe+8enZ3Wqld53EU4QAO4Rg8uIAa3EIdGsBgAE/wAq+OcJ6dN+d93lpw8pl9+AXn4xsQBo2r</latexit>

Ai

<latexit sha1_base64="I6lx7kJ3J2ctPwbk+TFgr5/RVcU=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHaNryPRi0dI5JHAhswODYzMzm5mZk1wwxd48aAxXv0kb/6NA+xBwUo6qVR1p7sriAXXxnW/ndzK6tr6Rn6zsLW9s7tX3D9o6ChRDOssEpFqBVSj4BLrhhuBrVghDQOBzWB0O/Wbj6g0j+S9Gcfoh3QgeZ8zaqxUe+oWS27ZnYEsEy8jJchQ7Ra/Or2IJSFKwwTVuu25sfFTqgxnAieFTqIxpmxEB9i2VNIQtZ/ODp2QE6v0SD9StqQhM/X3REpDrcdhYDtDaoZ60ZuK/3ntxPSv/ZTLODEo2XxRPxHERGT6NelxhcyIsSWUKW5vJWxIFWXGZlOwIXiLLy+TxlnZuyxf1M5LlZssjjwcwTGcggdXUIE7qEIdGCA8wyu8OQ/Oi/PufMxbc042cwh/4Hz+AOyBjQg=</latexit>z

<latexit sha1_base64="ld2JPVk0glh/Z6mHiUKokfAIi3I=">AAAB/3icbZDLSgMxFIYz9VbrbVRw4yZYBDeWGfG2cFF047KCvUA7lEyaaWOTTEwyQhm78FXcuFDEra/hzrcxbWehrT8EPv5zDufkDyWj2njet5Obm19YXMovF1ZW19Y33M2tmo4ThUkVxyxWjRBpwqggVUMNIw2pCOIhI/WwfzWq1x+I0jQWt2YgScBRV9CIYmSs1XZ3JDzksMXIPaTwAt5NULbdolfyxoKz4GdQBJkqbfer1YlxwokwmCGtm74nTZAiZShmZFhoJZpIhPuoS5oWBeJEB+n4/iHct04HRrGyTxg4dn9PpIhrPeCh7eTI9PR0bWT+V2smJjoPUipkYojAk0VRwqCJ4SgM2KGKYMMGFhBW1N4KcQ8phI2NrGBD8Ke/PAu1o5J/Wjq5OS6WL7M48mAX7IED4IMzUAbXoAKqAINH8AxewZvz5Lw4787HpDXnZDPb4I+czx8LP5Q2</latexit>

p � m  i < j  p
<latexit sha1_base64="j3RPB6U9fGEKzd72lA12hi2HcVI=">AAAB8XicbVDLSgNBEOz1GeMr6tHLYBA8hV3xdQx68RjBPDBZwuzsJBkyO7vM9IphyV948aCIV//Gm3/jJNmDJhY0FFXddHcFiRQGXffbWVpeWV1bL2wUN7e2d3ZLe/sNE6ea8TqLZaxbATVcCsXrKFDyVqI5jQLJm8HwZuI3H7k2Ilb3OEq4H9G+Ej3BKFrpoYP8CTOqwnG3VHYr7hRkkXg5KUOOWrf01QljlkZcIZPUmLbnJuhnVKNgko+LndTwhLIh7fO2pYpG3PjZ9OIxObZKSHqxtqWQTNXfExmNjBlFge2MKA7MvDcR//PaKfau/EyoJEWu2GxRL5UEYzJ5n4RCc4ZyZAllWthbCRtQTRnakIo2BG/+5UXSOK14F5Xzu7Ny9TqPowCHcAQn4MElVOEWalAHBgqe4RXeHOO8OO/Ox6x1yclnDuAPnM8fFo+RNA==</latexit>

and
<latexit sha1_base64="s5MQm0E5tIQneAxQCWPoDRA4AFo=">AAAB8HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr4uQ6MVjBPOQZFlmJ5NkzMzsMjMrhCVf4cWDIl79HG/+jZNkD5pY0FBUddPdFcacaeO6305uaXlldS2/XtjY3NreKe7uNXSUKELrJOKRaoVYU84krRtmOG3FimIRctoMhzcTv/lElWaRvDejmPoC9yXrMYKNlR6qAUNXqBo8BsWSW3anQIvEy0gJMtSC4lenG5FEUGkIx1q3PTc2foqVYYTTcaGTaBpjMsR92rZUYkG1n04PHqMjq3RRL1K2pEFT9fdEioXWIxHaToHNQM97E/E/r52Y3qWfMhknhkoyW9RLODIRmnyPukxRYvjIEkwUs7ciMsAKE2MzKtgQvPmXF0njpOydl8/uTkuV6yyOPBzAIRyDBxdQgVuoQR0ICHiGV3hzlPPivDsfs9ack83swx84nz9HaI9u</latexit>

Ai = Aj

• 1 |vx | > 0
• Since i < j , the word vwx derived from Ai is not equal to the word w

derived from Aj . (∵ S → ϵ never occurs in the middle of the parse tree.)
• Thus, vx is not an empty word, and |vx | > 0.

• 2 |vwx | ≤ n
• Since p − m ≤ i , the length of the longest path from Ai in the parse

tree of z is p − i + 1 is less than or equal to m + 1.
• By Theorem of Size of Parse Trees in CNF, the length of the word vwx

is less than or equal to 2m = n.
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Proof of Pumping Lemma - 3

<latexit sha1_base64="1rN1A2qyOJCqmP31n6jRcnkzRlA=">AAAB6nicbVDJSgNBEK2JW4xb1KOXxiB4CjPidox68RjRLJAMoafTk7Tp6Rm6a4Qw5BO8eFDEq1/kzb+xsxw08UHB470qquoFiRQGXffbyS0tr6yu5dcLG5tb2zvF3b26iVPNeI3FMtbNgBouheI1FCh5M9GcRoHkjWBwM/YbT1wbEasHHCbcj2hPiVAwila6v+o8doolt+xOQBaJNyMlmKHaKX61uzFLI66QSWpMy3MT9DOqUTDJR4V2anhC2YD2eMtSRSNu/Gxy6ogcWaVLwljbUkgm6u+JjEbGDKPAdkYU+2beG4v/ea0Uw0s/EypJkSs2XRSmkmBMxn+TrtCcoRxaQpkW9lbC+lRThjadgg3Bm395kdRPyt55+ezutFS5nsWRhwM4hGPw4AIqcAtVqAGDHjzDK7w50nlx3p2PaWvOmc3swx84nz8Rio2s</latexit>

Aj

<latexit sha1_base64="NwGGLh7KJH6m1IUq5ExMsb+mMPo=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHaNryPRi0dI5JHAhswOvTAyO7uZmSUhhC/w4kFjvPpJ3vwbB9iDgpV0UqnqTndXkAiujet+O7m19Y3Nrfx2YWd3b/+geHjU0HGqGNZZLGLVCqhGwSXWDTcCW4lCGgUCm8HwfuY3R6g0j+WjGSfoR7QvecgZNVaqjbrFklt25yCrxMtICTJUu8WvTi9maYTSMEG1bntuYvwJVYYzgdNCJ9WYUDakfWxbKmmE2p/MD52SM6v0SBgrW9KQufp7YkIjrcdRYDsjagZ62ZuJ/3nt1IS3/oTLJDUo2WJRmApiYjL7mvS4QmbE2BLKFLe3EjagijJjsynYELzll1dJ46LsXZevapelyl0WRx5O4BTOwYMbqMADVKEODBCe4RXenCfnxXl3PhatOSebOYY/cD5/AOZxjQQ=</latexit>v<latexit sha1_base64="xXGhe73jRKts53g8Xq99LRv7430=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV3xdQx68ZiAeUCyhNlJbzJmdnaZmRXCki/w4kERr36SN//GSbIHTSxoKKq66e4KEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6m/qtJ1Sax/LBjBP0IzqQPOSMGivV016p7FbcGcgy8XJShhy1Xumr249ZGqE0TFCtO56bGD+jynAmcFLsphoTykZ0gB1LJY1Q+9ns0Ak5tUqfhLGyJQ2Zqb8nMhppPY4C2xlRM9SL3lT8z+ukJrzxMy6T1KBk80VhKoiJyfRr0ucKmRFjSyhT3N5K2JAqyozNpmhD8BZfXibN84p3VbmsX5Srt3kcBTiGEzgDD66hCvdQgwYwQHiGV3hzHp0X5935mLeuOPnMEfyB8/kD5O2NAw==</latexit>u <latexit sha1_base64="ZwKkaJcdU3hHlnhMyVD4tdz55QM=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHaNryPRi0dI5JHAhswODYzMzm5mZo1kwxd48aAxXv0kb/6NA+xBwUo6qVR1p7sriAXXxnW/ndzK6tr6Rn6zsLW9s7tX3D9o6ChRDOssEpFqBVSj4BLrhhuBrVghDQOBzWB0O/Wbj6g0j+S9Gcfoh3QgeZ8zaqxUe+oWS27ZnYEsEy8jJchQ7Ra/Or2IJSFKwwTVuu25sfFTqgxnAieFTqIxpmxEB9i2VNIQtZ/ODp2QE6v0SD9StqQhM/X3REpDrcdhYDtDaoZ60ZuK/3ntxPSv/ZTLODEo2XxRPxHERGT6NelxhcyIsSWUKW5vJWxIFWXGZlOwIXiLLy+TxlnZuyxf1M5LlZssjjwcwTGcggdXUIE7qEIdGCA8wyu8OQ/Oi/PufMxbc042cwh/4Hz+AOl5jQY=</latexit>x
<latexit sha1_base64="tmEvmksfb9cWDAa5xB1ckWUhUbQ=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV3xdQx68ZiAeUCyhNlJbzJmdnaZmRXCki/w4kERr36SN//GSbIHTSxoKKq66e4KEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6m/qtJ1Sax/LBjBP0IzqQPOSMGivVx71S2a24M5Bl4uWkDDlqvdJXtx+zNEJpmKBadzw3MX5GleFM4KTYTTUmlI3oADuWShqh9rPZoRNyapU+CWNlSxoyU39PZDTSehwFtjOiZqgXvan4n9dJTXjjZ1wmqUHJ5ovCVBATk+nXpM8VMiPGllCmuL2VsCFVlBmbTdGG4C2+vEya5xXvqnJZvyhXb/M4CnAMJ3AGHlxDFe6hBg1ggPAMr/DmPDovzrvzMW9dcfKZI/gD5/MH6v2NBw==</latexit>y<latexit sha1_base64="VihglsaGWVupHNt8GOAH0WQPGPE=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHaNryPRi0dI5JHAhswODYzMzm5mZjVkwxd48aAxXv0kb/6NA+xBwUo6qVR1p7sriAXXxnW/ndzK6tr6Rn6zsLW9s7tX3D9o6ChRDOssEpFqBVSj4BLrhhuBrVghDQOBzWB0O/Wbj6g0j+S9Gcfoh3QgeZ8zaqxUe+oWS27ZnYEsEy8jJchQ7Ra/Or2IJSFKwwTVuu25sfFTqgxnAieFTqIxpmxEB9i2VNIQtZ/ODp2QE6v0SD9StqQhM/X3REpDrcdhYDtDaoZ60ZuK/3ntxPSv/ZTLODEo2XxRPxHERGT6NelxhcyIsSWUKW5vJWxIFWXGZlOwIXiLLy+TxlnZuyxf1M5LlZssjjwcwTGcggdXUIE7qEIdGCA8wyu8OQ/Oi/PufMxbc042cwh/4Hz+AOf1jQU=</latexit>w

<latexit sha1_base64="+TEZ3DniQbyku8Rr9l2gFVIU7rw=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PUi8eI5gHJEmYnvcmQ2dllZlYISz7BiwdFvPpF3vwbJ8keNFrQUFR1090VJIJr47pfTmFpeWV1rbhe2tjc2t4p7+41dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6mfqtR1Sax/LBjBP0IzqQPOSMGivdX/V4r1xxq+4M5C/xclKBHPVe+bPbj1kaoTRMUK07npsYP6PKcCZwUuqmGhPKRnSAHUsljVD72ezUCTmySp+EsbIlDZmpPycyGmk9jgLbGVEz1IveVPzP66QmvPQzLpPUoGTzRWEqiInJ9G/S5wqZEWNLKFPc3krYkCrKjE2nZEPwFl/+S5onVe+8enZ3Wqld53EU4QAO4Rg8uIAa3EIdGsBgAE/wAq+OcJ6dN+d93lpw8pl9+AXn4xsQBo2r</latexit>

