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Recall
• A context free language can be recognized by a context free

grammar (CFG) or a pushdown automaton (PDA).
<latexit sha1_base64="n92EN7qKro3HBPjOFkdf9pTRcuY=">AAAB/3icbVDLSgMxFM3UV62vUcGNm2ARqosyI0VdFt24rGgf0BlKJs20oUlmSDJCGWfhr7hxoYhbf8Odf2PazkJbDwQO59zLPTlBzKjSjvNtFZaWV1bXiuuljc2t7R17d6+lokRi0sQRi2QnQIowKkhTU81IJ5YE8YCRdjC6nvjtByIVjcS9HsfE52ggaEgx0kbq2QceR3qIEUsbWSX17uiAo9PspGeXnaozBVwkbk7KIEejZ395/QgnnAiNGVKq6zqx9lMkNcWMZCUvUSRGeIQGpGuoQJwoP53mz+CxUfowjKR5QsOp+nsjRVypMQ/M5CStmvcm4n9eN9HhpZ9SESeaCDw7FCYM6ghOyoB9KgnWbGwIwpKarBAPkURYm8pKpgR3/suLpHVWdc+rtdtauX6V11EEh+AIVIALLkAd3IAGaAIMHsEzeAVv1pP1Yr1bH7PRgpXv7IM/sD5/AI22lc4=</latexit>P(⌃⇤)

<latexit sha1_base64="/zCSF5YzKE75PzK8Z+pFFvsDV74=">AAACAnicbVDLSgNBEJz1GeNr1ZN4GQyCp7ArQT0GvXiMYB6QxDA76SRDZmeXmV4xLMGLv+LFgyJe/Qpv/o2Th6CJBQPVVd30dAWxFAY978tZWFxaXlnNrGXXNza3tt2d3YqJEs2hzCMZ6VrADEihoIwCJdRiDSwMJFSD/uXIr96BNiJSNziIoRmyrhIdwRlaqeXuNxDuETFlw1tFf4rAFi035+W9Meg88ackR6YotdzPRjviSQgKuWTG1H0vxmbKNAouYZhtJAZixvusC3VLFQvBNNPxCUN6ZJU27UTaPoV0rP6eSFlozCAMbGfIsGdmvZH4n1dPsHPeTIWKEwTFJ4s6iaQY0VEetC00cJQDSxjXwv6V8h7TjKNNLWtD8GdPnieVk7x/mi9cF3LFi2kcGXJADskx8ckZKZIrUiJlwskDeSIv5NV5dJ6dN+d90rrgTGf2yB84H9+H45gr</latexit>

anbn

<latexit sha1_base64="9tQw7V57vUA3ZdVPVKWNm/piBjo=">AAAB83icbVDLSgNBEJz1GeMr6tHLYBA8hV3xdQx68RjBPCC7htlJJxkyO7vM9IphyW948aCIV3/Gm3/jJNmDJhY0FFXddHeFiRQGXffbWVpeWV1bL2wUN7e2d3ZLe/sNE6eaQ53HMtatkBmQQkEdBUpoJRpYFEpohsObid98BG1ErO5xlEAQsb4SPcEZWsn3EZ4QMWPjB9Upld2KOwVdJF5OyiRHrVP68rsxTyNQyCUzpu25CQYZ0yi4hHHRTw0kjA9ZH9qWKhaBCbLpzWN6bJUu7cXalkI6VX9PZCwyZhSFtjNiODDz3kT8z2un2LsKMqGSFEHx2aJeKinGdBIA7QoNHOXIEsa1sLdSPmCacbQxFW0I3vzLi6RxWvEuKud3Z+XqdR5HgRySI3JCPHJJquSW1EidcJKQZ/JK3pzUeXHenY9Z65KTzxyQP3A+fwDAapIq</latexit>

an

<latexit sha1_base64="1VCgF0mxBR9vvM8wVZmEyHDi1kI=">AAAB8HicbVDJSgNBEK2JW4xb1KOXwSB4CjPidgx68eAhilkkGUJPpydp0t0zdNeIYchXePGgiFc/x5t/Y2c5aPRBweO9KqrqhYngBj3vy8ktLC4tr+RXC2vrG5tbxe2duolTTVmNxiLWzZAYJrhiNeQoWDPRjMhQsEY4uBz7jQemDY/VHQ4TFkjSUzzilKCV7tvIHjG7vR51iiWv7E3g/iX+jJRghmqn+NnuxjSVTCEVxJiW7yUYZEQjp4KNCu3UsITQAemxlqWKSGaCbHLwyD2wSteNYm1LoTtRf05kRBozlKHtlAT7Zt4bi/95rRSj8yDjKkmRKTpdFKXCxdgdf+92uWYUxdASQjW3t7q0TzShaDMq2BD8+Zf/kvpR2T8tn9wclyoXszjysAf7cAg+nEEFrqAKNaAg4Qle4NXRzrPz5rxPW3PObGYXfsH5+AYLqZCV</latexit>

RL

<latexit sha1_base64="SBFzntk1dr+WaqMGrfHfvaEUUgk=">AAAB8XicbVBNS8NAEN3Ur1q/qh69BIvgqSTi17FYEA8eKtgPbEPZbCft0s0m7E7EEvovvHhQxKv/xpv/xm2bg7Y+GHi8N8PMPD8WXKPjfFu5peWV1bX8emFjc2t7p7i719BRohjUWSQi1fKpBsEl1JGjgFasgIa+gKY/rE785iMozSN5j6MYvJD2JQ84o2ikhw7CE6bV69txt1hyys4U9iJxM1IiGWrd4lenF7EkBIlMUK3brhOjl1KFnAkYFzqJhpiyIe1D21BJQ9BeOr14bB8ZpWcHkTIl0Z6qvydSGmo9Cn3TGVIc6HlvIv7ntRMMLr2UyzhBkGy2KEiEjZE9ed/ucQUMxcgQyhQ3t9psQBVlaEIqmBDc+ZcXSeOk7J6Xz+5OS5WrLI48OSCH5Ji45IJUyA2pkTphRJJn8kreLG29WO/Wx6w1Z2Uz++QPrM8fh0aQ1g==</latexit>

CFL

<latexit sha1_base64="5kG1qFdA/nM6eO3M+WIGxPCyKFo=">AAAB8XicbVBNS8NAEN3Ur1q/qh69BIvgqSTi17FYUI8V7Ae2oWy2k3bpZhN2J2IJ/RdePCji1X/jzX/jts1BWx8MPN6bYWaeHwuu0XG+rdzS8srqWn69sLG5tb1T3N1r6ChRDOosEpFq+VSD4BLqyFFAK1ZAQ19A0x9WJ37zEZTmkbzHUQxeSPuSB5xRNNJDB+EJ0+r1zbhbLDllZwp7kbgZKZEMtW7xq9OLWBKCRCao1m3XidFLqULOBIwLnURDTNmQ9qFtqKQhaC+dXjy2j4zSs4NImZJoT9XfEykNtR6FvukMKQ70vDcR//PaCQaXXsplnCBINlsUJMLGyJ68b/e4AoZiZAhliptbbTagijI0IRVMCO78y4ukcVJ2z8tnd6elylUWR54ckENyTFxyQSrkltRInTAiyTN5JW+Wtl6sd+tj1pqzspl98gfW5w9/rZDR</latexit>

CFG

<latexit sha1_base64="Nb0tZ5iL7Lq/dGOvgncbKwaTCP0=">AAAB/XicbZDJSgNBEIZ7XGPcxuXmpTEInsKMuB3jgniMaBZIhqGn05M06VnorhHjMPgqXjwo4tX38Obb2EnmoIk/NHz8VUVV/14suALL+jZmZufmFxYLS8XlldW1dXNjs66iRFJWo5GIZNMjigkeshpwEKwZS0YCT7CG178Y1hv3TCoehXcwiJkTkG7IfU4JaMs1t9vAHiCtXp5l7hivbjPXLFllayQ8DXYOJZSr6ppf7U5Ek4CFQAVRqmVbMTgpkcCpYFmxnSgWE9onXdbSGJKAKScdXZ/hPe10sB9J/ULAI/f3REoCpQaBpzsDAj01WRua/9VaCfinTsrDOAEW0vEiPxEYIjyMAne4ZBTEQAOhkutbMe0RSSjowIo6BHvyy9NQPyjbx+Wjm8NS5TyPo4B20C7aRzY6QRV0jaqohih6RM/oFb0ZT8aL8W58jFtnjHxmC/2R8fkD1WWVfA==</latexit>

PDAFS

(by final states) 

<latexit sha1_base64="eXj1CxNou8ujGQbQWdPUYw4QrGM=">AAAB/XicbZDJSgNBEIZ7XGPcxuXmpTEInsKMuB3jBh4jmgWSYejp9CRNeha6a8Q4DL6KFw+KePU9vPk2dpI5aOIPDR9/VVHVvxcLrsCyvo2Z2bn5hcXCUnF5ZXVt3dzYrKsokZTVaCQi2fSIYoKHrAYcBGvGkpHAE6zh9S+G9cY9k4pH4R0MYuYEpBtyn1MC2nLN7TawB0irl2eZO8ar28w1S1bZGglPg51DCeWquuZXuxPRJGAhUEGUatlWDE5KJHAqWFZsJ4rFhPZJl7U0hiRgyklH12d4Tzsd7EdSvxDwyP09kZJAqUHg6c6AQE9N1obmf7VWAv6pk/IwToCFdLzITwSGCA+jwB0uGQUx0ECo5PpWTHtEEgo6sKIOwZ788jTUD8r2cfno5rBUOc/jKKAdtIv2kY1OUAVdoyqqIYoe0TN6RW/Gk/FivBsf49YZI5/ZQn9kfP4A09+Vew==</latexit>

PDAES

(by empty stacks) 

=
=

• Can we increase the expressive power of CFGs or PDAs?
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<latexit sha1_base64="1VCgF0mxBR9vvM8wVZmEyHDi1kI=">AAAB8HicbVDJSgNBEK2JW4xb1KOXwSB4CjPidgx68eAhilkkGUJPpydp0t0zdNeIYchXePGgiFc/x5t/Y2c5aPRBweO9KqrqhYngBj3vy8ktLC4tr+RXC2vrG5tbxe2duolTTVmNxiLWzZAYJrhiNeQoWDPRjMhQsEY4uBz7jQemDY/VHQ4TFkjSUzzilKCV7tvIHjG7vR51iiWv7E3g/iX+jJRghmqn+NnuxjSVTCEVxJiW7yUYZEQjp4KNCu3UsITQAemxlqWKSGaCbHLwyD2wSteNYm1LoTtRf05kRBozlKHtlAT7Zt4bi/95rRSj8yDjKkmRKTpdFKXCxdgdf+92uWYUxdASQjW3t7q0TzShaDMq2BD8+Zf/kvpR2T8tn9wclyoXszjysAf7cAg+nEEFrqAKNaAg4Qle4NXRzrPz5rxPW3PObGYXfsH5+AYLqZCV</latexit>

RL

<latexit sha1_base64="SBFzntk1dr+WaqMGrfHfvaEUUgk=">AAAB8XicbVBNS8NAEN3Ur1q/qh69BIvgqSTi17FYEA8eKtgPbEPZbCft0s0m7E7EEvovvHhQxKv/xpv/xm2bg7Y+GHi8N8PMPD8WXKPjfFu5peWV1bX8emFjc2t7p7i719BRohjUWSQi1fKpBsEl1JGjgFasgIa+gKY/rE785iMozSN5j6MYvJD2JQ84o2ikhw7CE6bV69txt1hyys4U9iJxM1IiGWrd4lenF7EkBIlMUK3brhOjl1KFnAkYFzqJhpiyIe1D21BJQ9BeOr14bB8ZpWcHkTIl0Z6qvydSGmo9Cn3TGVIc6HlvIv7ntRMMLr2UyzhBkGy2KEiEjZE9ed/ucQUMxcgQyhQ3t9psQBVlaEIqmBDc+ZcXSeOk7J6Xz+5OS5WrLI48OSCH5Ji45IJUyA2pkTphRJJn8kreLG29WO/Wx6w1Z2Uz++QPrM8fh0aQ1g==</latexit>

CFL

<latexit sha1_base64="5kG1qFdA/nM6eO3M+WIGxPCyKFo=">AAAB8XicbVBNS8NAEN3Ur1q/qh69BIvgqSTi17FYUI8V7Ae2oWy2k3bpZhN2J2IJ/RdePCji1X/jzX/jts1BWx8MPN6bYWaeHwuu0XG+rdzS8srqWn69sLG5tb1T3N1r6ChRDOosEpFq+VSD4BLqyFFAK1ZAQ19A0x9WJ37zEZTmkbzHUQxeSPuSB5xRNNJDB+EJ0+r1zbhbLDllZwp7kbgZKZEMtW7xq9OLWBKCRCao1m3XidFLqULOBIwLnURDTNmQ9qFtqKQhaC+dXjy2j4zSs4NImZJoT9XfEykNtR6FvukMKQ70vDcR//PaCQaXXsplnCBINlsUJMLGyJ68b/e4AoZiZAhliptbbTagijI0IRVMCO78y4ukcVJ2z8tnd6elylUWR54ckENyTFxyQSrkltRInTAiyTN5JW+Wtl6sd+tj1pqzspl98gfW5w9/rZDR</latexit>

