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<latexit sha1_base64="OxNWMMW8gio5nPun+01zUjW0INo=">AAAB7XicbVDLSgNBEOyNrxhfUY9eFoPgKeyKr2PQi8cI5gHJEmZnJ8mY2ZllplcIS/7BiwdFvPo/3vwbJ8keNLGgoajqprsrTAQ36HnfTmFldW19o7hZ2tre2d0r7x80jUo1ZQ2qhNLtkBgmuGQN5ChYO9GMxKFgrXB0O/VbT0wbruQDjhMWxGQgeZ9TglZqdmmk0PTKFa/qzeAuEz8nFchR75W/upGiacwkUkGM6fhegkFGNHIq2KTUTQ1LCB2RAetYKknMTJDNrp24J1aJ3L7StiS6M/X3REZiY8ZxaDtjgkOz6E3F/7xOiv3rIOMySZFJOl/UT4WLyp2+7kZcM4pibAmhmttbXTokmlC0AZVsCP7iy8ukeVb1L6sX9+eV2k0eRxGO4BhOwYcrqMEd1KEBFB7hGV7hzVHOi/PufMxbC04+cwh/4Hz+ALGXjzk=</latexit>· · ·<latexit sha1_base64="OxNWMMW8gio5nPun+01zUjW0INo=">AAAB7XicbVDLSgNBEOyNrxhfUY9eFoPgKeyKr2PQi8cI5gHJEmZnJ8mY2ZllplcIS/7BiwdFvPo/3vwbJ8keNLGgoajqprsrTAQ36HnfTmFldW19o7hZ2tre2d0r7x80jUo1ZQ2qhNLtkBgmuGQN5ChYO9GMxKFgrXB0O/VbT0wbruQDjhMWxGQgeZ9TglZqdmmk0PTKFa/qzeAuEz8nFchR75W/upGiacwkUkGM6fhegkFGNHIq2KTUTQ1LCB2RAetYKknMTJDNrp24J1aJ3L7StiS6M/X3REZiY8ZxaDtjgkOz6E3F/7xOiv3rIOMySZFJOl/UT4WLyp2+7kZcM4pibAmhmttbXTokmlC0AZVsCP7iy8ukeVb1L6sX9+eV2k0eRxGO4BhOwYcrqMEd1KEBFB7hGV7hzVHOi/PufMxbC04+cwh/4Hz+ALGXjzk=</latexit>· · · <latexit sha1_base64="27aF9gcNyV8Ah3PdmkHdxk/9Dsc=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHaNryPBi0dI5JHAhswOvTAyO7uZmTUhhC/w4kFjvPpJ3vwbB9iDgpV0UqnqTndXkAiujet+O7m19Y3Nrfx2YWd3b/+geHjU1HGqGDZYLGLVDqhGwSU2DDcC24lCGgUCW8Hobua3nlBpHssHM07Qj+hA8pAzaqxUr/aKJbfszkFWiZeREmSo9Ypf3X7M0gilYYJq3fHcxPgTqgxnAqeFbqoxoWxEB9ixVNIItT+ZHzolZ1bpkzBWtqQhc/X3xIRGWo+jwHZG1Az1sjcT//M6qQlv/QmXSWpQssWiMBXExGT2NelzhcyIsSWUKW5vJWxIFWXGZlOwIXjLL6+S5kXZuy5f1S9LlWoWRx5O4BTOwYMbqMA91KABDBCe4RXenEfnxXl3PhatOSebOYY/cD5/AJehjNA=</latexit>