Ai

<latexit sha1_base64="I6lx7kJ3J2ctPwbk+TFgr5/RVcU=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHaNryPRi0dI5JHAhswODYzMzm5mZk1wwxd48aAxXv0kb/6NA+xBwUo6qVR1p7sriAXXxnW/ndzK6tr6Rn6zsLW9s7tX3D9o6ChRDOssEpFqBVSj4BLrhhuBrVghDQOBzWB0O/Wbj6g0j+S9Gcfoh3QgeZ8zaqxUe+oWS27ZnYEsEy8jJchQ7Ra/Or2IJSFKwwTVuu25sfFTqgxnAieFTqIxpmxEB9i2VNIQtZ/ODp2QE6v0SD9StqQhM/X3REpDrcdhYDtDaoZ60ZuK/3ntxPSv/ZTLODEo2XxRPxHERGT6NelxhcyIsSWUKW5vJWxIFWXGZlOwIXiLLy+TxlnZuyxf1M5LlZssjjwcwTGcggdXUIE7qEIdGCA8wyu8OQ/Oi/PufMxbc042cwh/4Hz+AOyBjQg=</latexit>z

<latexit sha1_base64="ld2JPVk0glh/Z6mHiUKokfAIi3I=">AAAB/3icbZDLSgMxFIYz9VbrbVRw4yZYBDeWGfG2cFF047KCvUA7lEyaaWOTTEwyQhm78FXcuFDEra/hzrcxbWehrT8EPv5zDufkDyWj2njet5Obm19YXMovF1ZW19Y33M2tmo4ThUkVxyxWjRBpwqggVUMNIw2pCOIhI/WwfzWq1x+I0jQWt2YgScBRV9CIYmSs1XZ3JDzksMXIPaTwAt5NULbdolfyxoKz4GdQBJkqbfer1YlxwokwmCGtm74nTZAiZShmZFhoJZpIhPuoS5oWBeJEB+n4/iHct04HRrGyTxg4dn9PpIhrPeCh7eTI9PR0bWT+V2smJjoPUipkYojAk0VRwqCJ4SgM2KGKYMMGFhBW1N4KcQ8phI2NrGBD8Ke/PAu1o5J/Wjq5OS6WL7M48mAX7IED4IMzUAbXoAKqAINH8AxewZvz5Lw4787HpDXnZDPb4I+czx8LP5Q2</latexit>

p � m  i < j  p
<latexit sha1_base64="j3RPB6U9fGEKzd72lA12hi2HcVI=">AAAB8XicbVDLSgNBEOz1GeMr6tHLYBA8hV3xdQx68RjBPDBZwuzsJBkyO7vM9IphyV948aCIV//Gm3/jJNmDJhY0FFXddHcFiRQGXffbWVpeWV1bL2wUN7e2d3ZLe/sNE6ea8TqLZaxbATVcCsXrKFDyVqI5jQLJm8HwZuI3H7k2Ilb3OEq4H9G+Ej3BKFrpoYP8CTOqwnG3VHYr7hRkkXg5KUOOWrf01QljlkZcIZPUmLbnJuhnVKNgko+LndTwhLIh7fO2pYpG3PjZ9OIxObZKSHqxtqWQTNXfExmNjBlFge2MKA7MvDcR//PaKfau/EyoJEWu2GxRL5UEYzJ5n4RCc4ZyZAllWthbCRtQTRnakIo2BG/+5UXSOK14F5Xzu7Ny9TqPowCHcAQn4MElVOEWalAHBgqe4RXeHOO8OO/Ox6x1yclnDuAPnM8fFo+RNA==</latexit>

and
<latexit sha1_base64="s5MQm0E5tIQneAxQCWPoDRA4AFo=">AAAB8HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr4uQ6MVjBPOQZFlmJ5NkzMzsMjMrhCVf4cWDIl79HG/+jZNkD5pY0FBUddPdFcacaeO6305uaXlldS2/XtjY3NreKe7uNXSUKELrJOKRaoVYU84krRtmOG3FimIRctoMhzcTv/lElWaRvDejmPoC9yXrMYKNlR6qAUNXqBo8BsWSW3anQIvEy0gJMtSC4lenG5FEUGkIx1q3PTc2foqVYYTTcaGTaBpjMsR92rZUYkG1n04PHqMjq3RRL1K2pEFT9fdEioXWIxHaToHNQM97E/E/r52Y3qWfMhknhkoyW9RLODIRmnyPukxRYvjIEkwUs7ciMsAKE2MzKtgQvPmXF0njpOydl8/uTkuV6yyOPBzAIRyDBxdQgVuoQR0ICHiGV3hzlPPivDsfs9ack83swx84nz9HaI9u</latexit>

Ai = Aj

• 3 ∀i ≥ 0. uv iwx iy ∈ L

<latexit sha1_base64="1rN1A2qyOJCqmP31n6jRcnkzRlA=">AAAB6nicbVDJSgNBEK2JW4xb1KOXxiB4CjPidox68RjRLJAMoafTk7Tp6Rm6a4Qw5BO8eFDEq1/kzb+xsxw08UHB470qquoFiRQGXffbyS0tr6yu5dcLG5tb2zvF3b26iVPNeI3FMtbNgBouheI1FCh5M9GcRoHkjWBwM/YbT1wbEasHHCbcj2hPiVAwila6v+o8doolt+xOQBaJNyMlmKHaKX61uzFLI66QSWpMy3MT9DOqUTDJR4V2anhC2YD2eMtSRSNu/Gxy6ogcWaVLwljbUkgm6u+JjEbGDKPAdkYU+2beG4v/ea0Uw0s/EypJkSs2XRSmkmBMxn+TrtCcoRxaQpkW9lbC+lRThjadgg3Bm395kdRPyt55+ezutFS5nsWRhwM4hGPw4AIqcAtVqAGDHjzDK7w50nlx3p2PaWvOmc3swx84nz8Rio2s</latexit>

Aj

<latexit sha1_base64="NwGGLh7KJH6m1IUq5ExMsb+mMPo=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHaNryPRi0dI5JHAhswOvTAyO7uZmSUhhC/w4kFjvPpJ3vwbB9iDgpV0UqnqTndXkAiujet+O7m19Y3Nrfx2YWd3b/+geHjU0HGqGNZZLGLVCqhGwSXWDTcCW4lCGgUCm8HwfuY3R6g0j+WjGSfoR7QvecgZNVaqjbrFklt25yCrxMtICTJUu8WvTi9maYTSMEG1bntuYvwJVYYzgdNCJ9WYUDakfWxbKmmE2p/MD52SM6v0SBgrW9KQufp7YkIjrcdRYDsjagZ62ZuJ/3nt1IS3/oTLJDUo2WJRmApiYjL7mvS4QmbE2BLKFLe3EjagijJjsynYELzll1dJ46LsXZevapelyl0WRx5O4BTOwYMbqMADVKEODBCe4RXenCfnxXl3PhatOSebOYY/cD5/AOZxjQQ=</latexit>v<latexit sha1_base64="xXGhe73jRKts53g8Xq99LRv7430=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV3xdQx68ZiAeUCyhNlJbzJmdnaZmRXCki/w4kERr36SN//GSbIHTSxoKKq66e4KEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6m/qtJ1Sax/LBjBP0IzqQPOSMGivV016p7FbcGcgy8XJShhy1Xumr249ZGqE0TFCtO56bGD+jynAmcFLsphoTykZ0gB1LJY1Q+9ns0Ak5tUqfhLGyJQ2Zqb8nMhppPY4C2xlRM9SL3lT8z+ukJrzxMy6T1KBk80VhKoiJyfRr0ucKmRFjSyhT3N5K2JAqyozNpmhD8BZfXibN84p3VbmsX5Srt3kcBTiGEzgDD66hCvdQgwYwQHiGV3hzHp0X5935mLeuOPnMEfyB8/kD5O2NAw==</latexit>u <latexit sha1_base64="ZwKkaJcdU3hHlnhMyVD4tdz55QM=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHaNryPRi0dI5JHAhswODYzMzm5mZo1kwxd48aAxXv0kb/6NA+xBwUo6qVR1p7sriAXXxnW/ndzK6tr6Rn6zsLW9s7tX3D9o6ChRDOssEpFqBVSj4BLrhhuBrVghDQOBzWB0O/Wbj6g0j+S9Gcfoh3QgeZ8zaqxUe+oWS27ZnYEsEy8jJchQ7Ra/Or2IJSFKwwTVuu25sfFTqgxnAieFTqIxpmxEB9i2VNIQtZ/ODp2QE6v0SD9StqQhM/X3REpDrcdhYDtDaoZ60ZuK/3ntxPSv/ZTLODEo2XxRPxHERGT6NelxhcyIsSWUKW5vJWxIFWXGZlOwIXiLLy+TxlnZuyxf1M5LlZssjjwcwTGcggdXUIE7qEIdGCA8wyu8OQ/Oi/PufMxbc042cwh/4Hz+AOl5jQY=</latexit>x
<latexit sha1_base64="tmEvmksfb9cWDAa5xB1ckWUhUbQ=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV3xdQx68ZiAeUCyhNlJbzJmdnaZmRXCki/w4kERr36SN//GSbIHTSxoKKq66e4KEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6m/qtJ1Sax/LBjBP0IzqQPOSMGivVx71S2a24M5Bl4uWkDDlqvdJXtx+zNEJpmKBadzw3MX5GleFM4KTYTTUmlI3oADuWShqh9rPZoRNyapU+CWNlSxoyU39PZDTSehwFtjOiZqgXvan4n9dJTXjjZ1wmqUHJ5ovCVBATk+nXpM8VMiPGllCmuL2VsCFVlBmbTdGG4C2+vEya5xXvqnJZvyhXb/M4CnAMJ3AGHlxDFe6hBg1ggPAMr/DmPDovzrvzMW9dcfKZI/gD5/MH6v2NBw==</latexit>y

<latexit sha1_base64="1rN1A2qyOJCqmP31n6jRcnkzRlA=">AAAB6nicbVDJSgNBEK2JW4xb1KOXxiB4CjPidox68RjRLJAMoafTk7Tp6Rm6a4Qw5BO8eFDEq1/kzb+xsxw08UHB470qquoFiRQGXffbyS0tr6yu5dcLG5tb2zvF3b26iVPNeI3FMtbNgBouheI1FCh5M9GcRoHkjWBwM/YbT1wbEasHHCbcj2hPiVAwila6v+o8doolt+xOQBaJNyMlmKHaKX61uzFLI66QSWpMy3MT9DOqUTDJR4V2anhC2YD2eMtSRSNu/Gxy6ogcWaVLwljbUkgm6u+JjEbGDKPAdkYU+2beG4v/ea0Uw0s/EypJkSs2XRSmkmBMxn+TrtCcoRxaQpkW9lbC+lRThjadgg3Bm395kdRPyt55+ezutFS5nsWRhwM4hGPw4AIqcAtVqAGDHjzDK7w50nlx3p2PaWvOmc3swx84nz8Rio2s</latexit>

Aj

<latexit sha1_base64="1rN1A2qyOJCqmP31n6jRcnkzRlA=">AAAB6nicbVDJSgNBEK2JW4xb1KOXxiB4CjPidox68RjRLJAMoafTk7Tp6Rm6a4Qw5BO8eFDEq1/kzb+xsxw08UHB470qquoFiRQGXffbyS0tr6yu5dcLG5tb2zvF3b26iVPNeI3FMtbNgBouheI1FCh5M9GcRoHkjWBwM/YbT1wbEasHHCbcj2hPiVAwila6v+o8doolt+xOQBaJNyMlmKHaKX61uzFLI66QSWpMy3MT9DOqUTDJR4V2anhC2YD2eMtSRSNu/Gxy6ogcWaVLwljbUkgm6u+JjEbGDKPAdkYU+2beG4v/ea0Uw0s/EypJkSs2XRSmkmBMxn+TrtCcoRxaQpkW9lbC+lRThjadgg3Bm395kdRPyt55+ezutFS5nsWRhwM4hGPw4AIqcAtVqAGDHjzDK7w50nlx3p2PaWvOmc3swx84nz8Rio2s</latexit>