CFG

<latexit sha1_base64="Nb0tZ5iL7Lq/dGOvgncbKwaTCP0=">AAAB/XicbZDJSgNBEIZ7XGPcxuXmpTEInsKMuB3jgniMaBZIhqGn05M06VnorhHjMPgqXjwo4tX38Obb2EnmoIk/NHz8VUVV/14suALL+jZmZufmFxYLS8XlldW1dXNjs66iRFJWo5GIZNMjigkeshpwEKwZS0YCT7CG178Y1hv3TCoehXcwiJkTkG7IfU4JaMs1t9vAHiCtXp5l7hivbjPXLFllayQ8DXYOJZSr6ppf7U5Ek4CFQAVRqmVbMTgpkcCpYFmxnSgWE9onXdbSGJKAKScdXZ/hPe10sB9J/ULAI/f3REoCpQaBpzsDAj01WRua/9VaCfinTsrDOAEW0vEiPxEYIjyMAne4ZBTEQAOhkutbMe0RSSjowIo6BHvyy9NQPyjbx+Wjm8NS5TyPo4B20C7aRzY6QRV0jaqohih6RM/oFb0ZT8aL8W58jFtnjHxmC/2R8fkD1WWVfA==</latexit>
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<latexit sha1_base64="eXj1CxNou8ujGQbQWdPUYw4QrGM=">AAAB/XicbZDJSgNBEIZ7XGPcxuXmpTEInsKMuB3jBh4jmgWSYejp9CRNeha6a8Q4DL6KFw+KePU9vPk2dpI5aOIPDR9/VVHVvxcLrsCyvo2Z2bn5hcXCUnF5ZXVt3dzYrKsokZTVaCQi2fSIYoKHrAYcBGvGkpHAE6zh9S+G9cY9k4pH4R0MYuYEpBtyn1MC2nLN7TawB0irl2eZO8ar28w1S1bZGglPg51DCeWquuZXuxPRJGAhUEGUatlWDE5KJHAqWFZsJ4rFhPZJl7U0hiRgyklH12d4Tzsd7EdSvxDwyP09kZJAqUHg6c6AQE9N1obmf7VWAv6pk/IwToCFdLzITwSGCA+jwB0uGQUx0ECo5PpWTHtEEgo6sKIOwZ788jTUD8r2cfno5rBUOc/jKKAdtIv2kY1OUAVdoyqqIYoe0TN6RW/Gk/FivBsf49YZI5/ZQn9kfP4A09+Vew==</latexit>
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=
=

• Can we increase the expressive power of CFGs or PDAs?
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Chomsky Hierarchy

regular

context-free

context-sensitive

recursively enumerable

Type Language Grammar Automaton
3 Regular (RL) Regular Finite Automaton (FA)
2 Context-Free (CFL) Context-Free Pushdown Automaton (PDA)
1 Context-Sensitive (CSL) Context-Sensitive Linear-Bounded Automaton (LBA)
0 Recursively Enumerable (REL) Unrestricted Turing Machine (TM)
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Chomsky Hierarchy – Type-3
A Type-3 language is called a regular language (RL).

It can be recognized by a finite automaton (FA) or a regular grammar
(RG) containing production rules of the form:

A → aB or A → a or A → ϵ

where A, B ∈ V and a ∈ Σ.

For example, the following language is a RL:

L = {an | n ≥ 0}

It can be recognized by the following RG:

S → aS | ϵ
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Chomsky Hierarchy – Type-2
A Type-2 language is called a context-free language (CFL).

It can be recognized by a pushdown automaton (PDA) or a
context-free grammar (CFG) containing production rules of the form:

A → α

where A ∈ V and α ∈ (V ∪ Σ)∗.

For example, the following language is a CFL:

L = {anbn | n ≥ 0}

It can be recognized by the following CFG:

S → aSb | ϵ
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Chomsky Hierarchy – Type-1
A Type-1 language is called a context-sensitive language (CSL).

It can be recognized by a linear-bounded automaton (LBA) or a
context-sensitive grammar containing production rules of the form:

αAβ → αγβ or S → ϵ

where A ∈ V , α, β, γ ∈ (V ∪ Σ)∗, |γ| ≥ 1, and S is the start variable.

For example, the following language is a CSL:

L = {anbncn | n ≥ 0}

It can be recognized by the following CSG:

S → aBC
S → aSBC

CB → CZ
CZ → WZ

WZ → WC
WC → BC

aB → ab
bB → bb
bC → bc
cC → cc
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A Type-1 language is called a context-sensitive language (CSL).

It can be recognized by a linear-bounded automaton (LBA) or a
context-sensitive grammar containing production rules of the form:

αAβ → αγβ or S → ϵ

where A ∈ V , α, β, γ ∈ (V ∪ Σ)∗, |γ| ≥ 1, and S is the start variable.

For example, the following language is a CSL:

L = {anbncn | n ≥ 0}

It can be recognized by the following CSG:

S → aBC
S → aSBC
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CZ → WZ

WZ → WC
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aB → ab
bB → bb
bC → bc
cC → cc
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Chomsky Hierarchy – Type-0
A Type-0 language is called a recursively enumerable language (REL).

It can be recognized by a Turing machine (TM) or an unrestricted
grammar (UG) containing production rules of the form:

α → β

where α, β ∈ (V ∪ Σ)∗ and |α| ≥ 1.

COSE215 @ Korea University Lecture 21 – Turing Machines (TMs) May 25, 2026 9 / 30



Chomsky Hierarchy – Type-0
A Type-0 language is called a recursively enumerable language (REL).

It can be recognized by a Turing machine (TM) or an unrestricted
grammar (UG) containing production rules of the form:

α → β

where α, β ∈ (V ∪ Σ)∗ and |α| ≥ 1.

COSE215 @ Korea University Lecture 21 – Turing Machines (TMs) May 25, 2026 9 / 30



Chomsky Hierarchy

regular

context-free

context-sensitive

recursively enumerable

Type Language Grammar Automaton
3 Regular (RL) Regular Finite Automaton (FA)
2 Context-Free (CFL) Context-Free Pushdown Automaton (PDA)
1 Context-Sensitive (CSL) Context-Sensitive Linear-Bounded Automaton (LBA)
0 Recursively Enumerable (REL) Unrestricted Turing Machine (TM)

We will not cover details of Type-1 languages in this course.

Let’s focus on Type-0 languages and Turing Machines (TMs).
COSE215 @ Korea University Lecture 21 – Turing Machines (TMs) May 25, 2026 10 / 30



Contents

1. Chomsky Hierarchy

2. Turing Machines
Definition
Turing Machines in Scala
Configurations
One-Step Moves
Halting of Turing Machines
Language of Turing Machines
Turing Machines as Computing Machines

COSE215 @ Korea University Lecture 21 – Turing Machines (TMs) May 25, 2026 11 / 30



Turing Machines
Tape

Finite 
Automaton

<latexit sha1_base64="OxNWMMW8gio5nPun+01zUjW0INo=">AAAB7XicbVDLSgNBEOyNrxhfUY9eFoPgKeyKr2PQi8cI5gHJEmZnJ8mY2ZllplcIS/7BiwdFvPo/3vwbJ8keNLGgoajqprsrTAQ36HnfTmFldW19o7hZ2tre2d0r7x80jUo1ZQ2qhNLtkBgmuGQN5ChYO9GMxKFgrXB0O/VbT0wbruQDjhMWxGQgeZ9TglZqdmmk0PTKFa/qzeAuEz8nFchR75W/upGiacwkUkGM6fhegkFGNHIq2KTUTQ1LCB2RAetYKknMTJDNrp24J1aJ3L7StiS6M/X3REZiY8ZxaDtjgkOz6E3F/7xOiv3rIOMySZFJOl/UT4WLyp2+7kZcM4pibAmhmttbXTokmlC0AZVsCP7iy8ukeVb1L6sX9+eV2k0eRxGO4BhOwYcrqMEd1KEBFB7hGV7hzVHOi/PufMxbC04+cwh/4Hz+ALGXjzk=</latexit>· · ·<latexit sha1_base64="OxNWMMW8gio5nPun+01zUjW0INo=">AAAB7XicbVDLSgNBEOyNrxhfUY9eFoPgKeyKr2PQi8cI5gHJEmZnJ8mY2ZllplcIS/7BiwdFvPo/3vwbJ8keNLGgoajqprsrTAQ36HnfTmFldW19o7hZ2tre2d0r7x80jUo1ZQ2qhNLtkBgmuGQN5ChYO9GMxKFgrXB0O/VbT0wbruQDjhMWxGQgeZ9TglZqdmmk0PTKFa/qzeAuEz8nFchR75W/upGiacwkUkGM6fhegkFGNHIq2KTUTQ1LCB2RAetYKknMTJDNrp24J1aJ3L7StiS6M/X3REZiY8ZxaDtjgkOz6E3F/7xOiv3rIOMySZFJOl/UT4WLyp2+7kZcM4pibAmhmttbXTokmlC0AZVsCP7iy8ukeVb1L6sX9+eV2k0eRxGO4BhOwYcrqMEd1KEBFB7hGV7hzVHOi/PufMxbC04+cwh/4Hz+ALGXjzk=</latexit>· · · <latexit sha1_base64="27aF9gcNyV8Ah3PdmkHdxk/9Dsc=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHaNryPBi0dI5JHAhswOvTAyO7uZmTUhhC/w4kFjvPpJ3vwbB9iDgpV0UqnqTndXkAiujet+O7m19Y3Nrfx2YWd3b/+geHjU1HGqGDZYLGLVDqhGwSU2DDcC24lCGgUCW8Hobua3nlBpHssHM07Qj+hA8pAzaqxUr/aKJbfszkFWiZeREmSo9Ypf3X7M0gilYYJq3fHcxPgTqgxnAqeFbqoxoWxEB9ixVNIItT+ZHzolZ1bpkzBWtqQhc/X3xIRGWo+jwHZG1Az1sjcT//M6qQlv/QmXSWpQssWiMBXExGT2NelzhcyIsSWUKW5vJWxIFWXGZlOwIXjLL6+S5kXZuy5f1S9LlWoWRx5O4BTOwYMbqMA91KABDBCe4RXenEfnxXl3PhatOSebOYY/cD5/AJehjNA=</latexit>

B
<latexit sha1_base64="GQuMYZhMmwPAndQ0tTFN44pZFYg=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV3xdQx68ZiAeUCyhNlJbzJmdnaZmRXCki/w4kERr36SN//GSbIHTSxoKKq66e4KEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6m/qtJ1Sax/LBjBP0IzqQPOSMGivV3V6p7FbcGcgy8XJShhy1Xumr249ZGqE0TFCtO56bGD+jynAmcFLsphoTykZ0gB1LJY1Q+9ns0Ak5tUqfhLGyJQ2Zqb8nMhppPY4C2xlRM9SL3lT8z+ukJrzxMy6T1KBk80VhKoiJyfRr0ucKmRFjSyhT3N5K2JAqyozNpmhD8BZfXibN84p3VbmsX5Srt3kcBTiGEzgDD66hCvdQgwYwQHiGV3hzHp0X5935mLeuOPnMEfyB8/kDfFmMvg==</latexit>

0
<latexit sha1_base64="xTnVU9LIIvMUIutHcVm1RgxoeJo=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV3xdQx68ZiAeUCyhNlJbzJmdnaZmRXCki/w4kERr36SN//GSbIHTSxoKKq66e4KEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6m/qtJ1Sax/LBjBP0IzqQPOSMGivVvV6p7FbcGcgy8XJShhy1Xumr249ZGqE0TFCtO56bGD+jynAmcFLsphoTykZ0gB1LJY1Q+9ns0Ak5tUqfhLGyJQ2Zqb8nMhppPY4C2xlRM9SL3lT8z+ukJrzxMy6T1KBk80VhKoiJyfRr0ucKmRFjSyhT3N5K2JAqyozNpmhD8BZfXibN84p3VbmsX5Srt3kcBTiGEzgDD66hCvdQgwYwQHiGV3hzHp0X5935mLeuOPnMEfyB8/kDfd2Mvw==</latexit>

1
<latexit sha1_base64="GQuMYZhMmwPAndQ0tTFN44pZFYg=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV3xdQx68ZiAeUCyhNlJbzJmdnaZmRXCki/w4kERr36SN//GSbIHTSxoKKq66e4KEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6m/qtJ1Sax/LBjBP0IzqQPOSMGivV3V6p7FbcGcgy8XJShhy1Xumr249ZGqE0TFCtO56bGD+jynAmcFLsphoTykZ0gB1LJY1Q+9ns0Ak5tUqfhLGyJQ2Zqb8nMhppPY4C2xlRM9SL3lT8z+ukJrzxMy6T1KBk80VhKoiJyfRr0ucKmRFjSyhT3N5K2JAqyozNpmhD8BZfXibN84p3VbmsX5Srt3kcBTiGEzgDD66hCvdQgwYwQHiGV3hzHp0X5935mLeuOPnMEfyB8/kDfFmMvg==</latexit>