B
<latexit sha1_base64="GQuMYZhMmwPAndQ0tTFN44pZFYg=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV3xdQx68ZiAeUCyhNlJbzJmdnaZmRXCki/w4kERr36SN//GSbIHTSxoKKq66e4KEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6m/qtJ1Sax/LBjBP0IzqQPOSMGivV3V6p7FbcGcgy8XJShhy1Xumr249ZGqE0TFCtO56bGD+jynAmcFLsphoTykZ0gB1LJY1Q+9ns0Ak5tUqfhLGyJQ2Zqb8nMhppPY4C2xlRM9SL3lT8z+ukJrzxMy6T1KBk80VhKoiJyfRr0ucKmRFjSyhT3N5K2JAqyozNpmhD8BZfXibN84p3VbmsX5Srt3kcBTiGEzgDD66hCvdQgwYwQHiGV3hzHp0X5935mLeuOPnMEfyB8/kDfFmMvg==</latexit>

0
<latexit sha1_base64="xTnVU9LIIvMUIutHcVm1RgxoeJo=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV3xdQx68ZiAeUCyhNlJbzJmdnaZmRXCki/w4kERr36SN//GSbIHTSxoKKq66e4KEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6m/qtJ1Sax/LBjBP0IzqQPOSMGivVvV6p7FbcGcgy8XJShhy1Xumr249ZGqE0TFCtO56bGD+jynAmcFLsphoTykZ0gB1LJY1Q+9ns0Ak5tUqfhLGyJQ2Zqb8nMhppPY4C2xlRM9SL3lT8z+ukJrzxMy6T1KBk80VhKoiJyfRr0ucKmRFjSyhT3N5K2JAqyozNpmhD8BZfXibN84p3VbmsX5Srt3kcBTiGEzgDD66hCvdQgwYwQHiGV3hzHp0X5935mLeuOPnMEfyB8/kDfd2Mvw==</latexit>

1
<latexit sha1_base64="GQuMYZhMmwPAndQ0tTFN44pZFYg=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV3xdQx68ZiAeUCyhNlJbzJmdnaZmRXCki/w4kERr36SN//GSbIHTSxoKKq66e4KEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6m/qtJ1Sax/LBjBP0IzqQPOSMGivV3V6p7FbcGcgy8XJShhy1Xumr249ZGqE0TFCtO56bGD+jynAmcFLsphoTykZ0gB1LJY1Q+9ns0Ak5tUqfhLGyJQ2Zqb8nMhppPY4C2xlRM9SL3lT8z+ukJrzxMy6T1KBk80VhKoiJyfRr0ucKmRFjSyhT3N5K2JAqyozNpmhD8BZfXibN84p3VbmsX5Srt3kcBTiGEzgDD66hCvdQgwYwQHiGV3hzHp0X5935mLeuOPnMEfyB8/kDfFmMvg==</latexit>

0
<latexit sha1_base64="xTnVU9LIIvMUIutHcVm1RgxoeJo=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV3xdQx68ZiAeUCyhNlJbzJmdnaZmRXCki/w4kERr36SN//GSbIHTSxoKKq66e4KEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6m/qtJ1Sax/LBjBP0IzqQPOSMGivVvV6p7FbcGcgy8XJShhy1Xumr249ZGqE0TFCtO56bGD+jynAmcFLsphoTykZ0gB1LJY1Q+9ns0Ak5tUqfhLGyJQ2Zqb8nMhppPY4C2xlRM9SL3lT8z+ukJrzxMy6T1KBk80VhKoiJyfRr0ucKmRFjSyhT3N5K2JAqyozNpmhD8BZfXibN84p3VbmsX5Srt3kcBTiGEzgDD66hCvdQgwYwQHiGV3hzHp0X5935mLeuOPnMEfyB8/kDfd2Mvw==</latexit>