Aj

<latexit sha1_base64="VihglsaGWVupHNt8GOAH0WQPGPE=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHaNryPRi0dI5JHAhswODYzMzm5mZjVkwxd48aAxXv0kb/6NA+xBwUo6qVR1p7sriAXXxnW/ndzK6tr6Rn6zsLW9s7tX3D9o6ChRDOssEpFqBVSj4BLrhhuBrVghDQOBzWB0O/Wbj6g0j+S9Gcfoh3QgeZ8zaqxUe+oWS27ZnYEsEy8jJchQ7Ra/Or2IJSFKwwTVuu25sfFTqgxnAieFTqIxpmxEB9i2VNIQtZ/ODp2QE6v0SD9StqQhM/X3REpDrcdhYDtDaoZ60ZuK/3ntxPSv/ZTLODEo2XxRPxHERGT6NelxhcyIsSWUKW5vJWxIFWXGZlOwIXiLLy+TxlnZuyxf1M5LlZssjjwcwTGcggdXUIE7qEIdGCA8wyu8OQ/Oi/PufMxbc042cwh/4Hz+AOf1jQU=</latexit>w<latexit sha1_base64="NwGGLh7KJH6m1IUq5ExMsb+mMPo=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHaNryPRi0dI5JHAhswOvTAyO7uZmSUhhC/w4kFjvPpJ3vwbB9iDgpV0UqnqTndXkAiujet+O7m19Y3Nrfx2YWd3b/+geHjU0HGqGNZZLGLVCqhGwSXWDTcCW4lCGgUCm8HwfuY3R6g0j+WjGSfoR7QvecgZNVaqjbrFklt25yCrxMtICTJUu8WvTi9maYTSMEG1bntuYvwJVYYzgdNCJ9WYUDakfWxbKmmE2p/MD52SM6v0SBgrW9KQufp7YkIjrcdRYDsjagZ62ZuJ/3nt1IS3/oTLJDUo2WJRmApiYjL7mvS4QmbE2BLKFLe3EjagijJjsynYELzll1dJ46LsXZevapelyl0WRx5O4BTOwYMbqMADVKEODBCe4RXenCfnxXl3PhatOSebOYY/cD5/AOZxjQQ=</latexit>v <latexit sha1_base64="ZwKkaJcdU3hHlnhMyVD4tdz55QM=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHaNryPRi0dI5JHAhswODYzMzm5mZo1kwxd48aAxXv0kb/6NA+xBwUo6qVR1p7sriAXXxnW/ndzK6tr6Rn6zsLW9s7tX3D9o6ChRDOssEpFqBVSj4BLrhhuBrVghDQOBzWB0O/Wbj6g0j+S9Gcfoh3QgeZ8zaqxUe+oWS27ZnYEsEy8jJchQ7Ra/Or2IJSFKwwTVuu25sfFTqgxnAieFTqIxpmxEB9i2VNIQtZ/ODp2QE6v0SD9StqQhM/X3REpDrcdhYDtDaoZ60ZuK/3ntxPSv/ZTLODEo2XxRPxHERGT6NelxhcyIsSWUKW5vJWxIFWXGZlOwIXiLLy+TxlnZuyxf1M5LlZssjjwcwTGcggdXUIE7qEIdGCA8wyu8OQ/Oi/PufMxbc042cwh/4Hz+AOl5jQY=</latexit>x

<latexit sha1_base64="1rN1A2qyOJCqmP31n6jRcnkzRlA=">AAAB6nicbVDJSgNBEK2JW4xb1KOXxiB4CjPidox68RjRLJAMoafTk7Tp6Rm6a4Qw5BO8eFDEq1/kzb+xsxw08UHB470qquoFiRQGXffbyS0tr6yu5dcLG5tb2zvF3b26iVPNeI3FMtbNgBouheI1FCh5M9GcRoHkjWBwM/YbT1wbEasHHCbcj2hPiVAwila6v+o8doolt+xOQBaJNyMlmKHaKX61uzFLI66QSWpMy3MT9DOqUTDJR4V2anhC2YD2eMtSRSNu/Gxy6ogcWaVLwljbUkgm6u+JjEbGDKPAdkYU+2beG4v/ea0Uw0s/EypJkSs2XRSmkmBMxn+TrtCcoRxaQpkW9lbC+lRThjadgg3Bm395kdRPyt55+ezutFS5nsWRhwM4hGPw4AIqcAtVqAGDHjzDK7w50nlx3p2PaWvOmc3swx84nz8Rio2s</latexit>

Aj

<latexit sha1_base64="NwGGLh7KJH6m1IUq5ExMsb+mMPo=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHaNryPRi0dI5JHAhswOvTAyO7uZmSUhhC/w4kFjvPpJ3vwbB9iDgpV0UqnqTndXkAiujet+O7m19Y3Nrfx2YWd3b/+geHjU0HGqGNZZLGLVCqhGwSXWDTcCW4lCGgUCm8HwfuY3R6g0j+WjGSfoR7QvecgZNVaqjbrFklt25yCrxMtICTJUu8WvTi9maYTSMEG1bntuYvwJVYYzgdNCJ9WYUDakfWxbKmmE2p/MD52SM6v0SBgrW9KQufp7YkIjrcdRYDsjagZ62ZuJ/3nt1IS3/oTLJDUo2WJRmApiYjL7mvS4QmbE2BLKFLe3EjagijJjsynYELzll1dJ46LsXZevapelyl0WRx5O4BTOwYMbqMADVKEODBCe4RXenCfnxXl3PhatOSebOYY/cD5/AOZxjQQ=</latexit>v<latexit sha1_base64="xXGhe73jRKts53g8Xq99LRv7430=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV3xdQx68ZiAeUCyhNlJbzJmdnaZmRXCki/w4kERr36SN//GSbIHTSxoKKq66e4KEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6m/qtJ1Sax/LBjBP0IzqQPOSMGivV016p7FbcGcgy8XJShhy1Xumr249ZGqE0TFCtO56bGD+jynAmcFLsphoTykZ0gB1LJY1Q+9ns0Ak5tUqfhLGyJQ2Zqb8nMhppPY4C2xlRM9SL3lT8z+ukJrzxMy6T1KBk80VhKoiJyfRr0ucKmRFjSyhT3N5K2JAqyozNpmhD8BZfXibN84p3VbmsX5Srt3kcBTiGEzgDD66hCvdQgwYwQHiGV3hzHp0X5935mLeuOPnMEfyB8/kD5O2NAw==</latexit>u <latexit sha1_base64="ZwKkaJcdU3hHlnhMyVD4tdz55QM=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHaNryPRi0dI5JHAhswODYzMzm5mZo1kwxd48aAxXv0kb/6NA+xBwUo6qVR1p7sriAXXxnW/ndzK6tr6Rn6zsLW9s7tX3D9o6ChRDOssEpFqBVSj4BLrhhuBrVghDQOBzWB0O/Wbj6g0j+S9Gcfoh3QgeZ8zaqxUe+oWS27ZnYEsEy8jJchQ7Ra/Or2IJSFKwwTVuu25sfFTqgxnAieFTqIxpmxEB9i2VNIQtZ/ODp2QE6v0SD9StqQhM/X3REpDrcdhYDtDaoZ60ZuK/3ntxPSv/ZTLODEo2XxRPxHERGT6NelxhcyIsSWUKW5vJWxIFWXGZlOwIXiLLy+TxlnZuyxf1M5LlZssjjwcwTGcggdXUIE7qEIdGCA8wyu8OQ/Oi/PufMxbc042cwh/4Hz+AOl5jQY=</latexit>x
<latexit sha1_base64="tmEvmksfb9cWDAa5xB1ckWUhUbQ=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV3xdQx68ZiAeUCyhNlJbzJmdnaZmRXCki/w4kERr36SN//GSbIHTSxoKKq66e4KEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6m/qtJ1Sax/LBjBP0IzqQPOSMGivVx71S2a24M5Bl4uWkDDlqvdJXtx+zNEJpmKBadzw3MX5GleFM4KTYTTUmlI3oADuWShqh9rPZoRNyapU+CWNlSxoyU39PZDTSehwFtjOiZqgXvan4n9dJTXjjZ1wmqUHJ5ovCVBATk+nXpM8VMiPGllCmuL2VsCFVlBmbTdGG4C2+vEya5xXvqnJZvyhXb/M4CnAMJ3AGHlxDFe6hBg1ggPAMr/DmPDovzrvzMW9dcfKZI/gD5/MH6v2NBw==</latexit>y

<latexit sha1_base64="1rN1A2qyOJCqmP31n6jRcnkzRlA=">AAAB6nicbVDJSgNBEK2JW4xb1KOXxiB4CjPidox68RjRLJAMoafTk7Tp6Rm6a4Qw5BO8eFDEq1/kzb+xsxw08UHB470qquoFiRQGXffbyS0tr6yu5dcLG5tb2zvF3b26iVPNeI3FMtbNgBouheI1FCh5M9GcRoHkjWBwM/YbT1wbEasHHCbcj2hPiVAwila6v+o8doolt+xOQBaJNyMlmKHaKX61uzFLI66QSWpMy3MT9DOqUTDJR4V2anhC2YD2eMtSRSNu/Gxy6ogcWaVLwljbUkgm6u+JjEbGDKPAdkYU+2beG4v/ea0Uw0s/EypJkSs2XRSmkmBMxn+TrtCcoRxaQpkW9lbC+lRThjadgg3Bm395kdRPyt55+ezutFS5nsWRhwM4hGPw4AIqcAtVqAGDHjzDK7w50nlx3p2PaWvOmc3swx84nz8Rio2s</latexit>

Aj

<latexit sha1_base64="1rN1A2qyOJCqmP31n6jRcnkzRlA=">AAAB6nicbVDJSgNBEK2JW4xb1KOXxiB4CjPidox68RjRLJAMoafTk7Tp6Rm6a4Qw5BO8eFDEq1/kzb+xsxw08UHB470qquoFiRQGXffbyS0tr6yu5dcLG5tb2zvF3b26iVPNeI3FMtbNgBouheI1FCh5M9GcRoHkjWBwM/YbT1wbEasHHCbcj2hPiVAwila6v+o8doolt+xOQBaJNyMlmKHaKX61uzFLI66QSWpMy3MT9DOqUTDJR4V2anhC2YD2eMtSRSNu/Gxy6ogcWaVLwljbUkgm6u+JjEbGDKPAdkYU+2beG4v/ea0Uw0s/EypJkSs2XRSmkmBMxn+TrtCcoRxaQpkW9lbC+lRThjadgg3Bm395kdRPyt55+ezutFS5nsWRhwM4hGPw4AIqcAtVqAGDHjzDK7w50nlx3p2PaWvOmc3swx84nz8Rio2s</latexit>