0
<latexit sha1_base64="xTnVU9LIIvMUIutHcVm1RgxoeJo=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV3xdQx68ZiAeUCyhNlJbzJmdnaZmRXCki/w4kERr36SN//GSbIHTSxoKKq66e4KEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6m/qtJ1Sax/LBjBP0IzqQPOSMGivVvV6p7FbcGcgy8XJShhy1Xumr249ZGqE0TFCtO56bGD+jynAmcFLsphoTykZ0gB1LJY1Q+9ns0Ak5tUqfhLGyJQ2Zqb8nMhppPY4C2xlRM9SL3lT8z+ukJrzxMy6T1KBk80VhKoiJyfRr0ucKmRFjSyhT3N5K2JAqyozNpmhD8BZfXibN84p3VbmsX5Srt3kcBTiGEzgDD66hCvdQgwYwQHiGV3hzHp0X5935mLeuOPnMEfyB8/kDfd2Mvw==</latexit>

1
<latexit sha1_base64="GQuMYZhMmwPAndQ0tTFN44pZFYg=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV3xdQx68ZiAeUCyhNlJbzJmdnaZmRXCki/w4kERr36SN//GSbIHTSxoKKq66e4KEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6m/qtJ1Sax/LBjBP0IzqQPOSMGivV3V6p7FbcGcgy8XJShhy1Xumr249ZGqE0TFCtO56bGD+jynAmcFLsphoTykZ0gB1LJY1Q+9ns0Ak5tUqfhLGyJQ2Zqb8nMhppPY4C2xlRM9SL3lT8z+ukJrzxMy6T1KBk80VhKoiJyfRr0ucKmRFjSyhT3N5K2JAqyozNpmhD8BZfXibN84p3VbmsX5Srt3kcBTiGEzgDD66hCvdQgwYwQHiGV3hzHp0X5935mLeuOPnMEfyB8/kDfFmMvg==</latexit>

0
<latexit sha1_base64="27aF9gcNyV8Ah3PdmkHdxk/9Dsc=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHaNryPBi0dI5JHAhswOvTAyO7uZmTUhhC/w4kFjvPpJ3vwbB9iDgpV0UqnqTndXkAiujet+O7m19Y3Nrfx2YWd3b/+geHjU1HGqGDZYLGLVDqhGwSU2DDcC24lCGgUCW8Hobua3nlBpHssHM07Qj+hA8pAzaqxUr/aKJbfszkFWiZeREmSo9Ypf3X7M0gilYYJq3fHcxPgTqgxnAqeFbqoxoWxEB9ixVNIItT+ZHzolZ1bpkzBWtqQhc/X3xIRGWo+jwHZG1Az1sjcT//M6qQlv/QmXSWpQssWiMBXExGT2NelzhcyIsSWUKW5vJWxIFWXGZlOwIXjLL6+S5kXZuy5f1S9LlWoWRx5O4BTOwYMbqMA91KABDBCe4RXenEfnxXl3PhatOSebOYY/cD5/AJehjNA=</latexit>

B
<latexit sha1_base64="27aF9gcNyV8Ah3PdmkHdxk/9Dsc=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHaNryPBi0dI5JHAhswOvTAyO7uZmTUhhC/w4kFjvPpJ3vwbB9iDgpV0UqnqTndXkAiujet+O7m19Y3Nrfx2YWd3b/+geHjU1HGqGDZYLGLVDqhGwSU2DDcC24lCGgUCW8Hobua3nlBpHssHM07Qj+hA8pAzaqxUr/aKJbfszkFWiZeREmSo9Ypf3X7M0gilYYJq3fHcxPgTqgxnAqeFbqoxoWxEB9ixVNIItT+ZHzolZ1bpkzBWtqQhc/X3xIRGWo+jwHZG1Az1sjcT//M6qQlv/QmXSWpQssWiMBXExGT2NelzhcyIsSWUKW5vJWxIFWXGZlOwIXjLL6+S5kXZuy5f1S9LlWoWRx5O4BTOwYMbqMA91KABDBCe4RXenEfnxXl3PhatOSebOYY/cD5/AJehjNA=</latexit>

B
<latexit sha1_base64="27aF9gcNyV8Ah3PdmkHdxk/9Dsc=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHaNryPBi0dI5JHAhswOvTAyO7uZmTUhhC/w4kFjvPpJ3vwbB9iDgpV0UqnqTndXkAiujet+O7m19Y3Nrfx2YWd3b/+geHjU1HGqGDZYLGLVDqhGwSU2DDcC24lCGgUCW8Hobua3nlBpHssHM07Qj+hA8pAzaqxUr/aKJbfszkFWiZeREmSo9Ypf3X7M0gilYYJq3fHcxPgTqgxnAqeFbqoxoWxEB9ixVNIItT+ZHzolZ1bpkzBWtqQhc/X3xIRGWo+jwHZG1Az1sjcT//M6qQlv/QmXSWpQssWiMBXExGT2NelzhcyIsSWUKW5vJWxIFWXGZlOwIXjLL6+S5kXZuy5f1S9LlWoWRx5O4BTOwYMbqMA91KABDBCe4RXenEfnxXl3PhatOSebOYY/cD5/AJehjNA=</latexit>

B

Tape Head

A Turing machine (TM) is a deterministic FA with a tape.

• A tape is an infinite sequence of cells containing tape symbols.
(The blank symbol B is a special symbol representing an empty cell.)

• A tape head points to the current cell.
• A transition performs the following operations depending on the

current 1) state and 2) tape symbol pointed by the tape head:
• Change the current state.
• Replace the current tape symbol pointed by the tape head.
• Move the tape head left or right.
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0
<latexit sha1_base64="27aF9gcNyV8Ah3PdmkHdxk/9Dsc=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHaNryPBi0dI5JHAhswOvTAyO7uZmTUhhC/w4kFjvPpJ3vwbB9iDgpV0UqnqTndXkAiujet+O7m19Y3Nrfx2YWd3b/+geHjU1HGqGDZYLGLVDqhGwSU2DDcC24lCGgUCW8Hobua3nlBpHssHM07Qj+hA8pAzaqxUr/aKJbfszkFWiZeREmSo9Ypf3X7M0gilYYJq3fHcxPgTqgxnAqeFbqoxoWxEB9ixVNIItT+ZHzolZ1bpkzBWtqQhc/X3xIRGWo+jwHZG1Az1sjcT//M6qQlv/QmXSWpQssWiMBXExGT2NelzhcyIsSWUKW5vJWxIFWXGZlOwIXjLL6+S5kXZuy5f1S9LlWoWRx5O4BTOwYMbqMA91KABDBCe4RXenEfnxXl3PhatOSebOYY/cD5/AJehjNA=</latexit>

B
<latexit sha1_base64="27aF9gcNyV8Ah3PdmkHdxk/9Dsc=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHaNryPBi0dI5JHAhswOvTAyO7uZmTUhhC/w4kFjvPpJ3vwbB9iDgpV0UqnqTndXkAiujet+O7m19Y3Nrfx2YWd3b/+geHjU1HGqGDZYLGLVDqhGwSU2DDcC24lCGgUCW8Hobua3nlBpHssHM07Qj+hA8pAzaqxUr/aKJbfszkFWiZeREmSo9Ypf3X7M0gilYYJq3fHcxPgTqgxnAqeFbqoxoWxEB9ixVNIItT+ZHzolZ1bpkzBWtqQhc/X3xIRGWo+jwHZG1Az1sjcT//M6qQlv/QmXSWpQssWiMBXExGT2NelzhcyIsSWUKW5vJWxIFWXGZlOwIXjLL6+S5kXZuy5f1S9LlWoWRx5O4BTOwYMbqMA91KABDBCe4RXenEfnxXl3PhatOSebOYY/cD5/AJehjNA=</latexit>

B
<latexit sha1_base64="27aF9gcNyV8Ah3PdmkHdxk/9Dsc=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHaNryPBi0dI5JHAhswOvTAyO7uZmTUhhC/w4kFjvPpJ3vwbB9iDgpV0UqnqTndXkAiujet+O7m19Y3Nrfx2YWd3b/+geHjU1HGqGDZYLGLVDqhGwSU2DDcC24lCGgUCW8Hobua3nlBpHssHM07Qj+hA8pAzaqxUr/aKJbfszkFWiZeREmSo9Ypf3X7M0gilYYJq3fHcxPgTqgxnAqeFbqoxoWxEB9ixVNIItT+ZHzolZ1bpkzBWtqQhc/X3xIRGWo+jwHZG1Az1sjcT//M6qQlv/QmXSWpQssWiMBXExGT2NelzhcyIsSWUKW5vJWxIFWXGZlOwIXjLL6+S5kXZuy5f1S9LlWoWRx5O4BTOwYMbqMA91KABDBCe4RXenEfnxXl3PhatOSebOYY/cD5/AJehjNA=</latexit>

B

Tape Head

A Turing machine (TM) is a deterministic FA with a tape.
• A tape is an infinite sequence of cells containing tape symbols.

(The blank symbol B is a special symbol representing an empty cell.)
• A tape head points to the current cell.
• A transition performs the following operations depending on the

current 1) state and 2) tape symbol pointed by the tape head:
• Change the current state.
• Replace the current tape symbol pointed by the tape head.
• Move the tape head left or right.
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Definition of Turing Machines

Definition (Turing Machines)
A Turing machine (TM) is a 7-tuple

M = (Q, Σ, Γ, δ, q0, B, F )
where

• Q is a finite set of states.
• Σ is a finite set of input symbols.
• Γ is a finite set of tape symbols containing input symbols (Σ ⊆ Γ).
• δ : Q × Γ ⇀ Q × Γ × {L, R} is a transition function.
• q0 ∈ Q is the initial state.
• B ∈ Γ \ Σ is the blank symbol.
• F ⊆ Q is the set of final states.

Note that ⇀ denotes a partial function (i.e., a function that may not be
defined for some inputs).
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Definition of Turing Machines – Example

M1 = ({q0, q1, q2, q3, q4, q5}, {a, b, c}, {a, b, c, X , Y , Z , B}, δ, q0, B, {q5})
δ(q0, a) = (q1, X , R) δ(q0, Y ) = (q4, Y , R) δ(q0, B) = (q5, B, L)
δ(q1, a) = (q1, a, R) δ(q1, Y ) = (q1, Y , R) δ(q1, b) = (q2, Y , R)
δ(q2, b) = (q2, b, R) δ(q2, Z ) = (q2, Z , R) δ(q2, c) = (q3, Z , L)
δ(q3, a) = (q3, a, L) δ(q3, Y ) = (q3, Y , L) δ(q3, b) = (q3, b, L)
δ(q3, Z ) = (q3, Z , L) δ(q3, X ) = (q0, X , R) δ(q4, Y ) = (q4, Y , R)
δ(q4, Z ) = (q4, Z , R) δ(q4, B) = (q5, B, L)

The transition diagram of M1 is as follows:

M1 =
q0start q1 q2 q3

q4 q5

[a→X ]R

[Y →Y ]R
[ a → a ]R

[b→Y ]R

[Z→Z ]R
[b→b ]R

[c→Z ]L

[ a → a ]L
[Y →Y ]L
[ b → b ]L
[Z →Z ]L

[X→X ]R

[Y
→

Y
]R [B→

B]L

[Y →Y ]R
[Z →Z ]R [B→B]L
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The transition diagram of M1 is as follows:

M1 =
q0start q1 q2 q3

q4 q5

[a→X ]R

[Y →Y ]R
[ a → a ]R

[b→Y ]R

[Z→Z ]R
[b→b ]R

[c→Z ]L

[ a → a ]L
[Y →Y ]L
[ b → b ]L
[Z →Z ]L

[X→X ]R

[Y
→

Y
]R [B→

B]L

[Y →Y ]R
[Z →Z ]R [B→B]L
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Turing Machines in Scala

M = (Q, Σ, Γ, δ, q0, B, F )

δ : Q × Γ ⇀ Q × Γ × {L, R}

type State = Int
type Symbol = Char
type TapeSymbol = Char
enum HeadMove { case L, R }
import HeadMove.*

// The definition of Turing machines
case class TM(

states: Set[State],
symbols: Set[Symbol],
tapeSymbols: Set[TapeSymbol],
trans: Map[(State, TapeSymbol), (State, TapeSymbol, HeadMove)],
initState: State,
blank: TapeSymbol,
finalStates: Set[State],

)
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Turing Machines in Scala – Example

M1 = q0start q1 q2 q3

q4 q5

[a→X ]R

[Y →Y ]R
[ a → a ]R

[b→Y ]R

[Z→Z ]R
[b→b ]R

[c→Z ]L

[ a → a ]L
[Y →Y ]L
[ b → b ]L
[Z →Z ]L

[X→X ]R

[Y
→

Y
]R [B→

B]L

[Y →Y ]R
[Z →Z ]R [B→B]L

val tm1: TM = TM(
states = Set(0, 1, 2, 3, 4, 5), symbols = Set('a', 'b', 'c'),
tapeSymbols = Set('a', 'b', 'c', 'X', 'Y', 'Z', 'B'),
trans = Map(

(0, 'a') -> (1, 'X', R), (0, 'Y') -> (4, 'Y', R), (0, 'B') -> (5, 'B', L),
(1, 'a') -> (1, 'a', R), (1, 'Y') -> (1, 'Y', R), (1, 'b') -> (2, 'Y', R),
(2, 'b') -> (2, 'b', R), (2, 'Z') -> (2, 'Z', R), (2, 'c') -> (3, 'Z', L),
(3, 'a') -> (3, 'a', L), (3, 'b') -> (3, 'b', L), (3, 'Y') -> (3, 'Y', L),
(3, 'Z') -> (3, 'Z', L), (3, 'X') -> (0, 'X', R), (4, 'Y') -> (4, 'Y', R),
(4, 'Z') -> (4, 'Z', R), (4, 'B') -> (5, 'B', L),

),
initState = 0, blank = 'B', finalStates = Set(5),

)
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Configurations

Definition (Configurations of Turing Machines)
A configuration of a Turing machine M is in the form of

X1 · · · Xi−1 qXi Xi+1 · · · Xn
where

• q ∈ Q is the current state.
• X1 · · · Xn ∈ Γ∗ is the sub-tape between the left- and the right-most

1) non-blank symbols or 2) the symbol under the tape head.
• Xi ∈ Γ is the current tape symbol under the tape head.