1
<latexit sha1_base64="GQuMYZhMmwPAndQ0tTFN44pZFYg=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV3xdQx68ZiAeUCyhNlJbzJmdnaZmRXCki/w4kERr36SN//GSbIHTSxoKKq66e4KEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6m/qtJ1Sax/LBjBP0IzqQPOSMGivV3V6p7FbcGcgy8XJShhy1Xumr249ZGqE0TFCtO56bGD+jynAmcFLsphoTykZ0gB1LJY1Q+9ns0Ak5tUqfhLGyJQ2Zqb8nMhppPY4C2xlRM9SL3lT8z+ukJrzxMy6T1KBk80VhKoiJyfRr0ucKmRFjSyhT3N5K2JAqyozNpmhD8BZfXibN84p3VbmsX5Srt3kcBTiGEzgDD66hCvdQgwYwQHiGV3hzHp0X5935mLeuOPnMEfyB8/kDfFmMvg==</latexit>

0
<latexit sha1_base64="27aF9gcNyV8Ah3PdmkHdxk/9Dsc=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHaNryPBi0dI5JHAhswOvTAyO7uZmTUhhC/w4kFjvPpJ3vwbB9iDgpV0UqnqTndXkAiujet+O7m19Y3Nrfx2YWd3b/+geHjU1HGqGDZYLGLVDqhGwSU2DDcC24lCGgUCW8Hobua3nlBpHssHM07Qj+hA8pAzaqxUr/aKJbfszkFWiZeREmSo9Ypf3X7M0gilYYJq3fHcxPgTqgxnAqeFbqoxoWxEB9ixVNIItT+ZHzolZ1bpkzBWtqQhc/X3xIRGWo+jwHZG1Az1sjcT//M6qQlv/QmXSWpQssWiMBXExGT2NelzhcyIsSWUKW5vJWxIFWXGZlOwIXjLL6+S5kXZuy5f1S9LlWoWRx5O4BTOwYMbqMA91KABDBCe4RXenEfnxXl3PhatOSebOYY/cD5/AJehjNA=</latexit>

B
<latexit sha1_base64="27aF9gcNyV8Ah3PdmkHdxk/9Dsc=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHaNryPBi0dI5JHAhswOvTAyO7uZmTUhhC/w4kFjvPpJ3vwbB9iDgpV0UqnqTndXkAiujet+O7m19Y3Nrfx2YWd3b/+geHjU1HGqGDZYLGLVDqhGwSU2DDcC24lCGgUCW8Hobua3nlBpHssHM07Qj+hA8pAzaqxUr/aKJbfszkFWiZeREmSo9Ypf3X7M0gilYYJq3fHcxPgTqgxnAqeFbqoxoWxEB9ixVNIItT+ZHzolZ1bpkzBWtqQhc/X3xIRGWo+jwHZG1Az1sjcT//M6qQlv/QmXSWpQssWiMBXExGT2NelzhcyIsSWUKW5vJWxIFWXGZlOwIXjLL6+S5kXZuy5f1S9LlWoWRx5O4BTOwYMbqMA91KABDBCe4RXenEfnxXl3PhatOSebOYY/cD5/AJehjNA=</latexit>

B
<latexit sha1_base64="27aF9gcNyV8Ah3PdmkHdxk/9Dsc=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHaNryPBi0dI5JHAhswOvTAyO7uZmTUhhC/w4kFjvPpJ3vwbB9iDgpV0UqnqTndXkAiujet+O7m19Y3Nrfx2YWd3b/+geHjU1HGqGDZYLGLVDqhGwSU2DDcC24lCGgUCW8Hobua3nlBpHssHM07Qj+hA8pAzaqxUr/aKJbfszkFWiZeREmSo9Ypf3X7M0gilYYJq3fHcxPgTqgxnAqeFbqoxoWxEB9ixVNIItT+ZHzolZ1bpkzBWtqQhc/X3xIRGWo+jwHZG1Az1sjcT//M6qQlv/QmXSWpQssWiMBXExGT2NelzhcyIsSWUKW5vJWxIFWXGZlOwIXjLL6+S5kXZuy5f1S9LlWoWRx5O4BTOwYMbqMA91KABDBCe4RXenEfnxXl3PhatOSebOYY/cD5/AJehjNA=</latexit>

B

Tape Head

• A Turing machine (TM) is a finite automaton with a tape.
• A language accepted by a TM is Recursively Enumerable.
• A standard TM is the most powerful model of computation.