Aj

<latexit sha1_base64="NwGGLh7KJH6m1IUq5ExMsb+mMPo=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHaNryPRi0dI5JHAhswOvTAyO7uZmSUhhC/w4kFjvPpJ3vwbB9iDgpV0UqnqTndXkAiujet+O7m19Y3Nrfx2YWd3b/+geHjU0HGqGNZZLGLVCqhGwSXWDTcCW4lCGgUCm8HwfuY3R6g0j+WjGSfoR7QvecgZNVaqjbrFklt25yCrxMtICTJUu8WvTi9maYTSMEG1bntuYvwJVYYzgdNCJ9WYUDakfWxbKmmE2p/MD52SM6v0SBgrW9KQufp7YkIjrcdRYDsjagZ62ZuJ/3nt1IS3/oTLJDUo2WJRmApiYjL7mvS4QmbE2BLKFLe3EjagijJjsynYELzll1dJ46LsXZevapelyl0WRx5O4BTOwYMbqMADVKEODBCe4RXenCfnxXl3PhatOSebOYY/cD5/AOZxjQQ=</latexit>v <latexit sha1_base64="ZwKkaJcdU3hHlnhMyVD4tdz55QM=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHaNryPRi0dI5JHAhswODYzMzm5mZo1kwxd48aAxXv0kb/6NA+xBwUo6qVR1p7sriAXXxnW/ndzK6tr6Rn6zsLW9s7tX3D9o6ChRDOssEpFqBVSj4BLrhhuBrVghDQOBzWB0O/Wbj6g0j+S9Gcfoh3QgeZ8zaqxUe+oWS27ZnYEsEy8jJchQ7Ra/Or2IJSFKwwTVuu25sfFTqgxnAieFTqIxpmxEB9i2VNIQtZ/ODp2QE6v0SD9StqQhM/X3REpDrcdhYDtDaoZ60ZuK/3ntxPSv/ZTLODEo2XxRPxHERGT6NelxhcyIsSWUKW5vJWxIFWXGZlOwIXiLLy+TxlnZuyxf1M5LlZssjjwcwTGcggdXUIE7qEIdGCA8wyu8OQ/Oi/PufMxbc042cwh/4Hz+AOl5jQY=</latexit>x<latexit sha1_base64="1rN1A2qyOJCqmP31n6jRcnkzRlA=">AAAB6nicbVDJSgNBEK2JW4xb1KOXxiB4CjPidox68RjRLJAMoafTk7Tp6Rm6a4Qw5BO8eFDEq1/kzb+xsxw08UHB470qquoFiRQGXffbyS0tr6yu5dcLG5tb2zvF3b26iVPNeI3FMtbNgBouheI1FCh5M9GcRoHkjWBwM/YbT1wbEasHHCbcj2hPiVAwila6v+o8doolt+xOQBaJNyMlmKHaKX61uzFLI66QSWpMy3MT9DOqUTDJR4V2anhC2YD2eMtSRSNu/Gxy6ogcWaVLwljbUkgm6u+JjEbGDKPAdkYU+2beG4v/ea0Uw0s/EypJkSs2XRSmkmBMxn+TrtCcoRxaQpkW9lbC+lRThjadgg3Bm395kdRPyt55+ezutFS5nsWRhwM4hGPw4AIqcAtVqAGDHjzDK7w50nlx3p2PaWvOmc3swx84nz8Rio2s</latexit>

Aj

<latexit sha1_base64="VihglsaGWVupHNt8GOAH0WQPGPE=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHaNryPRi0dI5JHAhswODYzMzm5mZjVkwxd48aAxXv0kb/6NA+xBwUo6qVR1p7sriAXXxnW/ndzK6tr6Rn6zsLW9s7tX3D9o6ChRDOssEpFqBVSj4BLrhhuBrVghDQOBzWB0O/Wbj6g0j+S9Gcfoh3QgeZ8zaqxUe+oWS27ZnYEsEy8jJchQ7Ra/Or2IJSFKwwTVuu25sfFTqgxnAieFTqIxpmxEB9i2VNIQtZ/ODp2QE6v0SD9StqQhM/X3REpDrcdhYDtDaoZ60ZuK/3ntxPSv/ZTLODEo2XxRPxHERGT6NelxhcyIsSWUKW5vJWxIFWXGZlOwIXiLLy+TxlnZuyxf1M5LlZssjjwcwTGcggdXUIE7qEIdGCA8wyu8OQ/Oi/PufMxbc042cwh/4Hz+AOf1jQU=</latexit>w<latexit sha1_base64="NwGGLh7KJH6m1IUq5ExMsb+mMPo=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHaNryPRi0dI5JHAhswOvTAyO7uZmSUhhC/w4kFjvPpJ3vwbB9iDgpV0UqnqTndXkAiujet+O7m19Y3Nrfx2YWd3b/+geHjU0HGqGNZZLGLVCqhGwSXWDTcCW4lCGgUCm8HwfuY3R6g0j+WjGSfoR7QvecgZNVaqjbrFklt25yCrxMtICTJUu8WvTi9maYTSMEG1bntuYvwJVYYzgdNCJ9WYUDakfWxbKmmE2p/MD52SM6v0SBgrW9KQufp7YkIjrcdRYDsjagZ62ZuJ/3nt1IS3/oTLJDUo2WJRmApiYjL7mvS4QmbE2BLKFLe3EjagijJjsynYELzll1dJ46LsXZevapelyl0WRx5O4BTOwYMbqMADVKEODBCe4RXenCfnxXl3PhatOSebOYY/cD5/AOZxjQQ=</latexit>v <latexit sha1_base64="ZwKkaJcdU3hHlnhMyVD4tdz55QM=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHaNryPRi0dI5JHAhswODYzMzm5mZo1kwxd48aAxXv0kb/6NA+xBwUo6qVR1p7sriAXXxnW/ndzK6tr6Rn6zsLW9s7tX3D9o6ChRDOssEpFqBVSj4BLrhhuBrVghDQOBzWB0O/Wbj6g0j+S9Gcfoh3QgeZ8zaqxUe+oWS27ZnYEsEy8jJchQ7Ra/Or2IJSFKwwTVuu25sfFTqgxnAieFTqIxpmxEB9i2VNIQtZ/ODp2QE6v0SD9StqQhM/X3REpDrcdhYDtDaoZ60ZuK/3ntxPSv/ZTLODEo2XxRPxHERGT6NelxhcyIsSWUKW5vJWxIFWXGZlOwIXiLLy+TxlnZuyxf1M5LlZssjjwcwTGcggdXUIE7qEIdGCA8wyu8OQ/Oi/PufMxbc042cwh/4Hz+AOl5jQY=</latexit>x

<latexit sha1_base64="xXGhe73jRKts53g8Xq99LRv7430=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV3xdQx68ZiAeUCyhNlJbzJmdnaZmRXCki/w4kERr36SN//GSbIHTSxoKKq66e4KEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6m/qtJ1Sax/LBjBP0IzqQPOSMGivV016p7FbcGcgy8XJShhy1Xumr249ZGqE0TFCtO56bGD+jynAmcFLsphoTykZ0gB1LJY1Q+9ns0Ak5tUqfhLGyJQ2Zqb8nMhppPY4C2xlRM9SL3lT8z+ukJrzxMy6T1KBk80VhKoiJyfRr0ucKmRFjSyhT3N5K2JAqyozNpmhD8BZfXibN84p3VbmsX5Srt3kcBTiGEzgDD66hCvdQgwYwQHiGV3hzHp0X5935mLeuOPnMEfyB8/kD5O2NAw==</latexit>u
<latexit sha1_base64="tmEvmksfb9cWDAa5xB1ckWUhUbQ=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV3xdQx68ZiAeUCyhNlJbzJmdnaZmRXCki/w4kERr36SN//GSbIHTSxoKKq66e4KEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6m/qtJ1Sax/LBjBP0IzqQPOSMGivVx71S2a24M5Bl4uWkDDlqvdJXtx+zNEJpmKBadzw3MX5GleFM4KTYTTUmlI3oADuWShqh9rPZoRNyapU+CWNlSxoyU39PZDTSehwFtjOiZqgXvan4n9dJTXjjZ1wmqUHJ5ovCVBATk+nXpM8VMiPGllCmuL2VsCFVlBmbTdGG4C2+vEya5xXvqnJZvyhXb/M4CnAMJ3AGHlxDFe6hBg1ggPAMr/DmPDovzrvzMW9dcfKZI/gD5/MH6v2NBw==</latexit>y

<latexit sha1_base64="1rN1A2qyOJCqmP31n6jRcnkzRlA=">AAAB6nicbVDJSgNBEK2JW4xb1KOXxiB4CjPidox68RjRLJAMoafTk7Tp6Rm6a4Qw5BO8eFDEq1/kzb+xsxw08UHB470qquoFiRQGXffbyS0tr6yu5dcLG5tb2zvF3b26iVPNeI3FMtbNgBouheI1FCh5M9GcRoHkjWBwM/YbT1wbEasHHCbcj2hPiVAwila6v+o8doolt+xOQBaJNyMlmKHaKX61uzFLI66QSWpMy3MT9DOqUTDJR4V2anhC2YD2eMtSRSNu/Gxy6ogcWaVLwljbUkgm6u+JjEbGDKPAdkYU+2beG4v/ea0Uw0s/EypJkSs2XRSmkmBMxn+TrtCcoRxaQpkW9lbC+lRThjadgg3Bm395kdRPyt55+ezutFS5nsWRhwM4hGPw4AIqcAtVqAGDHjzDK7w50nlx3p2PaWvOmc3swx84nz8Rio2s</latexit>

Aj

<latexit sha1_base64="VihglsaGWVupHNt8GOAH0WQPGPE=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHaNryPRi0dI5JHAhswODYzMzm5mZjVkwxd48aAxXv0kb/6NA+xBwUo6qVR1p7sriAXXxnW/ndzK6tr6Rn6zsLW9s7tX3D9o6ChRDOssEpFqBVSj4BLrhhuBrVghDQOBzWB0O/Wbj6g0j+S9Gcfoh3QgeZ8zaqxUe+oWS27ZnYEsEy8jJchQ7Ra/Or2IJSFKwwTVuu25sfFTqgxnAieFTqIxpmxEB9i2VNIQtZ/ODp2QE6v0SD9StqQhM/X3REpDrcdhYDtDaoZ60ZuK/3ntxPSv/ZTLODEo2XxRPxHERGT6NelxhcyIsSWUKW5vJWxIFWXGZlOwIXiLLy+TxlnZuyxf1M5LlZssjjwcwTGcggdXUIE7qEIdGCA8wyu8OQ/Oi/PufMxbc042cwh/4Hz+AOf1jQU=</latexit>w

<latexit sha1_base64="TGSRFaQNMza2al/epkP1qFSIJQI=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PQi8eI5gHJEmYns8mQ2dllplcJSz7BiwdFvPpF3vwbJ8keNFrQUFR1090VJFIYdN0vp7C0vLK6VlwvbWxube+Ud/eaJk414w0Wy1i3A2q4FIo3UKDk7URzGgWSt4LR9dRvPXBtRKzucZxwP6IDJULBKFrpLn0c98oVt+rOQP4SLycVyFHvlT+7/ZilEVfIJDWm47kJ+hnVKJjkk1I3NTyhbEQHvGOpohE3fjY7dUKOrNInYaxtKSQz9edERiNjxlFgOyOKQ7PoTcX/vE6K4aWfCZWkyBWbLwpTSTAm079JX2jOUI4toUwLeythQ6opQ5tOyYbgLb78lzRPqt559ez2tFK7yuMowgEcwjF4cAE1uIE6NIDBAJ7gBV4d6Tw7b877vLXg5DP78AvOxzeb9o4H</latexit>uwy
<latexit sha1_base64="99ylR1GNSFavGaDLzbyYviEg2mk=">AAAB8nicbVDLTsJAFL3FF+ILdemmkZjghrTG15LoxiUm8kigkOkwhQnTmWZmijYNn+HGhca49Wvc+TcO0IWCJ7nJyTn35t57/IhRpR3n28qtrK6tb+Q3C1vbO7t7xf2DhhKxxKSOBROy5SNFGOWkrqlmpBVJgkKfkaY/up36zTGRigr+oJOIeCEacBpQjLSR2uV43HUen7pOctorlpyKM4O9TNyMlCBDrVf86vQFjkPCNWZIqbbrRNpLkdQUMzIpdGJFIoRHaEDahnIUEuWls5Mn9olR+nYgpCmu7Zn6eyJFoVJJ6JvOEOmhWvSm4n9eO9bBtZdSHsWacDxfFMTM1sKe/m/3qSRYs8QQhCU1t9p4iCTC2qRUMCG4iy8vk8ZZxb2sXNyfl6o3WRx5OIJjKIMLV1CFO6hBHTAIeIZXeLO09WK9Wx/z1pyVzRzCH1ifP2d5kLI=</latexit>

(uv0wx0y)