Tape
<latexit sha1_base64="OxNWMMW8gio5nPun+01zUjW0INo=">AAAB7XicbVDLSgNBEOyNrxhfUY9eFoPgKeyKr2PQi8cI5gHJEmZnJ8mY2ZllplcIS/7BiwdFvPo/3vwbJ8keNLGgoajqprsrTAQ36HnfTmFldW19o7hZ2tre2d0r7x80jUo1ZQ2qhNLtkBgmuGQN5ChYO9GMxKFgrXB0O/VbT0wbruQDjhMWxGQgeZ9TglZqdmmk0PTKFa/qzeAuEz8nFchR75W/upGiacwkUkGM6fhegkFGNHIq2KTUTQ1LCB2RAetYKknMTJDNrp24J1aJ3L7StiS6M/X3REZiY8ZxaDtjgkOz6E3F/7xOiv3rIOMySZFJOl/UT4WLyp2+7kZcM4pibAmhmttbXTokmlC0AZVsCP7iy8ukeVb1L6sX9+eV2k0eRxGO4BhOwYcrqMEd1KEBFB7hGV7hzVHOi/PufMxbC04+cwh/4Hz+ALGXjzk=</latexit>· · ·<latexit sha1_base64="OxNWMMW8gio5nPun+01zUjW0INo=">AAAB7XicbVDLSgNBEOyNrxhfUY9eFoPgKeyKr2PQi8cI5gHJEmZnJ8mY2ZllplcIS/7BiwdFvPo/3vwbJ8keNLGgoajqprsrTAQ36HnfTmFldW19o7hZ2tre2d0r7x80jUo1ZQ2qhNLtkBgmuGQN5ChYO9GMxKFgrXB0O/VbT0wbruQDjhMWxGQgeZ9TglZqdmmk0PTKFa/qzeAuEz8nFchR75W/upGiacwkUkGM6fhegkFGNHIq2KTUTQ1LCB2RAetYKknMTJDNrp24J1aJ3L7StiS6M/X3REZiY8ZxaDtjgkOz6E3F/7xOiv3rIOMySZFJOl/UT4WLyp2+7kZcM4pibAmhmttbXTokmlC0AZVsCP7iy8ukeVb1L6sX9+eV2k0eRxGO4BhOwYcrqMEd1KEBFB7hGV7hzVHOi/PufMxbC04+cwh/4Hz+ALGXjzk=</latexit>· · · <latexit sha1_base64="27aF9gcNyV8Ah3PdmkHdxk/9Dsc=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHaNryPBi0dI5JHAhswOvTAyO7uZmTUhhC/w4kFjvPpJ3vwbB9iDgpV0UqnqTndXkAiujet+O7m19Y3Nrfx2YWd3b/+geHjU1HGqGDZYLGLVDqhGwSU2DDcC24lCGgUCW8Hobua3nlBpHssHM07Qj+hA8pAzaqxUr/aKJbfszkFWiZeREmSo9Ypf3X7M0gilYYJq3fHcxPgTqgxnAqeFbqoxoWxEB9ixVNIItT+ZHzolZ1bpkzBWtqQhc/X3xIRGWo+jwHZG1Az1sjcT//M6qQlv/QmXSWpQssWiMBXExGT2NelzhcyIsSWUKW5vJWxIFWXGZlOwIXjLL6+S5kXZuy5f1S9LlWoWRx5O4BTOwYMbqMA91KABDBCe4RXenEfnxXl3PhatOSebOYY/cD5/AJehjNA=</latexit>

B
<latexit sha1_base64="GQuMYZhMmwPAndQ0tTFN44pZFYg=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV3xdQx68ZiAeUCyhNlJbzJmdnaZmRXCki/w4kERr36SN//GSbIHTSxoKKq66e4KEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6m/qtJ1Sax/LBjBP0IzqQPOSMGivV3V6p7FbcGcgy8XJShhy1Xumr249ZGqE0TFCtO56bGD+jynAmcFLsphoTykZ0gB1LJY1Q+9ns0Ak5tUqfhLGyJQ2Zqb8nMhppPY4C2xlRM9SL3lT8z+ukJrzxMy6T1KBk80VhKoiJyfRr0ucKmRFjSyhT3N5K2JAqyozNpmhD8BZfXibN84p3VbmsX5Srt3kcBTiGEzgDD66hCvdQgwYwQHiGV3hzHp0X5935mLeuOPnMEfyB8/kDfFmMvg==</latexit>

0
<latexit sha1_base64="GQuMYZhMmwPAndQ0tTFN44pZFYg=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV3xdQx68ZiAeUCyhNlJbzJmdnaZmRXCki/w4kERr36SN//GSbIHTSxoKKq66e4KEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6m/qtJ1Sax/LBjBP0IzqQPOSMGivV3V6p7FbcGcgy8XJShhy1Xumr249ZGqE0TFCtO56bGD+jynAmcFLsphoTykZ0gB1LJY1Q+9ns0Ak5tUqfhLGyJQ2Zqb8nMhppPY4C2xlRM9SL3lT8z+ukJrzxMy6T1KBk80VhKoiJyfRr0ucKmRFjSyhT3N5K2JAqyozNpmhD8BZfXibN84p3VbmsX5Srt3kcBTiGEzgDD66hCvdQgwYwQHiGV3hzHp0X5935mLeuOPnMEfyB8/kDfFmMvg==</latexit>

0
<latexit sha1_base64="xTnVU9LIIvMUIutHcVm1RgxoeJo=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV3xdQx68ZiAeUCyhNlJbzJmdnaZmRXCki/w4kERr36SN//GSbIHTSxoKKq66e4KEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6m/qtJ1Sax/LBjBP0IzqQPOSMGivVvV6p7FbcGcgy8XJShhy1Xumr249ZGqE0TFCtO56bGD+jynAmcFLsphoTykZ0gB1LJY1Q+9ns0Ak5tUqfhLGyJQ2Zqb8nMhppPY4C2xlRM9SL3lT8z+ukJrzxMy6T1KBk80VhKoiJyfRr0ucKmRFjSyhT3N5K2JAqyozNpmhD8BZfXibN84p3VbmsX5Srt3kcBTiGEzgDD66hCvdQgwYwQHiGV3hzHp0X5935mLeuOPnMEfyB8/kDfd2Mvw==</latexit>

1
<latexit sha1_base64="GQuMYZhMmwPAndQ0tTFN44pZFYg=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV3xdQx68ZiAeUCyhNlJbzJmdnaZmRXCki/w4kERr36SN//GSbIHTSxoKKq66e4KEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6m/qtJ1Sax/LBjBP0IzqQPOSMGivV3V6p7FbcGcgy8XJShhy1Xumr249ZGqE0TFCtO56bGD+jynAmcFLsphoTykZ0gB1LJY1Q+9ns0Ak5tUqfhLGyJQ2Zqb8nMhppPY4C2xlRM9SL3lT8z+ukJrzxMy6T1KBk80VhKoiJyfRr0ucKmRFjSyhT3N5K2JAqyozNpmhD8BZfXibN84p3VbmsX5Srt3kcBTiGEzgDD66hCvdQgwYwQHiGV3hzHp0X5935mLeuOPnMEfyB8/kDfFmMvg==</latexit>

0
<latexit sha1_base64="27aF9gcNyV8Ah3PdmkHdxk/9Dsc=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHaNryPBi0dI5JHAhswOvTAyO7uZmTUhhC/w4kFjvPpJ3vwbB9iDgpV0UqnqTndXkAiujet+O7m19Y3Nrfx2YWd3b/+geHjU1HGqGDZYLGLVDqhGwSU2DDcC24lCGgUCW8Hobua3nlBpHssHM07Qj+hA8pAzaqxUr/aKJbfszkFWiZeREmSo9Ypf3X7M0gilYYJq3fHcxPgTqgxnAqeFbqoxoWxEB9ixVNIItT+ZHzolZ1bpkzBWtqQhc/X3xIRGWo+jwHZG1Az1sjcT//M6qQlv/QmXSWpQssWiMBXExGT2NelzhcyIsSWUKW5vJWxIFWXGZlOwIXjLL6+S5kXZuy5f1S9LlWoWRx5O4BTOwYMbqMA91KABDBCe4RXenEfnxXl3PhatOSebOYY/cD5/AJehjNA=</latexit>

B
<latexit sha1_base64="27aF9gcNyV8Ah3PdmkHdxk/9Dsc=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHaNryPBi0dI5JHAhswOvTAyO7uZmTUhhC/w4kFjvPpJ3vwbB9iDgpV0UqnqTndXkAiujet+O7m19Y3Nrfx2YWd3b/+geHjU1HGqGDZYLGLVDqhGwSU2DDcC24lCGgUCW8Hobua3nlBpHssHM07Qj+hA8pAzaqxUr/aKJbfszkFWiZeREmSo9Ypf3X7M0gilYYJq3fHcxPgTqgxnAqeFbqoxoWxEB9ixVNIItT+ZHzolZ1bpkzBWtqQhc/X3xIRGWo+jwHZG1Az1sjcT//M6qQlv/QmXSWpQssWiMBXExGT2NelzhcyIsSWUKW5vJWxIFWXGZlOwIXjLL6+S5kXZuy5f1S9LlWoWRx5O4BTOwYMbqMA91KABDBCe4RXenEfnxXl3PhatOSebOYY/cD5/AJehjNA=</latexit>

B
<latexit sha1_base64="27aF9gcNyV8Ah3PdmkHdxk/9Dsc=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHaNryPBi0dI5JHAhswOvTAyO7uZmTUhhC/w4kFjvPpJ3vwbB9iDgpV0UqnqTndXkAiujet+O7m19Y3Nrfx2YWd3b/+geHjU1HGqGDZYLGLVDqhGwSU2DDcC24lCGgUCW8Hobua3nlBpHssHM07Qj+hA8pAzaqxUr/aKJbfszkFWiZeREmSo9Ypf3X7M0gilYYJq3fHcxPgTqgxnAqeFbqoxoWxEB9ixVNIItT+ZHzolZ1bpkzBWtqQhc/X3xIRGWo+jwHZG1Az1sjcT//M6qQlv/QmXSWpQssWiMBXExGT2NelzhcyIsSWUKW5vJWxIFWXGZlOwIXjLL6+S5kXZuy5f1S9LlWoWRx5O4BTOwYMbqMA91KABDBCe4RXenEfnxXl3PhatOSebOYY/cD5/AJehjNA=</latexit>