• Why did Alan Turing invent the TM?
• Why is TM the origin of Computer Science?
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B
<latexit sha1_base64="GQuMYZhMmwPAndQ0tTFN44pZFYg=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV3xdQx68ZiAeUCyhNlJbzJmdnaZmRXCki/w4kERr36SN//GSbIHTSxoKKq66e4KEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6m/qtJ1Sax/LBjBP0IzqQPOSMGivV3V6p7FbcGcgy8XJShhy1Xumr249ZGqE0TFCtO56bGD+jynAmcFLsphoTykZ0gB1LJY1Q+9ns0Ak5tUqfhLGyJQ2Zqb8nMhppPY4C2xlRM9SL3lT8z+ukJrzxMy6T1KBk80VhKoiJyfRr0ucKmRFjSyhT3N5K2JAqyozNpmhD8BZfXibN84p3VbmsX5Srt3kcBTiGEzgDD66hCvdQgwYwQHiGV3hzHp0X5935mLeuOPnMEfyB8/kDfFmMvg==</latexit>

0
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1
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0
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1
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0
<latexit sha1_base64="27aF9gcNyV8Ah3PdmkHdxk/9Dsc=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHaNryPBi0dI5JHAhswOvTAyO7uZmTUhhC/w4kFjvPpJ3vwbB9iDgpV0UqnqTndXkAiujet+O7m19Y3Nrfx2YWd3b/+geHjU1HGqGDZYLGLVDqhGwSU2DDcC24lCGgUCW8Hobua3nlBpHssHM07Qj+hA8pAzaqxUr/aKJbfszkFWiZeREmSo9Ypf3X7M0gilYYJq3fHcxPgTqgxnAqeFbqoxoWxEB9ixVNIItT+ZHzolZ1bpkzBWtqQhc/X3xIRGWo+jwHZG1Az1sjcT//M6qQlv/QmXSWpQssWiMBXExGT2NelzhcyIsSWUKW5vJWxIFWXGZlOwIXjLL6+S5kXZuy5f1S9LlWoWRx5O4BTOwYMbqMA91KABDBCe4RXenEfnxXl3PhatOSebOYY/cD5/AJehjNA=</latexit>

B
<latexit sha1_base64="27aF9gcNyV8Ah3PdmkHdxk/9Dsc=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHaNryPBi0dI5JHAhswOvTAyO7uZmTUhhC/w4kFjvPpJ3vwbB9iDgpV0UqnqTndXkAiujet+O7m19Y3Nrfx2YWd3b/+geHjU1HGqGDZYLGLVDqhGwSU2DDcC24lCGgUCW8Hobua3nlBpHssHM07Qj+hA8pAzaqxUr/aKJbfszkFWiZeREmSo9Ypf3X7M0gilYYJq3fHcxPgTqgxnAqeFbqoxoWxEB9ixVNIItT+ZHzolZ1bpkzBWtqQhc/X3xIRGWo+jwHZG1Az1sjcT//M6qQlv/QmXSWpQssWiMBXExGT2NelzhcyIsSWUKW5vJWxIFWXGZlOwIXjLL6+S5kXZuy5f1S9LlWoWRx5O4BTOwYMbqMA91KABDBCe4RXenEfnxXl3PhatOSebOYY/cD5/AJehjNA=</latexit>

B
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Tape Head

• A Turing machine (TM) is a finite automaton with a tape.
• A language accepted by a TM is Recursively Enumerable.
• A standard TM is the most powerful model of computation.
• Why did Alan Turing invent the TM?

• Why is TM the origin of Computer Science?
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1. Gödel’s Incompleteness Theorem
Example: Continuum Hypothesis
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Gödel’s Incompleteness Theorem

B. Russell
(1872–1970)

There is a fatal contradiction in our current set theory! How about
the following statement? True or False?