<latexit sha1_base64="1VBViVwvNVwjb7JZbhqUe9sD8Xw=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0nEr2PRi8cKpi20oWy2m3bpZhN2N9UQ+hu8eFDEqz/Im//GbZqDtj4YeLw3w8w8P+ZMadv+tkorq2vrG+XNytb2zu5edf+gpaJEEuqSiEey42NFORPU1Uxz2oklxaHPadsf38789oRKxSLxoNOYeiEeChYwgrWR3GTy+JT2qzW7budAy8QpSA0KNPvVr94gIklIhSYcK9V17Fh7GZaaEU6nlV6iaIzJGA9p11CBQ6q8LD92ik6MMkBBJE0JjXL190SGQ6XS0DedIdYjtejNxP+8bqKDay9jIk40FWS+KEg40hGafY4GTFKieWoIJpKZWxEZYYmJNvlUTAjO4svLpHVWdy7rF/fntcZNEUcZjuAYTsGBK2jAHTTBBQIMnuEV3ixhvVjv1se8tWQVM4fwB9bnD1HZjwk=</latexit>uvwxy <latexit sha1_base64="v8XQKkuWqNncJLtV2uKGML37ltY=">AAAB7nicbVDJSgNBEK1xjXGLevTSGARPYUbcjkEvHiOYBZIh9HR6kiY9PUMvMcOQj/DiQRGvfo83/8ZOMgdNfFDweK+KqnpBwpnSrvvtrKyurW9sFraK2zu7e/ulg8OGio0ktE5iHstWgBXlTNC6ZprTViIpjgJOm8Hwbuo3R1QqFotHnSbUj3BfsJARrK3UNKPR03icdktlt+LOgJaJl5My5Kh1S1+dXkxMRIUmHCvV9txE+xmWmhFOJ8WOUTTBZIj7tG2pwBFVfjY7d4JOrdJDYSxtCY1m6u+JDEdKpVFgOyOsB2rRm4r/eW2jwxs/YyIxmgoyXxQajnSMpr+jHpOUaJ5agolk9lZEBlhiom1CRRuCt/jyMmmcV7yryuXDRbl6m8dRgGM4gTPw4BqqcA81qAOBITzDK7w5ifPivDsf89YVJ585gj9wPn8ACZ6QCw==</latexit>uvvwxxy <latexit sha1_base64="5uOao+GgMouHcj+9QodtErF4J/Q=">AAAB8HicbVDLSsNAFL2pr1pfVZduBovgqiTia1l047KCfUgbymQ6aYdOJmFmEhtCv8KNC0Xc+jnu/BunbRbaeuDC4Zx7ufceL+JMadv+tgorq2vrG8XN0tb2zu5eef+gqcJYEtogIQ9l28OKciZoQzPNaTuSFAcepy1vdDv1WwmVioXiQacRdQM8EMxnBGsjPcZJkjyNx+O0V67YVXsGtEycnFQgR71X/ur2QxIHVGjCsVIdx460m2GpGeF0UurGikaYjPCAdgwVOKDKzWYHT9CJUfrID6UpodFM/T2R4UCpNPBMZ4D1UC16U/E/rxNr/9rNmIhiTQWZL/JjjnSIpt+jPpOUaJ4agolk5lZEhlhiok1GJROCs/jyMmmeVZ3L6sX9eaV2k8dRhCM4hlNw4ApqcAd1aACBAJ7hFd4sab1Y79bHvLVg5TOH8AfW5w/DNpEN</latexit>uvvvwxxxy

<latexit sha1_base64="1rN1A2qyOJCqmP31n6jRcnkzRlA=">AAAB6nicbVDJSgNBEK2JW4xb1KOXxiB4CjPidox68RjRLJAMoafTk7Tp6Rm6a4Qw5BO8eFDEq1/kzb+xsxw08UHB470qquoFiRQGXffbyS0tr6yu5dcLG5tb2zvF3b26iVPNeI3FMtbNgBouheI1FCh5M9GcRoHkjWBwM/YbT1wbEasHHCbcj2hPiVAwila6v+o8doolt+xOQBaJNyMlmKHaKX61uzFLI66QSWpMy3MT9DOqUTDJR4V2anhC2YD2eMtSRSNu/Gxy6ogcWaVLwljbUkgm6u+JjEbGDKPAdkYU+2beG4v/ea0Uw0s/EypJkSs2XRSmkmBMxn+TrtCcoRxaQpkW9lbC+lRThjadgg3Bm395kdRPyt55+ezutFS5nsWRhwM4hGPw4AIqcAtVqAGDHjzDK7w50nlx3p2PaWvOmc3swx84nz8Rio2s</latexit>

Aj

<latexit sha1_base64="NwGGLh7KJH6m1IUq5ExMsb+mMPo=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHaNryPRi0dI5JHAhswOvTAyO7uZmSUhhC/w4kFjvPpJ3vwbB9iDgpV0UqnqTndXkAiujet+O7m19Y3Nrfx2YWd3b/+geHjU0HGqGNZZLGLVCqhGwSXWDTcCW4lCGgUCm8HwfuY3R6g0j+WjGSfoR7QvecgZNVaqjbrFklt25yCrxMtICTJUu8WvTi9maYTSMEG1bntuYvwJVYYzgdNCJ9WYUDakfWxbKmmE2p/MD52SM6v0SBgrW9KQufp7YkIjrcdRYDsjagZ62ZuJ/3nt1IS3/oTLJDUo2WJRmApiYjL7mvS4QmbE2BLKFLe3EjagijJjsynYELzll1dJ46LsXZevapelyl0WRx5O4BTOwYMbqMADVKEODBCe4RXenCfnxXl3PhatOSebOYY/cD5/AOZxjQQ=</latexit>v<latexit sha1_base64="xXGhe73jRKts53g8Xq99LRv7430=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV3xdQx68ZiAeUCyhNlJbzJmdnaZmRXCki/w4kERr36SN//GSbIHTSxoKKq66e4KEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6m/qtJ1Sax/LBjBP0IzqQPOSMGivV016p7FbcGcgy8XJShhy1Xumr249ZGqE0TFCtO56bGD+jynAmcFLsphoTykZ0gB1LJY1Q+9ns0Ak5tUqfhLGyJQ2Zqb8nMhppPY4C2xlRM9SL3lT8z+ukJrzxMy6T1KBk80VhKoiJyfRr0ucKmRFjSyhT3N5K2JAqyozNpmhD8BZfXibN84p3VbmsX5Srt3kcBTiGEzgDD66hCvdQgwYwQHiGV3hzHp0X5935mLeuOPnMEfyB8/kD5O2NAw==</latexit>u <latexit sha1_base64="ZwKkaJcdU3hHlnhMyVD4tdz55QM=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHaNryPRi0dI5JHAhswODYzMzm5mZo1kwxd48aAxXv0kb/6NA+xBwUo6qVR1p7sriAXXxnW/ndzK6tr6Rn6zsLW9s7tX3D9o6ChRDOssEpFqBVSj4BLrhhuBrVghDQOBzWB0O/Wbj6g0j+S9Gcfoh3QgeZ8zaqxUe+oWS27ZnYEsEy8jJchQ7Ra/Or2IJSFKwwTVuu25sfFTqgxnAieFTqIxpmxEB9i2VNIQtZ/ODp2QE6v0SD9StqQhM/X3REpDrcdhYDtDaoZ60ZuK/3ntxPSv/ZTLODEo2XxRPxHERGT6NelxhcyIsSWUKW5vJWxIFWXGZlOwIXiLLy+TxlnZuyxf1M5LlZssjjwcwTGcggdXUIE7qEIdGCA8wyu8OQ/Oi/PufMxbc042cwh/4Hz+AOl5jQY=</latexit>x
<latexit sha1_base64="tmEvmksfb9cWDAa5xB1ckWUhUbQ=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV3xdQx68ZiAeUCyhNlJbzJmdnaZmRXCki/w4kERr36SN//GSbIHTSxoKKq66e4KEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6m/qtJ1Sax/LBjBP0IzqQPOSMGivVx71S2a24M5Bl4uWkDDlqvdJXtx+zNEJpmKBadzw3MX5GleFM4KTYTTUmlI3oADuWShqh9rPZoRNyapU+CWNlSxoyU39PZDTSehwFtjOiZqgXvan4n9dJTXjjZ1wmqUHJ5ovCVBATk+nXpM8VMiPGllCmuL2VsCFVlBmbTdGG4C2+vEya5xXvqnJZvyhXb/M4CnAMJ3AGHlxDFe6hBg1ggPAMr/DmPDovzrvzMW9dcfKZI/gD5/MH6v2NBw==</latexit>y<latexit sha1_base64="VihglsaGWVupHNt8GOAH0WQPGPE=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHaNryPRi0dI5JHAhswODYzMzm5mZjVkwxd48aAxXv0kb/6NA+xBwUo6qVR1p7sriAXXxnW/ndzK6tr6Rn6zsLW9s7tX3D9o6ChRDOssEpFqBVSj4BLrhhuBrVghDQOBzWB0O/Wbj6g0j+S9Gcfoh3QgeZ8zaqxUe+oWS27ZnYEsEy8jJchQ7Ra/Or2IJSFKwwTVuu25sfFTqgxnAieFTqIxpmxEB9i2VNIQtZ/ODp2QE6v0SD9StqQhM/X3REpDrcdhYDtDaoZ60ZuK/3ntxPSv/ZTLODEo2XxRPxHERGT6NelxhcyIsSWUKW5vJWxIFWXGZlOwIXiLLy+TxlnZuyxf1M5LlZssjjwcwTGcggdXUIE7qEIdGCA8wyu8OQ/Oi/PufMxbc042cwh/4Hz+AOf1jQU=</latexit>w

<latexit sha1_base64="1rN1A2qyOJCqmP31n6jRcnkzRlA=">AAAB6nicbVDJSgNBEK2JW4xb1KOXxiB4CjPidox68RjRLJAMoafTk7Tp6Rm6a4Qw5BO8eFDEq1/kzb+xsxw08UHB470qquoFiRQGXffbyS0tr6yu5dcLG5tb2zvF3b26iVPNeI3FMtbNgBouheI1FCh5M9GcRoHkjWBwM/YbT1wbEasHHCbcj2hPiVAwila6v+o8doolt+xOQBaJNyMlmKHaKX61uzFLI66QSWpMy3MT9DOqUTDJR4V2anhC2YD2eMtSRSNu/Gxy6ogcWaVLwljbUkgm6u+JjEbGDKPAdkYU+2beG4v/ea0Uw0s/EypJkSs2XRSmkmBMxn+TrtCcoRxaQpkW9lbC+lRThjadgg3Bm395kdRPyt55+ezutFS5nsWRhwM4hGPw4AIqcAtVqAGDHjzDK7w50nlx3p2PaWvOmc3swx84nz8Rio2s</latexit>

Aj

<latexit sha1_base64="EMOsK469OVYFUh6k258wVMXC+KM=">AAAB8nicbVDLTsJAFL31ifhCXbppJCa4IS3xtSS6cYmJPJJSyHSYwoTpTDMzRUnDZ7hxoTFu/Rp3/o0DdKHgSW5ycs69ufeeIGZUacf5tlZW19Y3NnNb+e2d3b39wsFhQ4lEYlLHggnZCpAijHJS11Qz0oolQVHASDMY3k795ohIRQV/0OOY+BHqcxpSjLSRvFIy6lQenzqV8Vm3UHTKzgz2MnEzUoQMtW7hq90TOIkI15ghpTzXibWfIqkpZmSSbyeKxAgPUZ94hnIUEeWns5Mn9qlRenYopCmu7Zn6eyJFkVLjKDCdEdIDtehNxf88L9HhtZ9SHieacDxfFCbM1sKe/m/3qCRYs7EhCEtqbrXxAEmEtUkpb0JwF19eJo1K2b0sX9yfF6s3WRw5OIYTKIELV1CFO6hBHTAIeIZXeLO09WK9Wx/z1hUrmzmCP7A+fwBtmZC2</latexit>