B

<latexit sha1_base64="OxNWMMW8gio5nPun+01zUjW0INo=">AAAB7XicbVDLSgNBEOyNrxhfUY9eFoPgKeyKr2PQi8cI5gHJEmZnJ8mY2ZllplcIS/7BiwdFvPo/3vwbJ8keNLGgoajqprsrTAQ36HnfTmFldW19o7hZ2tre2d0r7x80jUo1ZQ2qhNLtkBgmuGQN5ChYO9GMxKFgrXB0O/VbT0wbruQDjhMWxGQgeZ9TglZqdmmk0PTKFa/qzeAuEz8nFchR75W/upGiacwkUkGM6fhegkFGNHIq2KTUTQ1LCB2RAetYKknMTJDNrp24J1aJ3L7StiS6M/X3REZiY8ZxaDtjgkOz6E3F/7xOiv3rIOMySZFJOl/UT4WLyp2+7kZcM4pibAmhmttbXTokmlC0AZVsCP7iy8ukeVb1L6sX9+eV2k0eRxGO4BhOwYcrqMEd1KEBFB7hGV7hzVHOi/PufMxbC04+cwh/4Hz+ALGXjzk=</latexit>· · ·<latexit sha1_base64="OxNWMMW8gio5nPun+01zUjW0INo=">AAAB7XicbVDLSgNBEOyNrxhfUY9eFoPgKeyKr2PQi8cI5gHJEmZnJ8mY2ZllplcIS/7BiwdFvPo/3vwbJ8keNLGgoajqprsrTAQ36HnfTmFldW19o7hZ2tre2d0r7x80jUo1ZQ2qhNLtkBgmuGQN5ChYO9GMxKFgrXB0O/VbT0wbruQDjhMWxGQgeZ9TglZqdmmk0PTKFa/qzeAuEz8nFchR75W/upGiacwkUkGM6fhegkFGNHIq2KTUTQ1LCB2RAetYKknMTJDNrp24J1aJ3L7StiS6M/X3REZiY8ZxaDtjgkOz6E3F/7xOiv3rIOMySZFJOl/UT4WLyp2+7kZcM4pibAmhmttbXTokmlC0AZVsCP7iy8ukeVb1L6sX9+eV2k0eRxGO4BhOwYcrqMEd1KEBFB7hGV7hzVHOi/PufMxbC04+cwh/4Hz+ALGXjzk=</latexit>· · ·
Finite Automaton

<latexit sha1_base64="6a1il+76/Bz1NtMkVsJKpITOQ2Q=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PQi8eI5gHJEmYnvcmQ2dl1ZlYISz7BiwdFvPpF3vwbJ8keNFrQUFR1090VJIJr47pfTmFpeWV1rbhe2tjc2t4p7+41dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6nvqtR1Sax/LejBP0IzqQPOSMGivdPfTcXrniVt0ZyF/i5aQCOeq98me3H7M0QmmYoFp3PDcxfkaV4UzgpNRNNSaUjegAO5ZKGqH2s9mpE3JklT4JY2VLGjJTf05kNNJ6HAW2M6JmqBe9qfif10lNeOlnXCapQcnmi8JUEBOT6d+kzxUyI8aWUKa4vZWwIVWUGZtOyYbgLb78lzRPqt559ez2tFK7yuMowgEcwjF4cAE1uIE6NIDBAJ7gBV4d4Tw7b877vLXg5DP78AvOxzcCwo2i</latexit>q0

<latexit sha1_base64="27aF9gcNyV8Ah3PdmkHdxk/9Dsc=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHaNryPBi0dI5JHAhswOvTAyO7uZmTUhhC/w4kFjvPpJ3vwbB9iDgpV0UqnqTndXkAiujet+O7m19Y3Nrfx2YWd3b/+geHjU1HGqGDZYLGLVDqhGwSU2DDcC24lCGgUCW8Hobua3nlBpHssHM07Qj+hA8pAzaqxUr/aKJbfszkFWiZeREmSo9Ypf3X7M0gilYYJq3fHcxPgTqgxnAqeFbqoxoWxEB9ixVNIItT+ZHzolZ1bpkzBWtqQhc/X3xIRGWo+jwHZG1Az1sjcT//M6qQlv/QmXSWpQssWiMBXExGT2NelzhcyIsSWUKW5vJWxIFWXGZlOwIXjLL6+S5kXZuy5f1S9LlWoWRx5O4BTOwYMbqMA91KABDBCe4RXenEfnxXl3PhatOSebOYY/cD5/AJehjNA=</latexit>

B

≡ 0B1 q00 0
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Configurations

Definition (Configurations of Turing Machines)
A configuration of a Turing machine M is in the form of

X1 · · · Xi−1 qXi Xi+1 · · · Xn
where

• q ∈ Q is the current state.
• X1 · · · Xn ∈ Γ∗ is the sub-tape between the left- and the right-most

1) non-blank symbols or 2) the symbol under the tape head.
• Xi ∈ Γ is the current tape symbol under the tape head.

Tape
<latexit sha1_base64="OxNWMMW8gio5nPun+01zUjW0INo=">AAAB7XicbVDLSgNBEOyNrxhfUY9eFoPgKeyKr2PQi8cI5gHJEmZnJ8mY2ZllplcIS/7BiwdFvPo/3vwbJ8keNLGgoajqprsrTAQ36HnfTmFldW19o7hZ2tre2d0r7x80jUo1ZQ2qhNLtkBgmuGQN5ChYO9GMxKFgrXB0O/VbT0wbruQDjhMWxGQgeZ9TglZqdmmk0PTKFa/qzeAuEz8nFchR75W/upGiacwkUkGM6fhegkFGNHIq2KTUTQ1LCB2RAetYKknMTJDNrp24J1aJ3L7StiS6M/X3REZiY8ZxaDtjgkOz6E3F/7xOiv3rIOMySZFJOl/UT4WLyp2+7kZcM4pibAmhmttbXTokmlC0AZVsCP7iy8ukeVb1L6sX9+eV2k0eRxGO4BhOwYcrqMEd1KEBFB7hGV7hzVHOi/PufMxbC04+cwh/4Hz+ALGXjzk=</latexit>· · ·<latexit sha1_base64="OxNWMMW8gio5nPun+01zUjW0INo=">AAAB7XicbVDLSgNBEOyNrxhfUY9eFoPgKeyKr2PQi8cI5gHJEmZnJ8mY2ZllplcIS/7BiwdFvPo/3vwbJ8keNLGgoajqprsrTAQ36HnfTmFldW19o7hZ2tre2d0r7x80jUo1ZQ2qhNLtkBgmuGQN5ChYO9GMxKFgrXB0O/VbT0wbruQDjhMWxGQgeZ9TglZqdmmk0PTKFa/qzeAuEz8nFchR75W/upGiacwkUkGM6fhegkFGNHIq2KTUTQ1LCB2RAetYKknMTJDNrp24J1aJ3L7StiS6M/X3REZiY8ZxaDtjgkOz6E3F/7xOiv3rIOMySZFJOl/UT4WLyp2+7kZcM4pibAmhmttbXTokmlC0AZVsCP7iy8ukeVb1L6sX9+eV2k0eRxGO4BhOwYcrqMEd1KEBFB7hGV7hzVHOi/PufMxbC04+cwh/4Hz+ALGXjzk=</latexit>· · · <latexit sha1_base64="27aF9gcNyV8Ah3PdmkHdxk/9Dsc=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHaNryPBi0dI5JHAhswOvTAyO7uZmTUhhC/w4kFjvPpJ3vwbB9iDgpV0UqnqTndXkAiujet+O7m19Y3Nrfx2YWd3b/+geHjU1HGqGDZYLGLVDqhGwSU2DDcC24lCGgUCW8Hobua3nlBpHssHM07Qj+hA8pAzaqxUr/aKJbfszkFWiZeREmSo9Ypf3X7M0gilYYJq3fHcxPgTqgxnAqeFbqoxoWxEB9ixVNIItT+ZHzolZ1bpkzBWtqQhc/X3xIRGWo+jwHZG1Az1sjcT//M6qQlv/QmXSWpQssWiMBXExGT2NelzhcyIsSWUKW5vJWxIFWXGZlOwIXjLL6+S5kXZuy5f1S9LlWoWRx5O4BTOwYMbqMA91KABDBCe4RXenEfnxXl3PhatOSebOYY/cD5/AJehjNA=</latexit>

B
<latexit sha1_base64="GQuMYZhMmwPAndQ0tTFN44pZFYg=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV3xdQx68ZiAeUCyhNlJbzJmdnaZmRXCki/w4kERr36SN//GSbIHTSxoKKq66e4KEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6m/qtJ1Sax/LBjBP0IzqQPOSMGivV3V6p7FbcGcgy8XJShhy1Xumr249ZGqE0TFCtO56bGD+jynAmcFLsphoTykZ0gB1LJY1Q+9ns0Ak5tUqfhLGyJQ2Zqb8nMhppPY4C2xlRM9SL3lT8z+ukJrzxMy6T1KBk80VhKoiJyfRr0ucKmRFjSyhT3N5K2JAqyozNpmhD8BZfXibN84p3VbmsX5Srt3kcBTiGEzgDD66hCvdQgwYwQHiGV3hzHp0X5935mLeuOPnMEfyB8/kDfFmMvg==</latexit>

0
<latexit sha1_base64="GQuMYZhMmwPAndQ0tTFN44pZFYg=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV3xdQx68ZiAeUCyhNlJbzJmdnaZmRXCki/w4kERr36SN//GSbIHTSxoKKq66e4KEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6m/qtJ1Sax/LBjBP0IzqQPOSMGivV3V6p7FbcGcgy8XJShhy1Xumr249ZGqE0TFCtO56bGD+jynAmcFLsphoTykZ0gB1LJY1Q+9ns0Ak5tUqfhLGyJQ2Zqb8nMhppPY4C2xlRM9SL3lT8z+ukJrzxMy6T1KBk80VhKoiJyfRr0ucKmRFjSyhT3N5K2JAqyozNpmhD8BZfXibN84p3VbmsX5Srt3kcBTiGEzgDD66hCvdQgwYwQHiGV3hzHp0X5935mLeuOPnMEfyB8/kDfFmMvg==</latexit>

0
<latexit sha1_base64="xTnVU9LIIvMUIutHcVm1RgxoeJo=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV3xdQx68ZiAeUCyhNlJbzJmdnaZmRXCki/w4kERr36SN//GSbIHTSxoKKq66e4KEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6m/qtJ1Sax/LBjBP0IzqQPOSMGivVvV6p7FbcGcgy8XJShhy1Xumr249ZGqE0TFCtO56bGD+jynAmcFLsphoTykZ0gB1LJY1Q+9ns0Ak5tUqfhLGyJQ2Zqb8nMhppPY4C2xlRM9SL3lT8z+ukJrzxMy6T1KBk80VhKoiJyfRr0ucKmRFjSyhT3N5K2JAqyozNpmhD8BZfXibN84p3VbmsX5Srt3kcBTiGEzgDD66hCvdQgwYwQHiGV3hzHp0X5935mLeuOPnMEfyB8/kDfd2Mvw==</latexit>

1
<latexit sha1_base64="GQuMYZhMmwPAndQ0tTFN44pZFYg=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV3xdQx68ZiAeUCyhNlJbzJmdnaZmRXCki/w4kERr36SN//GSbIHTSxoKKq66e4KEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6m/qtJ1Sax/LBjBP0IzqQPOSMGivV3V6p7FbcGcgy8XJShhy1Xumr249ZGqE0TFCtO56bGD+jynAmcFLsphoTykZ0gB1LJY1Q+9ns0Ak5tUqfhLGyJQ2Zqb8nMhppPY4C2xlRM9SL3lT8z+ukJrzxMy6T1KBk80VhKoiJyfRr0ucKmRFjSyhT3N5K2JAqyozNpmhD8BZfXibN84p3VbmsX5Srt3kcBTiGEzgDD66hCvdQgwYwQHiGV3hzHp0X5935mLeuOPnMEfyB8/kDfFmMvg==</latexit>

0
<latexit sha1_base64="27aF9gcNyV8Ah3PdmkHdxk/9Dsc=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHaNryPBi0dI5JHAhswOvTAyO7uZmTUhhC/w4kFjvPpJ3vwbB9iDgpV0UqnqTndXkAiujet+O7m19Y3Nrfx2YWd3b/+geHjU1HGqGDZYLGLVDqhGwSU2DDcC24lCGgUCW8Hobua3nlBpHssHM07Qj+hA8pAzaqxUr/aKJbfszkFWiZeREmSo9Ypf3X7M0gilYYJq3fHcxPgTqgxnAqeFbqoxoWxEB9ixVNIItT+ZHzolZ1bpkzBWtqQhc/X3xIRGWo+jwHZG1Az1sjcT//M6qQlv/QmXSWpQssWiMBXExGT2NelzhcyIsSWUKW5vJWxIFWXGZlOwIXjLL6+S5kXZuy5f1S9LlWoWRx5O4BTOwYMbqMA91KABDBCe4RXenEfnxXl3PhatOSebOYY/cD5/AJehjNA=</latexit>

B
<latexit sha1_base64="27aF9gcNyV8Ah3PdmkHdxk/9Dsc=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHaNryPBi0dI5JHAhswOvTAyO7uZmTUhhC/w4kFjvPpJ3vwbB9iDgpV0UqnqTndXkAiujet+O7m19Y3Nrfx2YWd3b/+geHjU1HGqGDZYLGLVDqhGwSU2DDcC24lCGgUCW8Hobua3nlBpHssHM07Qj+hA8pAzaqxUr/aKJbfszkFWiZeREmSo9Ypf3X7M0gilYYJq3fHcxPgTqgxnAqeFbqoxoWxEB9ixVNIItT+ZHzolZ1bpkzBWtqQhc/X3xIRGWo+jwHZG1Az1sjcT//M6qQlv/QmXSWpQssWiMBXExGT2NelzhcyIsSWUKW5vJWxIFWXGZlOwIXjLL6+S5kXZuy5f1S9LlWoWRx5O4BTOwYMbqMA91KABDBCe4RXenEfnxXl3PhatOSebOYY/cD5/AJehjNA=</latexit>