Let R = {x | x /∈ x}, then R ∈ R?

Russell’s Paradox

D. Hilbert
(1862–1943)

We can always avoid such paradoxes by adding rigorous axioms!
(e.g., ZF - Zermelo-Fraenkel set theory)

I believe that we can build a mathematical system that
1 cannot prove and disprove the same statement (Consistent)
2 can prove every True statement (Complete)

Hilbert’s Program

K. Gödel
(1906–1978)

Unfortunately, I proved that any Consistent formal system containing
arithmetic must be Incomplete.

Gödel’s 1st Incompleteness Theorem
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Example: Continuum Hypothesis
• Cardinality: The number of elements in a set.

|{3, 42, 7}| = 3

• A set is countably infinite if there is a bijection between the set and
the set of natural numbers (the cardinality of natural numbers is ℵ0).
• The set of non-negative even numbers is countably infinite.

N
f−−→←−−

f −1
{n ∈ N | n ≥ 0 ∧ n ≡ 0 (mod 2)} where f (n) = 2n and f −1(n) = n

2

• The set of rational numbers is countably infinite.
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Example: Continuum Hypothesis
• A set of real numbers between 0 and 1 is uncountably infinite and

its cardinality (2ℵ0) is strictly larger than the set of natural numbers
(2ℵ0 > ℵ0) because of Cantor’s diagonal argument:

n f(n)
1 0 . 3 1 4 1 5 9 2 6 5 3 . . .
2 0 . 3 7 3 7 3 7 3 7 3 7 . . .
3 0 . 1 4 2 8 5 7 1 4 2 8 . . .
4 0 . 7 0 7 1 0 6 7 8 1 1 . . .
5 0 . 3 7 5 0 0 0 0 0 0 0 . . .
...

...

The highlighed digits are 0.37210 . . . . Suppose that we add 1 to each of these digits, to get the number

0.48321 . . . .

Now, this number can’t be in the table. Why not? Because

• it di↵ers from f(1) in its first digit;

• it di↵ers from f(2) in its second digit;

• . . .

• it di↵ers from f(n) in its nth digit;

• . . .

So it can’t equal f(n) for any n — that is, it can’t appear in the table.

This looks like a trick, but in fact there are lots of numbers that are not in the table. For example, we
could subtract 1 from each of the highlighted digits (changing 0’s to 9’s), getting 0.26109 — by the same
argument, this number isn’t in the table. Or we could subtract 3 from the odd-numbered digits and add 4
to the even-numbered digits. Or we could even highlight a di↵erent set of digits:

n f(n)
1 0 . 3 1 4 1 5 9 2 6 5 3 . . .
2 0 . 3 7 3 7 3 7 3 7 3 7 . . .
3 0 . 1 4 2 8 5 7 1 4 2 8 . . .
4 0 . 7 0 7 1 0 6 7 8 1 1 . . .
5 0 . 3 7 5 0 0 0 0 0 0 0 . . .
...

...

As long as we highlight at least one digit in each row and at most one digit in each column, we can change
each the digits to get another number not in the table. Here, if we add 1 to all the highlighted digits, we
end up with 0.42981 . . . — there’s a real number that does not equal f(n) for any positive integer n.

What is the point of all this? Precisely that the function f can’t possibly be onto — there will always be
(infinitely many!) missing values. Therefore, there does not exist a bijection between N and [0, 1].

If S is a set, then the power set P(S) is defined as the set of all subsets of S. For example, if S = {1, 3, 4},
then

P(S) =
n

{}, {1}, {3}, {4}, {1, 3}, {1, 4}, {3, 4}, {1, 3, 4}
o

.