(uv2wx2y)
<latexit sha1_base64="whVnVzIyqEvbJMaiXfBDp4+ieno=">AAAB8nicbVDLTgIxFO3gC/GFunTTSExwQ2bE15LoxiUm8kiGgXRKBxo67aTtoJMJn+HGhca49Wvc+TcWmIWCJ7nJyTn35t57/IhRpW3728qtrK6tb+Q3C1vbO7t7xf2DphKxxKSBBROy7SNFGOWkoalmpB1JgkKfkZY/up36rTGRigr+oJOIeCEacBpQjLSR3HI87lYfn7rV5LRXLNkVewa4TJyMlECGeq/41ekLHIeEa8yQUq5jR9pLkdQUMzIpdGJFIoRHaEBcQzkKifLS2ckTeGKUPgyENMU1nKm/J1IUKpWEvukMkR6qRW8q/ue5sQ6uvZTyKNaE4/miIGZQCzj9H/apJFizxBCEJTW3QjxEEmFtUiqYEJzFl5dJ86ziXFYu7s9LtZssjjw4AsegDBxwBWrgDtRBA2AgwDN4BW+Wtl6sd+tj3pqzsplD8AfW5w9wqZC4</latexit>

(uv3wx3y)
<latexit sha1_base64="uXGQz5QW5f/DPPHq45X7ows61H4=">AAAB8nicbVDLTsJAFL3FF+ILdemmkZjghrTG15LoxiUm8kigkOkwhQnTmWZmijYNn+HGhca49Wvc+TcO0IWCJ7nJyTn35t57/IhRpR3n28qtrK6tb+Q3C1vbO7t7xf2DhhKxxKSOBROy5SNFGOWkrqlmpBVJgkKfkaY/up36zTGRigr+oJOIeCEacBpQjLSR2uV43HUfn7puctorlpyKM4O9TNyMlCBDrVf86vQFjkPCNWZIqbbrRNpLkdQUMzIpdGJFIoRHaEDahnIUEuWls5Mn9olR+nYgpCmu7Zn6eyJFoVJJ6JvOEOmhWvSm4n9eO9bBtZdSHsWacDxfFMTM1sKe/m/3qSRYs8QQhCU1t9p4iCTC2qRUMCG4iy8vk8ZZxb2sXNyfl6o3WRx5OIJjKIMLV1CFO6hBHTAIeIZXeLO09WK9Wx/z1pyVzRzCH1ifP2qJkLQ=</latexit>

(uv1wx1y)

<latexit sha1_base64="OxNWMMW8gio5nPun+01zUjW0INo=">AAAB7XicbVDLSgNBEOyNrxhfUY9eFoPgKeyKr2PQi8cI5gHJEmZnJ8mY2ZllplcIS/7BiwdFvPo/3vwbJ8keNLGgoajqprsrTAQ36HnfTmFldW19o7hZ2tre2d0r7x80jUo1ZQ2qhNLtkBgmuGQN5ChYO9GMxKFgrXB0O/VbT0wbruQDjhMWxGQgeZ9TglZqdmmk0PTKFa/qzeAuEz8nFchR75W/upGiacwkUkGM6fhegkFGNHIq2KTUTQ1LCB2RAetYKknMTJDNrp24J1aJ3L7StiS6M/X3REZiY8ZxaDtjgkOz6E3F/7xOiv3rIOMySZFJOl/UT4WLyp2+7kZcM4pibAmhmttbXTokmlC0AZVsCP7iy8ukeVb1L6sX9+eV2k0eRxGO4BhOwYcrqMEd1KEBFB7hGV7hzVHOi/PufMxbC04+cwh/4Hz+ALGXjzk=</latexit>· · ·

<latexit sha1_base64="OxNWMMW8gio5nPun+01zUjW0INo=">AAAB7XicbVDLSgNBEOyNrxhfUY9eFoPgKeyKr2PQi8cI5gHJEmZnJ8mY2ZllplcIS/7BiwdFvPo/3vwbJ8keNLGgoajqprsrTAQ36HnfTmFldW19o7hZ2tre2d0r7x80jUo1ZQ2qhNLtkBgmuGQN5ChYO9GMxKFgrXB0O/VbT0wbruQDjhMWxGQgeZ9TglZqdmmk0PTKFa/qzeAuEz8nFchR75W/upGiacwkUkGM6fhegkFGNHIq2KTUTQ1LCB2RAetYKknMTJDNrp24J1aJ3L7StiS6M/X3REZiY8ZxaDtjgkOz6E3F/7xOiv3rIOMySZFJOl/UT4WLyp2+7kZcM4pibAmhmttbXTokmlC0AZVsCP7iy8ukeVb1L6sX9+eV2k0eRxGO4BhOwYcrqMEd1KEBFB7hGV7hzVHOi/PufMxbC04+cwh/4Hz+ALGXjzk=</latexit>· · ·
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Proof of Pumping Lemma
• Let L be a context-free language.
• Then, ∃ CFG G in Chomsky Normal Form. s.t. L(G) = L.
• Let m ≥ 0 be the number of variables in G , and n be 2m > 0.
• Take any z = a1a2 · · · ak ∈ L s.t. |z | = k ≥ n.
• Consider the longest path A1(= S), A2, · · · , Ap in the parse tree of z .

Then, k = |z | ≤ 2p−1by Theorem of Size of Parse Trees in CNF.
It means that p ≥ m + 1 (∵ 2p−1 ≥ k ≥ n = 2m).

• Pick m + 1 variables from the bottom of the path: Ap−m, · · · , Ap.
• Then, ∃i , j . (p − m ≤ i < j ≤ p) ∧ (Ai = Aj) by Pigeonhole Principle.
• Split the word z = uvwxy as follows. Then, it satisfies 1 , 2 , and 3 .

<latexit sha1_base64="1rN1A2qyOJCqmP31n6jRcnkzRlA=">AAAB6nicbVDJSgNBEK2JW4xb1KOXxiB4CjPidox68RjRLJAMoafTk7Tp6Rm6a4Qw5BO8eFDEq1/kzb+xsxw08UHB470qquoFiRQGXffbyS0tr6yu5dcLG5tb2zvF3b26iVPNeI3FMtbNgBouheI1FCh5M9GcRoHkjWBwM/YbT1wbEasHHCbcj2hPiVAwila6v+o8doolt+xOQBaJNyMlmKHaKX61uzFLI66QSWpMy3MT9DOqUTDJR4V2anhC2YD2eMtSRSNu/Gxy6ogcWaVLwljbUkgm6u+JjEbGDKPAdkYU+2beG4v/ea0Uw0s/EypJkSs2XRSmkmBMxn+TrtCcoRxaQpkW9lbC+lRThjadgg3Bm395kdRPyt55+ezutFS5nsWRhwM4hGPw4AIqcAtVqAGDHjzDK7w50nlx3p2PaWvOmc3swx84nz8Rio2s</latexit>

Aj

<latexit sha1_base64="NwGGLh7KJH6m1IUq5ExMsb+mMPo=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHaNryPRi0dI5JHAhswOvTAyO7uZmSUhhC/w4kFjvPpJ3vwbB9iDgpV0UqnqTndXkAiujet+O7m19Y3Nrfx2YWd3b/+geHjU0HGqGNZZLGLVCqhGwSXWDTcCW4lCGgUCm8HwfuY3R6g0j+WjGSfoR7QvecgZNVaqjbrFklt25yCrxMtICTJUu8WvTi9maYTSMEG1bntuYvwJVYYzgdNCJ9WYUDakfWxbKmmE2p/MD52SM6v0SBgrW9KQufp7YkIjrcdRYDsjagZ62ZuJ/3nt1IS3/oTLJDUo2WJRmApiYjL7mvS4QmbE2BLKFLe3EjagijJjsynYELzll1dJ46LsXZevapelyl0WRx5O4BTOwYMbqMADVKEODBCe4RXenCfnxXl3PhatOSebOYY/cD5/AOZxjQQ=</latexit>v<latexit sha1_base64="xXGhe73jRKts53g8Xq99LRv7430=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV3xdQx68ZiAeUCyhNlJbzJmdnaZmRXCki/w4kERr36SN//GSbIHTSxoKKq66e4KEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6m/qtJ1Sax/LBjBP0IzqQPOSMGivV016p7FbcGcgy8XJShhy1Xumr249ZGqE0TFCtO56bGD+jynAmcFLsphoTykZ0gB1LJY1Q+9ns0Ak5tUqfhLGyJQ2Zqb8nMhppPY4C2xlRM9SL3lT8z+ukJrzxMy6T1KBk80VhKoiJyfRr0ucKmRFjSyhT3N5K2JAqyozNpmhD8BZfXibN84p3VbmsX5Srt3kcBTiGEzgDD66hCvdQgwYwQHiGV3hzHp0X5935mLeuOPnMEfyB8/kD5O2NAw==</latexit>u <latexit sha1_base64="ZwKkaJcdU3hHlnhMyVD4tdz55QM=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHaNryPRi0dI5JHAhswODYzMzm5mZo1kwxd48aAxXv0kb/6NA+xBwUo6qVR1p7sriAXXxnW/ndzK6tr6Rn6zsLW9s7tX3D9o6ChRDOssEpFqBVSj4BLrhhuBrVghDQOBzWB0O/Wbj6g0j+S9Gcfoh3QgeZ8zaqxUe+oWS27ZnYEsEy8jJchQ7Ra/Or2IJSFKwwTVuu25sfFTqgxnAieFTqIxpmxEB9i2VNIQtZ/ODp2QE6v0SD9StqQhM/X3REpDrcdhYDtDaoZ60ZuK/3ntxPSv/ZTLODEo2XxRPxHERGT6NelxhcyIsSWUKW5vJWxIFWXGZlOwIXiLLy+TxlnZuyxf1M5LlZssjjwcwTGcggdXUIE7qEIdGCA8wyu8OQ/Oi/PufMxbc042cwh/4Hz+AOl5jQY=</latexit>x
<latexit sha1_base64="tmEvmksfb9cWDAa5xB1ckWUhUbQ=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV3xdQx68ZiAeUCyhNlJbzJmdnaZmRXCki/w4kERr36SN//GSbIHTSxoKKq66e4KEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6m/qtJ1Sax/LBjBP0IzqQPOSMGivVx71S2a24M5Bl4uWkDDlqvdJXtx+zNEJpmKBadzw3MX5GleFM4KTYTTUmlI3oADuWShqh9rPZoRNyapU+CWNlSxoyU39PZDTSehwFtjOiZqgXvan4n9dJTXjjZ1wmqUHJ5ovCVBATk+nXpM8VMiPGllCmuL2VsCFVlBmbTdGG4C2+vEya5xXvqnJZvyhXb/M4CnAMJ3AGHlxDFe6hBg1ggPAMr/DmPDovzrvzMW9dcfKZI/gD5/MH6v2NBw==</latexit>y<latexit sha1_base64="VihglsaGWVupHNt8GOAH0WQPGPE=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHaNryPRi0dI5JHAhswODYzMzm5mZjVkwxd48aAxXv0kb/6NA+xBwUo6qVR1p7sriAXXxnW/ndzK6tr6Rn6zsLW9s7tX3D9o6ChRDOssEpFqBVSj4BLrhhuBrVghDQOBzWB0O/Wbj6g0j+S9Gcfoh3QgeZ8zaqxUe+oWS27ZnYEsEy8jJchQ7Ra/Or2IJSFKwwTVuu25sfFTqgxnAieFTqIxpmxEB9i2VNIQtZ/ODp2QE6v0SD9StqQhM/X3REpDrcdhYDtDaoZ60ZuK/3ntxPSv/ZTLODEo2XxRPxHERGT6NelxhcyIsSWUKW5vJWxIFWXGZlOwIXiLLy+TxlnZuyxf1M5LlZssjjwcwTGcggdXUIE7qEIdGCA8wyu8OQ/Oi/PufMxbc042cwh/4Hz+AOf1jQU=</latexit>w