B
<latexit sha1_base64="27aF9gcNyV8Ah3PdmkHdxk/9Dsc=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHaNryPBi0dI5JHAhswOvTAyO7uZmTUhhC/w4kFjvPpJ3vwbB9iDgpV0UqnqTndXkAiujet+O7m19Y3Nrfx2YWd3b/+geHjU1HGqGDZYLGLVDqhGwSU2DDcC24lCGgUCW8Hobua3nlBpHssHM07Qj+hA8pAzaqxUr/aKJbfszkFWiZeREmSo9Ypf3X7M0gilYYJq3fHcxPgTqgxnAqeFbqoxoWxEB9ixVNIItT+ZHzolZ1bpkzBWtqQhc/X3xIRGWo+jwHZG1Az1sjcT//M6qQlv/QmXSWpQssWiMBXExGT2NelzhcyIsSWUKW5vJWxIFWXGZlOwIXjLL6+S5kXZuy5f1S9LlWoWRx5O4BTOwYMbqMA91KABDBCe4RXenEfnxXl3PhatOSebOYY/cD5/AJehjNA=</latexit>

B

<latexit sha1_base64="OxNWMMW8gio5nPun+01zUjW0INo=">AAAB7XicbVDLSgNBEOyNrxhfUY9eFoPgKeyKr2PQi8cI5gHJEmZnJ8mY2ZllplcIS/7BiwdFvPo/3vwbJ8keNLGgoajqprsrTAQ36HnfTmFldW19o7hZ2tre2d0r7x80jUo1ZQ2qhNLtkBgmuGQN5ChYO9GMxKFgrXB0O/VbT0wbruQDjhMWxGQgeZ9TglZqdmmk0PTKFa/qzeAuEz8nFchR75W/upGiacwkUkGM6fhegkFGNHIq2KTUTQ1LCB2RAetYKknMTJDNrp24J1aJ3L7StiS6M/X3REZiY8ZxaDtjgkOz6E3F/7xOiv3rIOMySZFJOl/UT4WLyp2+7kZcM4pibAmhmttbXTokmlC0AZVsCP7iy8ukeVb1L6sX9+eV2k0eRxGO4BhOwYcrqMEd1KEBFB7hGV7hzVHOi/PufMxbC04+cwh/4Hz+ALGXjzk=</latexit>· · ·<latexit sha1_base64="OxNWMMW8gio5nPun+01zUjW0INo=">AAAB7XicbVDLSgNBEOyNrxhfUY9eFoPgKeyKr2PQi8cI5gHJEmZnJ8mY2ZllplcIS/7BiwdFvPo/3vwbJ8keNLGgoajqprsrTAQ36HnfTmFldW19o7hZ2tre2d0r7x80jUo1ZQ2qhNLtkBgmuGQN5ChYO9GMxKFgrXB0O/VbT0wbruQDjhMWxGQgeZ9TglZqdmmk0PTKFa/qzeAuEz8nFchR75W/upGiacwkUkGM6fhegkFGNHIq2KTUTQ1LCB2RAetYKknMTJDNrp24J1aJ3L7StiS6M/X3REZiY8ZxaDtjgkOz6E3F/7xOiv3rIOMySZFJOl/UT4WLyp2+7kZcM4pibAmhmttbXTokmlC0AZVsCP7iy8ukeVb1L6sX9+eV2k0eRxGO4BhOwYcrqMEd1KEBFB7hGV7hzVHOi/PufMxbC04+cwh/4Hz+ALGXjzk=</latexit>· · ·
Finite Automaton

<latexit sha1_base64="6a1il+76/Bz1NtMkVsJKpITOQ2Q=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PQi8eI5gHJEmYnvcmQ2dl1ZlYISz7BiwdFvPpF3vwbJ8keNFrQUFR1090VJIJr47pfTmFpeWV1rbhe2tjc2t4p7+41dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6nvqtR1Sax/LejBP0IzqQPOSMGivdPfTcXrniVt0ZyF/i5aQCOeq98me3H7M0QmmYoFp3PDcxfkaV4UzgpNRNNSaUjegAO5ZKGqH2s9mpE3JklT4JY2VLGjJTf05kNNJ6HAW2M6JmqBe9qfif10lNeOlnXCapQcnmi8JUEBOT6d+kzxUyI8aWUKa4vZWwIVWUGZtOyYbgLb78lzRPqt559ez2tFK7yuMowgEcwjF4cAE1uIE6NIDBAJ7gBV4d4Tw7b877vLXg5DP78AvOxzcCwo2i</latexit>q0

<latexit sha1_base64="27aF9gcNyV8Ah3PdmkHdxk/9Dsc=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHaNryPBi0dI5JHAhswOvTAyO7uZmTUhhC/w4kFjvPpJ3vwbB9iDgpV0UqnqTndXkAiujet+O7m19Y3Nrfx2YWd3b/+geHjU1HGqGDZYLGLVDqhGwSU2DDcC24lCGgUCW8Hobua3nlBpHssHM07Qj+hA8pAzaqxUr/aKJbfszkFWiZeREmSo9Ypf3X7M0gilYYJq3fHcxPgTqgxnAqeFbqoxoWxEB9ixVNIItT+ZHzolZ1bpkzBWtqQhc/X3xIRGWo+jwHZG1Az1sjcT//M6qQlv/QmXSWpQssWiMBXExGT2NelzhcyIsSWUKW5vJWxIFWXGZlOwIXjLL6+S5kXZuy5f1S9LlWoWRx5O4BTOwYMbqMA91KABDBCe4RXenEfnxXl3PhatOSebOYY/cD5/AJehjNA=</latexit>

B

≡ 0B100B q0B
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One-Step Moves

Definition (One-Step Moves of Turing Machines)
A one-step move (⊢) of a Turing machine M is a transition from a
configuration to another configuration.

• If δ(q, Xi) = (p, Y , L),

X1 · · · Xi−1 qXi Xi+1 · · · Xn ⊢ X1 · · · pXi−1 YXi+1 · · · Xn

• If δ(q, Xi) = (p, Y , R),

X1 · · · Xi−1 qXi Xi+1 · · · Xn ⊢ X1 · · · Xi−1Y pXi+1 · · · Xn

Tape
<latexit sha1_base64="OxNWMMW8gio5nPun+01zUjW0INo=">AAAB7XicbVDLSgNBEOyNrxhfUY9eFoPgKeyKr2PQi8cI5gHJEmZnJ8mY2ZllplcIS/7BiwdFvPo/3vwbJ8keNLGgoajqprsrTAQ36HnfTmFldW19o7hZ2tre2d0r7x80jUo1ZQ2qhNLtkBgmuGQN5ChYO9GMxKFgrXB0O/VbT0wbruQDjhMWxGQgeZ9TglZqdmmk0PTKFa/qzeAuEz8nFchR75W/upGiacwkUkGM6fhegkFGNHIq2KTUTQ1LCB2RAetYKknMTJDNrp24J1aJ3L7StiS6M/X3REZiY8ZxaDtjgkOz6E3F/7xOiv3rIOMySZFJOl/UT4WLyp2+7kZcM4pibAmhmttbXTokmlC0AZVsCP7iy8ukeVb1L6sX9+eV2k0eRxGO4BhOwYcrqMEd1KEBFB7hGV7hzVHOi/PufMxbC04+cwh/4Hz+ALGXjzk=</latexit>· · ·<latexit sha1_base64="OxNWMMW8gio5nPun+01zUjW0INo=">AAAB7XicbVDLSgNBEOyNrxhfUY9eFoPgKeyKr2PQi8cI5gHJEmZnJ8mY2ZllplcIS/7BiwdFvPo/3vwbJ8keNLGgoajqprsrTAQ36HnfTmFldW19o7hZ2tre2d0r7x80jUo1ZQ2qhNLtkBgmuGQN5ChYO9GMxKFgrXB0O/VbT0wbruQDjhMWxGQgeZ9TglZqdmmk0PTKFa/qzeAuEz8nFchR75W/upGiacwkUkGM6fhegkFGNHIq2KTUTQ1LCB2RAetYKknMTJDNrp24J1aJ3L7StiS6M/X3REZiY8ZxaDtjgkOz6E3F/7xOiv3rIOMySZFJOl/UT4WLyp2+7kZcM4pibAmhmttbXTokmlC0AZVsCP7iy8ukeVb1L6sX9+eV2k0eRxGO4BhOwYcrqMEd1KEBFB7hGV7hzVHOi/PufMxbC04+cwh/4Hz+ALGXjzk=</latexit>· · · <latexit sha1_base64="27aF9gcNyV8Ah3PdmkHdxk/9Dsc=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHaNryPBi0dI5JHAhswOvTAyO7uZmTUhhC/w4kFjvPpJ3vwbB9iDgpV0UqnqTndXkAiujet+O7m19Y3Nrfx2YWd3b/+geHjU1HGqGDZYLGLVDqhGwSU2DDcC24lCGgUCW8Hobua3nlBpHssHM07Qj+hA8pAzaqxUr/aKJbfszkFWiZeREmSo9Ypf3X7M0gilYYJq3fHcxPgTqgxnAqeFbqoxoWxEB9ixVNIItT+ZHzolZ1bpkzBWtqQhc/X3xIRGWo+jwHZG1Az1sjcT//M6qQlv/QmXSWpQssWiMBXExGT2NelzhcyIsSWUKW5vJWxIFWXGZlOwIXjLL6+S5kXZuy5f1S9LlWoWRx5O4BTOwYMbqMA91KABDBCe4RXenEfnxXl3PhatOSebOYY/cD5/AJehjNA=</latexit>

B
<latexit sha1_base64="GQuMYZhMmwPAndQ0tTFN44pZFYg=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV3xdQx68ZiAeUCyhNlJbzJmdnaZmRXCki/w4kERr36SN//GSbIHTSxoKKq66e4KEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6m/qtJ1Sax/LBjBP0IzqQPOSMGivV3V6p7FbcGcgy8XJShhy1Xumr249ZGqE0TFCtO56bGD+jynAmcFLsphoTykZ0gB1LJY1Q+9ns0Ak5tUqfhLGyJQ2Zqb8nMhppPY4C2xlRM9SL3lT8z+ukJrzxMy6T1KBk80VhKoiJyfRr0ucKmRFjSyhT3N5K2JAqyozNpmhD8BZfXibN84p3VbmsX5Srt3kcBTiGEzgDD66hCvdQgwYwQHiGV3hzHp0X5935mLeuOPnMEfyB8/kDfFmMvg==</latexit>

0
<latexit sha1_base64="xTnVU9LIIvMUIutHcVm1RgxoeJo=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV3xdQx68ZiAeUCyhNlJbzJmdnaZmRXCki/w4kERr36SN//GSbIHTSxoKKq66e4KEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6m/qtJ1Sax/LBjBP0IzqQPOSMGivVvV6p7FbcGcgy8XJShhy1Xumr249ZGqE0TFCtO56bGD+jynAmcFLsphoTykZ0gB1LJY1Q+9ns0Ak5tUqfhLGyJQ2Zqb8nMhppPY4C2xlRM9SL3lT8z+ukJrzxMy6T1KBk80VhKoiJyfRr0ucKmRFjSyhT3N5K2JAqyozNpmhD8BZfXibN84p3VbmsX5Srt3kcBTiGEzgDD66hCvdQgwYwQHiGV3hzHp0X5935mLeuOPnMEfyB8/kDfd2Mvw==</latexit>

1
<latexit sha1_base64="GQuMYZhMmwPAndQ0tTFN44pZFYg=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV3xdQx68ZiAeUCyhNlJbzJmdnaZmRXCki/w4kERr36SN//GSbIHTSxoKKq66e4KEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6m/qtJ1Sax/LBjBP0IzqQPOSMGivV3V6p7FbcGcgy8XJShhy1Xumr249ZGqE0TFCtO56bGD+jynAmcFLsphoTykZ0gB1LJY1Q+9ns0Ak5tUqfhLGyJQ2Zqb8nMhppPY4C2xlRM9SL3lT8z+ukJrzxMy6T1KBk80VhKoiJyfRr0ucKmRFjSyhT3N5K2JAqyozNpmhD8BZfXibN84p3VbmsX5Srt3kcBTiGEzgDD66hCvdQgwYwQHiGV3hzHp0X5935mLeuOPnMEfyB8/kDfFmMvg==</latexit>