2

• Let ℵ1 be the smallest cardinal greater than ℵ0.
• Continuum Hypothesis:

ℵ1 = 2ℵ0 ⇐⇒ ∄ℵ. ℵ0 < ℵ < 2ℵ0

• K. Gödel and P. Cohen showed we CANNOT either prove or disprove
the Continuum Hypothesis in ZFC (ZF + Axiom of Choice).
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the Continuum Hypothesis in ZFC (ZF + Axiom of Choice).
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Gödel Numbering
• Gödel Numbering: Assign a unique number to each symbol and

string in a formal language.

Symbol ∼ ∨ ⊃ ∃ = 0 s ( ) , +
Number 1 2 3 4 5 6 7 8 9 10 11
Symbol × x y z p q r P Q R
Number 12 13 14 15 16 17 18 19 20 21

• We will use prime numbers to encode strings:

Γ(x1 · · · xn) =
n∏

i=1
pxi

i

where pi is the i-th prime number.
• For example, Γ(0=0) = 26 × 35 × 56 = 243, 000, 000.
• Gödel used this idea to encode formulas and proofs in first-order

arithmetic, and then proved his famous Incompleteness Theorem.1

1https://en.wikipedia.org/wiki/Godel’s_incompleteness_theorems
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Gödel’s 1st Incompleteness Theorem
Definition (Demonstration – Dem)

[x Dem y ] ⇐⇒ Γ−1(x) is a proof of Γ−1(y)

Definition (Substitution – Sub)

[x Sub (v , y)] is a substitution of v with y in x

where v is a free variable in Γ−1(x).
Let’s define f and g (as defined in the previous slide, Γ(x) = 13):

f (x) = ¬∃p. [p Dem (x Sub (13, x))] g = f (Γ(f ))

Then, the following says that “I (the formula g) am not provable”:

g = ¬∃p. [p Dem g ]

This is true but not provable in any sufficiently expressive consistent
formal system (i.e., one that can encode arithmetic).2

2https://faculty.cc.gatech.edu/˜ladha/S25/4510/L14.pdf
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Entscheidungsproblem – Decision Problem

D. Hilbert
(1862–1943)

I also argue that there exists an algorithm that can decide whether
any mathematical statement is True or False (Decidable)!

Decision Problem (1928) – Last part of Hilbert’s Program

A. Turing
(1912–1954)

Inspired by Gödel Numbering, I formalized computation using the
Turing Machine and proved such an algorithm does not exist.

Disproof via Turing Machine (1936)

A. Church
(1903–1995)

Independently, I formalized computation using the Lambda
Calculus and proved such an algorithm does not exist.

Disproof via Lambda Calculus (1936)

• Turing Machine is the origin of computers.
• Lambda Calculus is the origin of programming languages.
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Universal Turing Machine (UTM)
• Alan Turing’s definition of computation – Turing Machines (TMs).

• Inspired by Gödel Numbering, he defined an encoding of TMs that
can be enumerated by natural numbers.
• Then, he defined a Universal Turing Machine (UTM) that can