<latexit sha1_base64="+TEZ3DniQbyku8Rr9l2gFVIU7rw=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PUi8eI5gHJEmYnvcmQ2dllZlYISz7BiwdFvPpF3vwbJ8keNFrQUFR1090VJIJr47pfTmFpeWV1rbhe2tjc2t4p7+41dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6mfqtR1Sax/LBjBP0IzqQPOSMGivdX/V4r1xxq+4M5C/xclKBHPVe+bPbj1kaoTRMUK07npsYP6PKcCZwUuqmGhPKRnSAHUsljVD72ezUCTmySp+EsbIlDZmpPycyGmk9jgLbGVEz1IveVPzP66QmvPQzLpPUoGTzRWEqiInJ9G/S5wqZEWNLKFPc3krYkCrKjE2nZEPwFl/+S5onVe+8enZ3Wqld53EU4QAO4Rg8uIAa3EIdGsBgAE/wAq+OcJ6dN+d93lpw8pl9+AXn4xsQBo2r</latexit>

Ai

<latexit sha1_base64="I6lx7kJ3J2ctPwbk+TFgr5/RVcU=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHaNryPRi0dI5JHAhswODYzMzm5mZk1wwxd48aAxXv0kb/6NA+xBwUo6qVR1p7sriAXXxnW/ndzK6tr6Rn6zsLW9s7tX3D9o6ChRDOssEpFqBVSj4BLrhhuBrVghDQOBzWB0O/Wbj6g0j+S9Gcfoh3QgeZ8zaqxUe+oWS27ZnYEsEy8jJchQ7Ra/Or2IJSFKwwTVuu25sfFTqgxnAieFTqIxpmxEB9i2VNIQtZ/ODp2QE6v0SD9StqQhM/X3REpDrcdhYDtDaoZ60ZuK/3ntxPSv/ZTLODEo2XxRPxHERGT6NelxhcyIsSWUKW5vJWxIFWXGZlOwIXiLLy+TxlnZuyxf1M5LlZssjjwcwTGcggdXUIE7qEIdGCA8wyu8OQ/Oi/PufMxbc042cwh/4Hz+AOyBjQg=</latexit>z

<latexit sha1_base64="ld2JPVk0glh/Z6mHiUKokfAIi3I=">AAAB/3icbZDLSgMxFIYz9VbrbVRw4yZYBDeWGfG2cFF047KCvUA7lEyaaWOTTEwyQhm78FXcuFDEra/hzrcxbWehrT8EPv5zDufkDyWj2njet5Obm19YXMovF1ZW19Y33M2tmo4ThUkVxyxWjRBpwqggVUMNIw2pCOIhI/WwfzWq1x+I0jQWt2YgScBRV9CIYmSs1XZ3JDzksMXIPaTwAt5NULbdolfyxoKz4GdQBJkqbfer1YlxwokwmCGtm74nTZAiZShmZFhoJZpIhPuoS5oWBeJEB+n4/iHct04HRrGyTxg4dn9PpIhrPeCh7eTI9PR0bWT+V2smJjoPUipkYojAk0VRwqCJ4SgM2KGKYMMGFhBW1N4KcQ8phI2NrGBD8Ke/PAu1o5J/Wjq5OS6WL7M48mAX7IED4IMzUAbXoAKqAINH8AxewZvz5Lw4787HpDXnZDPb4I+czx8LP5Q2</latexit>

p � m  i < j  p
<latexit sha1_base64="j3RPB6U9fGEKzd72lA12hi2HcVI=">AAAB8XicbVDLSgNBEOz1GeMr6tHLYBA8hV3xdQx68RjBPDBZwuzsJBkyO7vM9IphyV948aCIV//Gm3/jJNmDJhY0FFXddHcFiRQGXffbWVpeWV1bL2wUN7e2d3ZLe/sNE6ea8TqLZaxbATVcCsXrKFDyVqI5jQLJm8HwZuI3H7k2Ilb3OEq4H9G+Ej3BKFrpoYP8CTOqwnG3VHYr7hRkkXg5KUOOWrf01QljlkZcIZPUmLbnJuhnVKNgko+LndTwhLIh7fO2pYpG3PjZ9OIxObZKSHqxtqWQTNXfExmNjBlFge2MKA7MvDcR//PaKfau/EyoJEWu2GxRL5UEYzJ5n4RCc4ZyZAllWthbCRtQTRnakIo2BG/+5UXSOK14F5Xzu7Ny9TqPowCHcAQn4MElVOEWalAHBgqe4RXeHOO8OO/Ox6x1yclnDuAPnM8fFo+RNA==</latexit>

and
<latexit sha1_base64="s5MQm0E5tIQneAxQCWPoDRA4AFo=">AAAB8HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr4uQ6MVjBPOQZFlmJ5NkzMzsMjMrhCVf4cWDIl79HG/+jZNkD5pY0FBUddPdFcacaeO6305uaXlldS2/XtjY3NreKe7uNXSUKELrJOKRaoVYU84krRtmOG3FimIRctoMhzcTv/lElWaRvDejmPoC9yXrMYKNlR6qAUNXqBo8BsWSW3anQIvEy0gJMtSC4lenG5FEUGkIx1q3PTc2foqVYYTTcaGTaBpjMsR92rZUYkG1n04PHqMjq3RRL1K2pEFT9fdEioXWIxHaToHNQM97E/E/r52Y3qWfMhknhkoyW9RLODIRmnyPukxRYvjIEkwUs7ciMsAKE2MzKtgQvPmXF0njpOydl8/uTkuV6yyOPBzAIRyDBxdQgVuoQR0ICHiGV3hzlPPivDsfs9ack83swx84nz9HaI9u</latexit>

Ai = Aj
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Proof of Pumping Lemma
• Let L be a context-free language.
• Then, ∃ CFG G in Chomsky Normal Form. s.t. L(G) = L.
• Let m ≥ 0 be the number of variables in G , and n be 2m > 0.
• Take any z = a1a2 · · · ak ∈ L s.t. |z | = k ≥ n.
• Consider the longest path A1(= S), A2, · · · , Ap in the parse tree of z .

Then, k = |z | ≤ 2p−1by Theorem of Size of Parse Trees in CNF.
It means that p ≥ m + 1 (∵ 2p−1 ≥ k ≥ n = 2m).

• Pick m + 1 variables from the bottom of the path: Ap−m, · · · , Ap.
• Then, ∃i , j . (p − m ≤ i < j ≤ p) ∧ (Ai = Aj) by Pigeonhole Principle.
• Split the word z = uvwxy as follows. Then, it satisfies 1 , 2 , and 3 .

<latexit sha1_base64="1rN1A2qyOJCqmP31n6jRcnkzRlA=">AAAB6nicbVDJSgNBEK2JW4xb1KOXxiB4CjPidox68RjRLJAMoafTk7Tp6Rm6a4Qw5BO8eFDEq1/kzb+xsxw08UHB470qquoFiRQGXffbyS0tr6yu5dcLG5tb2zvF3b26iVPNeI3FMtbNgBouheI1FCh5M9GcRoHkjWBwM/YbT1wbEasHHCbcj2hPiVAwila6v+o8doolt+xOQBaJNyMlmKHaKX61uzFLI66QSWpMy3MT9DOqUTDJR4V2anhC2YD2eMtSRSNu/Gxy6ogcWaVLwljbUkgm6u+JjEbGDKPAdkYU+2beG4v/ea0Uw0s/EypJkSs2XRSmkmBMxn+TrtCcoRxaQpkW9lbC+lRThjadgg3Bm395kdRPyt55+ezutFS5nsWRhwM4hGPw4AIqcAtVqAGDHjzDK7w50nlx3p2PaWvOmc3swx84nz8Rio2s</latexit>

Aj

<latexit sha1_base64="NwGGLh7KJH6m1IUq5ExMsb+mMPo=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHaNryPRi0dI5JHAhswOvTAyO7uZmSUhhC/w4kFjvPpJ3vwbB9iDgpV0UqnqTndXkAiujet+O7m19Y3Nrfx2YWd3b/+geHjU0HGqGNZZLGLVCqhGwSXWDTcCW4lCGgUCm8HwfuY3R6g0j+WjGSfoR7QvecgZNVaqjbrFklt25yCrxMtICTJUu8WvTi9maYTSMEG1bntuYvwJVYYzgdNCJ9WYUDakfWxbKmmE2p/MD52SM6v0SBgrW9KQufp7YkIjrcdRYDsjagZ62ZuJ/3nt1IS3/oTLJDUo2WJRmApiYjL7mvS4QmbE2BLKFLe3EjagijJjsynYELzll1dJ46LsXZevapelyl0WRx5O4BTOwYMbqMADVKEODBCe4RXenCfnxXl3PhatOSebOYY/cD5/AOZxjQQ=</latexit>v<latexit sha1_base64="xXGhe73jRKts53g8Xq99LRv7430=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV3xdQx68ZiAeUCyhNlJbzJmdnaZmRXCki/w4kERr36SN//GSbIHTSxoKKq66e4KEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6m/qtJ1Sax/LBjBP0IzqQPOSMGivV016p7FbcGcgy8XJShhy1Xumr249ZGqE0TFCtO56bGD+jynAmcFLsphoTykZ0gB1LJY1Q+9ns0Ak5tUqfhLGyJQ2Zqb8nMhppPY4C2xlRM9SL3lT8z+ukJrzxMy6T1KBk80VhKoiJyfRr0ucKmRFjSyhT3N5K2JAqyozNpmhD8BZfXibN84p3VbmsX5Srt3kcBTiGEzgDD66hCvdQgwYwQHiGV3hzHp0X5935mLeuOPnMEfyB8/kD5O2NAw==</latexit>u <latexit sha1_base64="ZwKkaJcdU3hHlnhMyVD4tdz55QM=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHaNryPRi0dI5JHAhswODYzMzm5mZo1kwxd48aAxXv0kb/6NA+xBwUo6qVR1p7sriAXXxnW/ndzK6tr6Rn6zsLW9s7tX3D9o6ChRDOssEpFqBVSj4BLrhhuBrVghDQOBzWB0O/Wbj6g0j+S9Gcfoh3QgeZ8zaqxUe+oWS27ZnYEsEy8jJchQ7Ra/Or2IJSFKwwTVuu25sfFTqgxnAieFTqIxpmxEB9i2VNIQtZ/ODp2QE6v0SD9StqQhM/X3REpDrcdhYDtDaoZ60ZuK/3ntxPSv/ZTLODEo2XxRPxHERGT6NelxhcyIsSWUKW5vJWxIFWXGZlOwIXiLLy+TxlnZuyxf1M5LlZssjjwcwTGcggdXUIE7qEIdGCA8wyu8OQ/Oi/PufMxbc042cwh/4Hz+AOl5jQY=</latexit>x
<latexit sha1_base64="tmEvmksfb9cWDAa5xB1ckWUhUbQ=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV3xdQx68ZiAeUCyhNlJbzJmdnaZmRXCki/w4kERr36SN//GSbIHTSxoKKq66e4KEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6m/qtJ1Sax/LBjBP0IzqQPOSMGivVx71S2a24M5Bl4uWkDDlqvdJXtx+zNEJpmKBadzw3MX5GleFM4KTYTTUmlI3oADuWShqh9rPZoRNyapU+CWNlSxoyU39PZDTSehwFtjOiZqgXvan4n9dJTXjjZ1wmqUHJ5ovCVBATk+nXpM8VMiPGllCmuL2VsCFVlBmbTdGG4C2+vEya5xXvqnJZvyhXb/M4CnAMJ3AGHlxDFe6hBg1ggPAMr/DmPDovzrvzMW9dcfKZI/gD5/MH6v2NBw==</latexit>y<latexit sha1_base64="VihglsaGWVupHNt8GOAH0WQPGPE=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHaNryPRi0dI5JHAhswODYzMzm5mZjVkwxd48aAxXv0kb/6NA+xBwUo6qVR1p7sriAXXxnW/ndzK6tr6Rn6zsLW9s7tX3D9o6ChRDOssEpFqBVSj4BLrhhuBrVghDQOBzWB0O/Wbj6g0j+S9Gcfoh3QgeZ8zaqxUe+oWS27ZnYEsEy8jJchQ7Ra/Or2IJSFKwwTVuu25sfFTqgxnAieFTqIxpmxEB9i2VNIQtZ/ODp2QE6v0SD9StqQhM/X3REpDrcdhYDtDaoZ60ZuK/3ntxPSv/ZTLODEo2XxRPxHERGT6NelxhcyIsSWUKW5vJWxIFWXGZlOwIXiLLy+TxlnZuyxf1M5LlZssjjwcwTGcggdXUIE7qEIdGCA8wyu8OQ/Oi/PufMxbc042cwh/4Hz+AOf1jQU=</latexit>w