0
<latexit sha1_base64="xTnVU9LIIvMUIutHcVm1RgxoeJo=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV3xdQx68ZiAeUCyhNlJbzJmdnaZmRXCki/w4kERr36SN//GSbIHTSxoKKq66e4KEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6m/qtJ1Sax/LBjBP0IzqQPOSMGivVvV6p7FbcGcgy8XJShhy1Xumr249ZGqE0TFCtO56bGD+jynAmcFLsphoTykZ0gB1LJY1Q+9ns0Ak5tUqfhLGyJQ2Zqb8nMhppPY4C2xlRM9SL3lT8z+ukJrzxMy6T1KBk80VhKoiJyfRr0ucKmRFjSyhT3N5K2JAqyozNpmhD8BZfXibN84p3VbmsX5Srt3kcBTiGEzgDD66hCvdQgwYwQHiGV3hzHp0X5935mLeuOPnMEfyB8/kDfd2Mvw==</latexit>

1
<latexit sha1_base64="GQuMYZhMmwPAndQ0tTFN44pZFYg=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV3xdQx68ZiAeUCyhNlJbzJmdnaZmRXCki/w4kERr36SN//GSbIHTSxoKKq66e4KEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6m/qtJ1Sax/LBjBP0IzqQPOSMGivV3V6p7FbcGcgy8XJShhy1Xumr249ZGqE0TFCtO56bGD+jynAmcFLsphoTykZ0gB1LJY1Q+9ns0Ak5tUqfhLGyJQ2Zqb8nMhppPY4C2xlRM9SL3lT8z+ukJrzxMy6T1KBk80VhKoiJyfRr0ucKmRFjSyhT3N5K2JAqyozNpmhD8BZfXibN84p3VbmsX5Srt3kcBTiGEzgDD66hCvdQgwYwQHiGV3hzHp0X5935mLeuOPnMEfyB8/kDfFmMvg==</latexit>

0
<latexit sha1_base64="27aF9gcNyV8Ah3PdmkHdxk/9Dsc=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHaNryPBi0dI5JHAhswOvTAyO7uZmTUhhC/w4kFjvPpJ3vwbB9iDgpV0UqnqTndXkAiujet+O7m19Y3Nrfx2YWd3b/+geHjU1HGqGDZYLGLVDqhGwSU2DDcC24lCGgUCW8Hobua3nlBpHssHM07Qj+hA8pAzaqxUr/aKJbfszkFWiZeREmSo9Ypf3X7M0gilYYJq3fHcxPgTqgxnAqeFbqoxoWxEB9ixVNIItT+ZHzolZ1bpkzBWtqQhc/X3xIRGWo+jwHZG1Az1sjcT//M6qQlv/QmXSWpQssWiMBXExGT2NelzhcyIsSWUKW5vJWxIFWXGZlOwIXjLL6+S5kXZuy5f1S9LlWoWRx5O4BTOwYMbqMA91KABDBCe4RXenEfnxXl3PhatOSebOYY/cD5/AJehjNA=</latexit>

B
<latexit sha1_base64="27aF9gcNyV8Ah3PdmkHdxk/9Dsc=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHaNryPBi0dI5JHAhswOvTAyO7uZmTUhhC/w4kFjvPpJ3vwbB9iDgpV0UqnqTndXkAiujet+O7m19Y3Nrfx2YWd3b/+geHjU1HGqGDZYLGLVDqhGwSU2DDcC24lCGgUCW8Hobua3nlBpHssHM07Qj+hA8pAzaqxUr/aKJbfszkFWiZeREmSo9Ypf3X7M0gilYYJq3fHcxPgTqgxnAqeFbqoxoWxEB9ixVNIItT+ZHzolZ1bpkzBWtqQhc/X3xIRGWo+jwHZG1Az1sjcT//M6qQlv/QmXSWpQssWiMBXExGT2NelzhcyIsSWUKW5vJWxIFWXGZlOwIXjLL6+S5kXZuy5f1S9LlWoWRx5O4BTOwYMbqMA91KABDBCe4RXenEfnxXl3PhatOSebOYY/cD5/AJehjNA=</latexit>

B
<latexit sha1_base64="27aF9gcNyV8Ah3PdmkHdxk/9Dsc=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHaNryPBi0dI5JHAhswOvTAyO7uZmTUhhC/w4kFjvPpJ3vwbB9iDgpV0UqnqTndXkAiujet+O7m19Y3Nrfx2YWd3b/+geHjU1HGqGDZYLGLVDqhGwSU2DDcC24lCGgUCW8Hobua3nlBpHssHM07Qj+hA8pAzaqxUr/aKJbfszkFWiZeREmSo9Ypf3X7M0gilYYJq3fHcxPgTqgxnAqeFbqoxoWxEB9ixVNIItT+ZHzolZ1bpkzBWtqQhc/X3xIRGWo+jwHZG1Az1sjcT//M6qQlv/QmXSWpQssWiMBXExGT2NelzhcyIsSWUKW5vJWxIFWXGZlOwIXjLL6+S5kXZuy5f1S9LlWoWRx5O4BTOwYMbqMA91KABDBCe4RXenEfnxXl3PhatOSebOYY/cD5/AJehjNA=</latexit>

B

Finite Automaton

<latexit sha1_base64="6a1il+76/Bz1NtMkVsJKpITOQ2Q=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PQi8eI5gHJEmYnvcmQ2dl1ZlYISz7BiwdFvPpF3vwbJ8keNFrQUFR1090VJIJr47pfTmFpeWV1rbhe2tjc2t4p7+41dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6nvqtR1Sax/LejBP0IzqQPOSMGivdPfTcXrniVt0ZyF/i5aQCOeq98me3H7M0QmmYoFp3PDcxfkaV4UzgpNRNNSaUjegAO5ZKGqH2s9mpE3JklT4JY2VLGjJTf05kNNJ6HAW2M6JmqBe9qfif10lNeOlnXCapQcnmi8JUEBOT6d+kzxUyI8aWUKa4vZWwIVWUGZtOyYbgLb78lzRPqt559ez2tFK7yuMowgEcwjF4cAE1uIE6NIDBAJ7gBV4d4Tw7b877vLXg5DP78AvOxzcCwo2i</latexit>q0
<latexit sha1_base64="kNd3UNMz/2RnnPSdWQcmtCuFhMg=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PQi8eI5gHJEmYnvcmQ2dl1ZlYISz7BiwdFvPpF3vwbJ8keNFrQUFR1090VJIJr47pfTmFpeWV1rbhe2tjc2t4p7+41dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6nvqtR1Sax/LejBP0IzqQPOSMGivdPfS8XrniVt0ZyF/i5aQCOeq98me3H7M0QmmYoFp3PDcxfkaV4UzgpNRNNSaUjegAO5ZKGqH2s9mpE3JklT4JY2VLGjJTf05kNNJ6HAW2M6JmqBe9qfif10lNeOlnXCapQcnmi8JUEBOT6d+kzxUyI8aWUKa4vZWwIVWUGZtOyYbgLb78lzRPqt559ez2tFK7yuMowgEcwjF4cAE1uIE6NIDBAJ7gBV4d4Tw7b877vLXg5DP78AvOxzcERo2j</latexit>q1

<latexit sha1_base64="CctSEBFTbErroAmWrxoltBFLrKQ=">AAACBnicbVDLSgMxFM34rPU16lKEYBFclRnxtSy6cVnFPmBmKJk004ZmHiR3xDLMyo2/4saFIm79Bnf+jWk7grYeCJyccy/JOX4iuALL+jLm5hcWl5ZLK+XVtfWNTXNru6niVFLWoLGIZdsnigkesQZwEKydSEZCX7CWP7gc+a07JhWPo1sYJswLSS/iAacEtNQx9xwX2D0AZFaOXYjxz9XOPXzTMStW1RoDzxK7IBVUoN4xP91uTNOQRUAFUcqxrQS8jEjgVLC87KaKJYQOSI85mkYkZMrLxjFyfKCVLg5iqU8EeKz+3shIqNQw9PVkSKCvpr2R+J/npBCcexmPkhRYRCcPBanAOu6oE9zlklEQQ00IlVz/FdM+kYSCbq6sS7CnI8+S5lHVPq2eXB9XahdFHSW0i/bRIbLRGaqhK1RHDUTRA3pCL+jVeDSejTfjfTI6ZxQ7O+gPjI9vF52Y4w==</latexit>

[0 ! 1]R
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One-Step Moves

Definition (One-Step Moves of Turing Machines)
A one-step move (⊢) of a Turing machine M is a transition from a
configuration to another configuration.

• If δ(q, Xi) = (p, Y , L),

X1 · · · Xi−1 qXi Xi+1 · · · Xn ⊢ X1 · · · pXi−1 YXi+1 · · · Xn

• If δ(q, Xi) = (p, Y , R),

X1 · · · Xi−1 qXi Xi+1 · · · Xn ⊢ X1 · · · Xi−1Y pXi+1 · · · Xn

Tape
<latexit sha1_base64="OxNWMMW8gio5nPun+01zUjW0INo=">AAAB7XicbVDLSgNBEOyNrxhfUY9eFoPgKeyKr2PQi8cI5gHJEmZnJ8mY2ZllplcIS/7BiwdFvPo/3vwbJ8keNLGgoajqprsrTAQ36HnfTmFldW19o7hZ2tre2d0r7x80jUo1ZQ2qhNLtkBgmuGQN5ChYO9GMxKFgrXB0O/VbT0wbruQDjhMWxGQgeZ9TglZqdmmk0PTKFa/qzeAuEz8nFchR75W/upGiacwkUkGM6fhegkFGNHIq2KTUTQ1LCB2RAetYKknMTJDNrp24J1aJ3L7StiS6M/X3REZiY8ZxaDtjgkOz6E3F/7xOiv3rIOMySZFJOl/UT4WLyp2+7kZcM4pibAmhmttbXTokmlC0AZVsCP7iy8ukeVb1L6sX9+eV2k0eRxGO4BhOwYcrqMEd1KEBFB7hGV7hzVHOi/PufMxbC04+cwh/4Hz+ALGXjzk=</latexit>· · ·<latexit sha1_base64="OxNWMMW8gio5nPun+01zUjW0INo=">AAAB7XicbVDLSgNBEOyNrxhfUY9eFoPgKeyKr2PQi8cI5gHJEmZnJ8mY2ZllplcIS/7BiwdFvPo/3vwbJ8keNLGgoajqprsrTAQ36HnfTmFldW19o7hZ2tre2d0r7x80jUo1ZQ2qhNLtkBgmuGQN5ChYO9GMxKFgrXB0O/VbT0wbruQDjhMWxGQgeZ9TglZqdmmk0PTKFa/qzeAuEz8nFchR75W/upGiacwkUkGM6fhegkFGNHIq2KTUTQ1LCB2RAetYKknMTJDNrp24J1aJ3L7StiS6M/X3REZiY8ZxaDtjgkOz6E3F/7xOiv3rIOMySZFJOl/UT4WLyp2+7kZcM4pibAmhmttbXTokmlC0AZVsCP7iy8ukeVb1L6sX9+eV2k0eRxGO4BhOwYcrqMEd1KEBFB7hGV7hzVHOi/PufMxbC04+cwh/4Hz+ALGXjzk=</latexit>· · · <latexit sha1_base64="27aF9gcNyV8Ah3PdmkHdxk/9Dsc=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHaNryPBi0dI5JHAhswOvTAyO7uZmTUhhC/w4kFjvPpJ3vwbB9iDgpV0UqnqTndXkAiujet+O7m19Y3Nrfx2YWd3b/+geHjU1HGqGDZYLGLVDqhGwSU2DDcC24lCGgUCW8Hobua3nlBpHssHM07Qj+hA8pAzaqxUr/aKJbfszkFWiZeREmSo9Ypf3X7M0gilYYJq3fHcxPgTqgxnAqeFbqoxoWxEB9ixVNIItT+ZHzolZ1bpkzBWtqQhc/X3xIRGWo+jwHZG1Az1sjcT//M6qQlv/QmXSWpQssWiMBXExGT2NelzhcyIsSWUKW5vJWxIFWXGZlOwIXjLL6+S5kXZuy5f1S9LlWoWRx5O4BTOwYMbqMA91KABDBCe4RXenEfnxXl3PhatOSebOYY/cD5/AJehjNA=</latexit>

B
<latexit sha1_base64="GQuMYZhMmwPAndQ0tTFN44pZFYg=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV3xdQx68ZiAeUCyhNlJbzJmdnaZmRXCki/w4kERr36SN//GSbIHTSxoKKq66e4KEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6m/qtJ1Sax/LBjBP0IzqQPOSMGivV3V6p7FbcGcgy8XJShhy1Xumr249ZGqE0TFCtO56bGD+jynAmcFLsphoTykZ0gB1LJY1Q+9ns0Ak5tUqfhLGyJQ2Zqb8nMhppPY4C2xlRM9SL3lT8z+ukJrzxMy6T1KBk80VhKoiJyfRr0ucKmRFjSyhT3N5K2JAqyozNpmhD8BZfXibN84p3VbmsX5Srt3kcBTiGEzgDD66hCvdQgwYwQHiGV3hzHp0X5935mLeuOPnMEfyB8/kDfFmMvg==</latexit>