<latexit sha1_base64="+TEZ3DniQbyku8Rr9l2gFVIU7rw=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PUi8eI5gHJEmYnvcmQ2dllZlYISz7BiwdFvPpF3vwbJ8keNFrQUFR1090VJIJr47pfTmFpeWV1rbhe2tjc2t4p7+41dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6mfqtR1Sax/LBjBP0IzqQPOSMGivdX/V4r1xxq+4M5C/xclKBHPVe+bPbj1kaoTRMUK07npsYP6PKcCZwUuqmGhPKRnSAHUsljVD72ezUCTmySp+EsbIlDZmpPycyGmk9jgLbGVEz1IveVPzP66QmvPQzLpPUoGTzRWEqiInJ9G/S5wqZEWNLKFPc3krYkCrKjE2nZEPwFl/+S5onVe+8enZ3Wqld53EU4QAO4Rg8uIAa3EIdGsBgAE/wAq+OcJ6dN+d93lpw8pl9+AXn4xsQBo2r</latexit>

Ai

<latexit sha1_base64="I6lx7kJ3J2ctPwbk+TFgr5/RVcU=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHaNryPRi0dI5JHAhswODYzMzm5mZk1wwxd48aAxXv0kb/6NA+xBwUo6qVR1p7sriAXXxnW/ndzK6tr6Rn6zsLW9s7tX3D9o6ChRDOssEpFqBVSj4BLrhhuBrVghDQOBzWB0O/Wbj6g0j+S9Gcfoh3QgeZ8zaqxUe+oWS27ZnYEsEy8jJchQ7Ra/Or2IJSFKwwTVuu25sfFTqgxnAieFTqIxpmxEB9i2VNIQtZ/ODp2QE6v0SD9StqQhM/X3REpDrcdhYDtDaoZ60ZuK/3ntxPSv/ZTLODEo2XxRPxHERGT6NelxhcyIsSWUKW5vJWxIFWXGZlOwIXiLLy+TxlnZuyxf1M5LlZssjjwcwTGcggdXUIE7qEIdGCA8wyu8OQ/Oi/PufMxbc042cwh/4Hz+AOyBjQg=</latexit>z

<latexit sha1_base64="ld2JPVk0glh/Z6mHiUKokfAIi3I=">AAAB/3icbZDLSgMxFIYz9VbrbVRw4yZYBDeWGfG2cFF047KCvUA7lEyaaWOTTEwyQhm78FXcuFDEra/hzrcxbWehrT8EPv5zDufkDyWj2njet5Obm19YXMovF1ZW19Y33M2tmo4ThUkVxyxWjRBpwqggVUMNIw2pCOIhI/WwfzWq1x+I0jQWt2YgScBRV9CIYmSs1XZ3JDzksMXIPaTwAt5NULbdolfyxoKz4GdQBJkqbfer1YlxwokwmCGtm74nTZAiZShmZFhoJZpIhPuoS5oWBeJEB+n4/iHct04HRrGyTxg4dn9PpIhrPeCh7eTI9PR0bWT+V2smJjoPUipkYojAk0VRwqCJ4SgM2KGKYMMGFhBW1N4KcQ8phI2NrGBD8Ke/PAu1o5J/Wjq5OS6WL7M48mAX7IED4IMzUAbXoAKqAINH8AxewZvz5Lw4787HpDXnZDPb4I+czx8LP5Q2</latexit>

p � m  i < j  p
<latexit sha1_base64="j3RPB6U9fGEKzd72lA12hi2HcVI=">AAAB8XicbVDLSgNBEOz1GeMr6tHLYBA8hV3xdQx68RjBPDBZwuzsJBkyO7vM9IphyV948aCIV//Gm3/jJNmDJhY0FFXddHcFiRQGXffbWVpeWV1bL2wUN7e2d3ZLe/sNE6ea8TqLZaxbATVcCsXrKFDyVqI5jQLJm8HwZuI3H7k2Ilb3OEq4H9G+Ej3BKFrpoYP8CTOqwnG3VHYr7hRkkXg5KUOOWrf01QljlkZcIZPUmLbnJuhnVKNgko+LndTwhLIh7fO2pYpG3PjZ9OIxObZKSHqxtqWQTNXfExmNjBlFge2MKA7MvDcR//PaKfau/EyoJEWu2GxRL5UEYzJ5n4RCc4ZyZAllWthbCRtQTRnakIo2BG/+5UXSOK14F5Xzu7Ny9TqPowCHcAQn4MElVOEWalAHBgqe4RXeHOO8OO/Ox6x1yclnDuAPnM8fFo+RNA==</latexit>

and
<latexit sha1_base64="s5MQm0E5tIQneAxQCWPoDRA4AFo=">AAAB8HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr4uQ6MVjBPOQZFlmJ5NkzMzsMjMrhCVf4cWDIl79HG/+jZNkD5pY0FBUddPdFcacaeO6305uaXlldS2/XtjY3NreKe7uNXSUKELrJOKRaoVYU84krRtmOG3FimIRctoMhzcTv/lElWaRvDejmPoC9yXrMYKNlR6qAUNXqBo8BsWSW3anQIvEy0gJMtSC4lenG5FEUGkIx1q3PTc2foqVYYTTcaGTaBpjMsR92rZUYkG1n04PHqMjq3RRL1K2pEFT9fdEioXWIxHaToHNQM97E/E/r52Y3qWfMhknhkoyW9RLODIRmnyPukxRYvjIEkwUs7ciMsAKE2MzKtgQvPmXF0njpOydl8/uTkuV6yyOPBzAIRyDBxdQgVuoQR0ICHiGV3hzlPPivDsfs9ack83swx84nz9HaI9u</latexit>

Ai = Aj
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Proving Languages are Not Context-Free

Lemma (Pumping Lemma for Context-Free Languages)
A = L is context-free

⇓
B = ∃n > 0. ∀z ∈ L. |z | ≥ n ⇒ ∃z = uvwxy . 1 ∧ 2 ∧ 3

A =⇒ B (O)
B =⇒ A (X)

¬B =⇒ ¬A (O)

¬B = ∀n > 0. ¬(∀z ∈ L. |z | ≥ n ⇒ ∃z = uvwxy . 1 ∧ 2 ∧ 3 )
= ∀n > 0. ∃z ∈ L. ¬(|z | ≥ n ⇒ ∃z = uvwxy . 1 ∧ 2 ∧ 3 )
= ∀n > 0. ∃z ∈ L. |z | ≥ n ∧ ¬(∃z = uvwxy . 1 ∧ 2 ∧ 3 )
= ∀n > 0. ∃z ∈ L. |z | ≥ n ∧ ∀z = uvwxy . ¬( 1 ∧ 2 ∧ 3 )
= ∀n > 0. ∃z ∈ L. |z | ≥ n ∧ ∀z = uvwxy . ¬( 1 ∧ 2 ) ∨ ¬ 3
= ∀n > 0. ∃z ∈ L. |z | ≥ n ∧ ∀z = uvwxy . ( 1 ∧ 2 ) ⇒ ¬ 3
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Proving Languages are Not Context-Free
To prove a language L is NOT context-free, we need to show that

∀n > 0. ∃z ∈ L. |z | ≥ n ∧ ∀z = uvwxy . ( 1 ∧ 2 ) ⇒ ¬ 3
1 |vx | > 0
2 |vwx | ≤ n
3 ∀i ≥ 0. uv iwx iy ∈ L

Note that ¬ 3 = ∃i ≥ 0. uv iwx iy ̸∈ L.

We can prove this by following the steps below:
1 Assume any positive integer n is given.

2 Pick a word z ∈ L.

3 Show that |z | ≥ n.

4 Assume any split z = uvwxy is given ( 1 |vx | > 0 ∧ 2 |vwx | ≤ n).

5 ¬ 3 Pick i ≥ 0, and show that uv iwx iy ̸∈ L using 1 and 2 .
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Example 1
Let’s prove that L is NOT context-free using the Pumping Lemma:

L = {anbncn | n ≥ 0}

1 Assume any positive integer n is given.
2 Let z = anbncn ∈ L.
3 |z | = n + n + n = 3n ≥ n.
4 Assume any split z = uvwxy is given, and 1 |vx | > 0 ∧ 2 |vwx | ≤ n.
5 Let i = 0. We need to show that ¬ 3 uv0wx0y ̸∈ L:

• Since 2 |vwx | ≤ n,

vx = apbq (or vx = bpcq)

where 0 ≤ p, q ≤ n.
• Since 1 |vx | > 0, we can remove at least one a or b (or b or c) from

z without changing the number of c’s (or a’s) when i = 0.
• It means that uv0wx0y ̸∈ L.
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Example 2
Let’s prove that L is NOT context-free using the Pumping Lemma:

L = {0n10n10n | n ≥ 0}

1 Assume any positive integer n is given.
2 Let z = 0n10n10n ∈ L.
3 |z | = n + 1 + n + 1 + n = 3n + 2 ≥ n.
4 Assume any split z = uvwxy is given, and 1 |vx | > 0 ∧ 2 |vwx | ≤ n.
5 Let i = 0. We need to show that ¬ 3 uv0wx0y ̸∈ L:

• Since 2 |vwx | ≤ n,

vx cannot cover the third block (or the first block) consisting of 0’s.

• Since 1 |vx | > 0, we can remove at least one 0 in the first or second
blocks (or second or third blocks) from z without changing the number
of 0’s in the third block (or first block) when i = 0.

• It means that uv0wx0y ̸∈ L.
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Example 3
Let’s prove that L is NOT context-free using the Pumping Lemma:

L = {ww | w ∈ {a, b}∗}

1 Assume any positive integer n is given.
2 Let z = anbnanbn ∈ L.
3 |z | = n + n + n + n = 4n ≥ n.
4 Assume any split z = uvwxy is given, and 1 |vx | > 0 ∧ 2 |vwx | ≤ n.
5 Let i = 0. We need to show that ¬ 3 uv0wx0y ̸∈ L:

• Since 2 |vwx | ≤ n,

vx cannot cover both two different blocks consisting of a’s (or b’s).

• Since 1 |vx | > 0, we can remove at least one a (or b) in one block
from z without changing the other one when i = 0.

• It means that uv0wx0y ̸∈ L.
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Example 4
Let’s prove that L is NOT context-free using the Pumping Lemma:

L = {aibjci | i , j ≥ 0 ∧ i ≥ 2j}

1 Assume any positive integer n is given.
2 Let z = a2nbnc2n ∈ L.
3 |z | = 2n + n + 2n = 5n ≥ n.
4 Assume any split z = uvwxy is given, and 1 |vx | > 0 ∧ 2 |vwx | ≤ n.
5 Let i = 2. We need to show that ¬ 3 uvn+1wxn+1y ̸∈ L:

• If vx covers a’s (or c’s),
• vx cannot cover both a’s and c’s at the same time. (∵ 2 |vwx | ≤ n)
• uv 2wx2y will have more a’s (or c’s) than c’s (or a’s) (∵ 1 |vx | > 0).
• Therefore, uv 2wx2y ̸∈ L.

• Otherwise,
• vx covers only b. Thus, vx = bk and k > 0 (∵ 1 k = |vx | > 0).
• v 2wx2y = a2nbn+kc2n ̸∈ L (∵ k > 0 ⇒ 2n < 2(n + k)).
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Example 5
Let’s prove that L is NOT context-free:

L = {w ∈ {a, b, c}∗ | Na(w) = Nb(w) = Nc(w)}

where Na(w), Nb(w), and Nc(w) are the number of a’s, b’s, and c’s in w .
• It is much easier to prove that L is NOT context-free by using the

closure properties under intersection with regular languages.
• Consider a regular expression R = a∗b∗c∗ and its language:

L(R) = {aibjck | i , j , k ≥ 0}

• If L is context-free, then L ∩ L(R) must be context-free as well
because of the closure under intersection with regular languages.

• However, we know that the following language is NOT context-free:

L ∩ L(R) = {anbncn | n ≥ 0}

• Since it is a contradiction, L is NOT context-free.
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