0
<latexit sha1_base64="xTnVU9LIIvMUIutHcVm1RgxoeJo=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV3xdQx68ZiAeUCyhNlJbzJmdnaZmRXCki/w4kERr36SN//GSbIHTSxoKKq66e4KEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6m/qtJ1Sax/LBjBP0IzqQPOSMGivVvV6p7FbcGcgy8XJShhy1Xumr249ZGqE0TFCtO56bGD+jynAmcFLsphoTykZ0gB1LJY1Q+9ns0Ak5tUqfhLGyJQ2Zqb8nMhppPY4C2xlRM9SL3lT8z+ukJrzxMy6T1KBk80VhKoiJyfRr0ucKmRFjSyhT3N5K2JAqyozNpmhD8BZfXibN84p3VbmsX5Srt3kcBTiGEzgDD66hCvdQgwYwQHiGV3hzHp0X5935mLeuOPnMEfyB8/kDfd2Mvw==</latexit>

1
<latexit sha1_base64="xTnVU9LIIvMUIutHcVm1RgxoeJo=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV3xdQx68ZiAeUCyhNlJbzJmdnaZmRXCki/w4kERr36SN//GSbIHTSxoKKq66e4KEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6m/qtJ1Sax/LBjBP0IzqQPOSMGivVvV6p7FbcGcgy8XJShhy1Xumr249ZGqE0TFCtO56bGD+jynAmcFLsphoTykZ0gB1LJY1Q+9ns0Ak5tUqfhLGyJQ2Zqb8nMhppPY4C2xlRM9SL3lT8z+ukJrzxMy6T1KBk80VhKoiJyfRr0ucKmRFjSyhT3N5K2JAqyozNpmhD8BZfXibN84p3VbmsX5Srt3kcBTiGEzgDD66hCvdQgwYwQHiGV3hzHp0X5935mLeuOPnMEfyB8/kDfd2Mvw==</latexit>

1
<latexit sha1_base64="GQuMYZhMmwPAndQ0tTFN44pZFYg=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV3xdQx68ZiAeUCyhNlJbzJmdnaZmRXCki/w4kERr36SN//GSbIHTSxoKKq66e4KEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6m/qtJ1Sax/LBjBP0IzqQPOSMGivV3V6p7FbcGcgy8XJShhy1Xumr249ZGqE0TFCtO56bGD+jynAmcFLsphoTykZ0gB1LJY1Q+9ns0Ak5tUqfhLGyJQ2Zqb8nMhppPY4C2xlRM9SL3lT8z+ukJrzxMy6T1KBk80VhKoiJyfRr0ucKmRFjSyhT3N5K2JAqyozNpmhD8BZfXibN84p3VbmsX5Srt3kcBTiGEzgDD66hCvdQgwYwQHiGV3hzHp0X5935mLeuOPnMEfyB8/kDfFmMvg==</latexit>

0
<latexit sha1_base64="27aF9gcNyV8Ah3PdmkHdxk/9Dsc=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHaNryPBi0dI5JHAhswOvTAyO7uZmTUhhC/w4kFjvPpJ3vwbB9iDgpV0UqnqTndXkAiujet+O7m19Y3Nrfx2YWd3b/+geHjU1HGqGDZYLGLVDqhGwSU2DDcC24lCGgUCW8Hobua3nlBpHssHM07Qj+hA8pAzaqxUr/aKJbfszkFWiZeREmSo9Ypf3X7M0gilYYJq3fHcxPgTqgxnAqeFbqoxoWxEB9ixVNIItT+ZHzolZ1bpkzBWtqQhc/X3xIRGWo+jwHZG1Az1sjcT//M6qQlv/QmXSWpQssWiMBXExGT2NelzhcyIsSWUKW5vJWxIFWXGZlOwIXjLL6+S5kXZuy5f1S9LlWoWRx5O4BTOwYMbqMA91KABDBCe4RXenEfnxXl3PhatOSebOYY/cD5/AJehjNA=</latexit>

B
<latexit sha1_base64="27aF9gcNyV8Ah3PdmkHdxk/9Dsc=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHaNryPBi0dI5JHAhswOvTAyO7uZmTUhhC/w4kFjvPpJ3vwbB9iDgpV0UqnqTndXkAiujet+O7m19Y3Nrfx2YWd3b/+geHjU1HGqGDZYLGLVDqhGwSU2DDcC24lCGgUCW8Hobua3nlBpHssHM07Qj+hA8pAzaqxUr/aKJbfszkFWiZeREmSo9Ypf3X7M0gilYYJq3fHcxPgTqgxnAqeFbqoxoWxEB9ixVNIItT+ZHzolZ1bpkzBWtqQhc/X3xIRGWo+jwHZG1Az1sjcT//M6qQlv/QmXSWpQssWiMBXExGT2NelzhcyIsSWUKW5vJWxIFWXGZlOwIXjLL6+S5kXZuy5f1S9LlWoWRx5O4BTOwYMbqMA91KABDBCe4RXenEfnxXl3PhatOSebOYY/cD5/AJehjNA=</latexit>

B
<latexit sha1_base64="27aF9gcNyV8Ah3PdmkHdxk/9Dsc=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHaNryPBi0dI5JHAhswOvTAyO7uZmTUhhC/w4kFjvPpJ3vwbB9iDgpV0UqnqTndXkAiujet+O7m19Y3Nrfx2YWd3b/+geHjU1HGqGDZYLGLVDqhGwSU2DDcC24lCGgUCW8Hobua3nlBpHssHM07Qj+hA8pAzaqxUr/aKJbfszkFWiZeREmSo9Ypf3X7M0gilYYJq3fHcxPgTqgxnAqeFbqoxoWxEB9ixVNIItT+ZHzolZ1bpkzBWtqQhc/X3xIRGWo+jwHZG1Az1sjcT//M6qQlv/QmXSWpQssWiMBXExGT2NelzhcyIsSWUKW5vJWxIFWXGZlOwIXjLL6+S5kXZuy5f1S9LlWoWRx5O4BTOwYMbqMA91KABDBCe4RXenEfnxXl3PhatOSebOYY/cD5/AJehjNA=</latexit>

B

Finite Automaton

<latexit sha1_base64="6a1il+76/Bz1NtMkVsJKpITOQ2Q=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PQi8eI5gHJEmYnvcmQ2dl1ZlYISz7BiwdFvPpF3vwbJ8keNFrQUFR1090VJIJr47pfTmFpeWV1rbhe2tjc2t4p7+41dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6nvqtR1Sax/LejBP0IzqQPOSMGivdPfTcXrniVt0ZyF/i5aQCOeq98me3H7M0QmmYoFp3PDcxfkaV4UzgpNRNNSaUjegAO5ZKGqH2s9mpE3JklT4JY2VLGjJTf05kNNJ6HAW2M6JmqBe9qfif10lNeOlnXCapQcnmi8JUEBOT6d+kzxUyI8aWUKa4vZWwIVWUGZtOyYbgLb78lzRPqt559ez2tFK7yuMowgEcwjF4cAE1uIE6NIDBAJ7gBV4d4Tw7b877vLXg5DP78AvOxzcCwo2i</latexit>q0
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[0 ! 1]R
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1

011 q00 0 ⊢ 0111 q10
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One-Step Moves

M1 = q0start q1 q2 q3

q4 q5

[a→X ]R

[Y →Y ]R
[ a → a ]R

[b→Y ]R

[Z→Z ]R
[b→b ]R

[c→Z ]L

[ a → a ]L
[Y →Y ]L
[ b → b ]L
[Z →Z ]L

[X→X ]R

[Y
→

Y
]R [B→

B]L

[Y →Y ]R
[Z →Z ]R [B→B]L

q0a bc

⊢ X q1b c (∵ δ(q0, a) = (q1, X , R))
⊢ XY q2c (∵ δ(q1, b) = (q2, Y , R))
⊢ X q3Y Z (∵ δ(q2, c) = (q3, Z , L))
⊢ q3X YZ (∵ δ(q3, Y ) = (q3, Y , L))
⊢ X q0Y Z (∵ δ(q3, X ) = (q0, X , R))
⊢ XY q4Z (∵ δ(q0, Y ) = (q4, Y , R))
⊢ XYZ q4B (∵ δ(q4, Z ) = (q4, Z , R))
⊢ XY q5Z (∵ δ(q4, B) = (q5, B, L))
⊬
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Halting of Turing Machines

Definition (Halting of Turing Machines)
A Turing machine M = (Q, Σ, Γ, δ, q0, B, F ) halts on input w if there is a
sequence of one-step moves from the initial configuration q0 w to a
configuration having no more possible moves:

q0w ⊢∗ αqβ ⊬

for some α, β ∈ Γ∗ and q ∈ Q.

For example, the Turing machine M1 halts on input abc:

q0a bc ⊢∗ XY q5Z ⊬
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Language of Turing Machines

Definition (Acceptance by Turing Machines)
For a given Turing machine M = (Q, Σ, Γ, δ, q0, B, F ), M accepts a word
w ∈ Σ∗ if M halts on w with a final state:

q0 w ⊢∗ α qf β ⊬

for some qf ∈ F and α, β ∈ Γ∗.

Definition (Language of Turing Machines)
For a given Turing machine M = (Q, Σ, Γ, δ, q0, B, F ), the language of M
is defined as follows:

L(M) = {w ∈ Σ∗ | M accepts w}
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Language of Turing Machines

Definition (Recursively Enumerable Languages (RELs))
A language L is recursively enumerable if there exists a Turing machine
M such that L = L(M).

For example, what is the language of the Turing machine M1?

M1 = q0start q1 q2 q3

q4 q5

[a→X ]R

[Y →Y ]R
[ a → a ]R

[b→Y ]R

[Z→Z ]R
[b→b ]R

[c→Z ]L

[ a → a ]L
[Y →Y ]L
[ b → b ]L
[Z →Z ]L

[X→X ]R

[Y
→

Y
]R [B→

B]L

[Y →Y ]R
[Z →Z ]R [B→B]L

It accepts the following language. Thus, L is recursively enumerable:

L(M1) = L = {anbncn | n ≥ 0}
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Language of Turing Machines
type Tape = String
case class Config(state: State, tape: Tape, index: Int)

case class TM(...):
// A one-step move in a Turing machine
def move(config: Config): Option[Config] = ...

// The initial configuration of a Turing machine
def init(word: Word): Config = word match

case a <| x => Config(initState, word, 0)
case _ => Config(initState, blank.toString, 0)

// The configuration at which the TM halts
final def haltsAt(config: Config): Config = move(config) match

case None => config
case Some(next) => haltsAt(next)

// The acceptance of a word by TM
def accept(w: Word): Boolean = finalStates.contains(haltsAt(init(w)).state)

tm1.accept("abc") // true
tm1.accept("aabbcc") // true
tm1.accept("abab") // false
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Turing Machines as Computing Machines

Definition (Turing Computable Functions)
A partial function f : Σ∗ ⇀ Σ∗ is Turing-computable if there exists a
Turing machine M = (Q, Σ, Γ, δ, q0, B, F ) such that

q0 w ⊢∗ qf f (w) ⊬

for some qf ∈ F and all w ∈ Σ∗, such that f (w) is defined.
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Turing Machines as Computing Machines

M2 =

q0start q1 q2

[0 → 1] R
[1 → 0] R

[B → B] L

[0 → 0] L
[1 → 1] L

[B → B] R

For example, TM M2 defines the following function f : {0, 1}∗ → {0, 1}∗:

f (w) = (the flip of each bit in w)

For example, 0110 is transformed to 1001 by M2:

q0 0110 ⊢∗ q2 1001 ⊬

and 1011100 is transformed to 0100011 by M2
1:

q0 1011100 ⊢∗ q2 0100011 ⊬

So, f is a Turing-computable function.

1https://plrg.korea.ac.kr/courses/cose215/materials/tm-flip.pdf
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1https://plrg.korea.ac.kr/courses/cose215/materials/tm-flip.pdf
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Turing Machines as Computing Machines
case class TM(...):

// The computation with a given word by TM
def compute(word: Word): Option[Word] =

val Config(state, tape, k) = haltsAt(init(word))
val (n, x) = (tape.size, tape(k))
if (k == 0 && finalStates.contains(state)) {

if (x == blank && n == 1) Some("")
else if (tape.forall(symbols.contains)) Some(tape.mkString)
else None

} else None

val tm2: TM = TM(
states = Set(0, 1, 2), symbols = Set('0', '1'),
tapeSymbols = Set('0', '1', 'B'),
trans = Map(

(0, '0') -> (0, '1', R), (0, '1') -> (0, '0', R), (0, 'B') -> (1, 'B', L),
(1, '0') -> (1, '0', L), (1, '1') -> (1, '1', L), (1, 'B') -> (2, 'B', R),

),
initState = 0, blank = 'B', finalStates = Set(2),

)
tm2.compute("0110") // Some("1001")
tm2.compute("1011100") // Some("0100011")
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Summary

1. Chomsky Hierarchy

2. Turing Machines
Definition
Turing Machines in Scala
Configurations
One-Step Moves
Halting of Turing Machines
Language of Turing Machines
Turing Machines as Computing Machines
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Next Lecture
• Examples of Turing Machines
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