simulate any TM with any input:
Tape

Finite 
Automaton

<latexit sha1_base64="OxNWMMW8gio5nPun+01zUjW0INo=">AAAB7XicbVDLSgNBEOyNrxhfUY9eFoPgKeyKr2PQi8cI5gHJEmZnJ8mY2ZllplcIS/7BiwdFvPo/3vwbJ8keNLGgoajqprsrTAQ36HnfTmFldW19o7hZ2tre2d0r7x80jUo1ZQ2qhNLtkBgmuGQN5ChYO9GMxKFgrXB0O/VbT0wbruQDjhMWxGQgeZ9TglZqdmmk0PTKFa/qzeAuEz8nFchR75W/upGiacwkUkGM6fhegkFGNHIq2KTUTQ1LCB2RAetYKknMTJDNrp24J1aJ3L7StiS6M/X3REZiY8ZxaDtjgkOz6E3F/7xOiv3rIOMySZFJOl/UT4WLyp2+7kZcM4pibAmhmttbXTokmlC0AZVsCP7iy8ukeVb1L6sX9+eV2k0eRxGO4BhOwYcrqMEd1KEBFB7hGV7hzVHOi/PufMxbC04+cwh/4Hz+ALGXjzk=</latexit>· · ·<latexit sha1_base64="OxNWMMW8gio5nPun+01zUjW0INo=">AAAB7XicbVDLSgNBEOyNrxhfUY9eFoPgKeyKr2PQi8cI5gHJEmZnJ8mY2ZllplcIS/7BiwdFvPo/3vwbJ8keNLGgoajqprsrTAQ36HnfTmFldW19o7hZ2tre2d0r7x80jUo1ZQ2qhNLtkBgmuGQN5ChYO9GMxKFgrXB0O/VbT0wbruQDjhMWxGQgeZ9TglZqdmmk0PTKFa/qzeAuEz8nFchR75W/upGiacwkUkGM6fhegkFGNHIq2KTUTQ1LCB2RAetYKknMTJDNrp24J1aJ3L7StiS6M/X3REZiY8ZxaDtjgkOz6E3F/7xOiv3rIOMySZFJOl/UT4WLyp2+7kZcM4pibAmhmttbXTokmlC0AZVsCP7iy8ukeVb1L6sX9+eV2k0eRxGO4BhOwYcrqMEd1KEBFB7hGV7hzVHOi/PufMxbC04+cwh/4Hz+ALGXjzk=</latexit>· · ·
Tape Head

<latexit sha1_base64="Qu9kddZnv8fe+plyif06Gm1ndVQ=">AAAB8HicbVDJSgNBEO2JW4xb1KOXwSB4CjPidgx68SJEyCbJEHo6NUmT7p6hu0YMQ77CiwdFvPo53vwbO8tBow8KHu9VUVUvTAQ36HlfTm5peWV1Lb9e2Njc2t4p7u41TJxqBnUWi1i3QmpAcAV15CiglWigMhTQDIfXE7/5ANrwWNVwlEAgaV/xiDOKVrrvIDxiVrsdd4slr+xN4f4l/pyUyBzVbvGz04tZKkEhE9SYtu8lGGRUI2cCxoVOaiChbEj70LZUUQkmyKYHj90jq/TcKNa2FLpT9edERqUxIxnaTklxYBa9ifif104xugwyrpIUQbHZoigVLsbu5Hu3xzUwFCNLKNPc3uqyAdWUoc2oYEPwF1/+SxonZf+8fHZ3WqpczePIkwNySI6JTy5IhdyQKqkTRiR5Ii/k1dHOs/PmvM9ac858Zp/8gvPxDRA6kJg=</latexit>

TM
<latexit sha1_base64="27aF9gcNyV8Ah3PdmkHdxk/9Dsc=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHaNryPBi0dI5JHAhswOvTAyO7uZmTUhhC/w4kFjvPpJ3vwbB9iDgpV0UqnqTndXkAiujet+O7m19Y3Nrfx2YWd3b/+geHjU1HGqGDZYLGLVDqhGwSU2DDcC24lCGgUCW8Hobua3nlBpHssHM07Qj+hA8pAzaqxUr/aKJbfszkFWiZeREmSo9Ypf3X7M0gilYYJq3fHcxPgTqgxnAqeFbqoxoWxEB9ixVNIItT+ZHzolZ1bpkzBWtqQhc/X3xIRGWo+jwHZG1Az1sjcT//M6qQlv/QmXSWpQssWiMBXExGT2NelzhcyIsSWUKW5vJWxIFWXGZlOwIXjLL6+S5kXZuy5f1S9LlWoWRx5O4BTOwYMbqMA91KABDBCe4RXenEfnxXl3PhatOSebOYY/cD5/AJehjNA=</latexit>

B
<latexit sha1_base64="BJsKqaZDAi1vjRklVZd4pqoiZUA=">AAAB83icbVBNS8NAEJ3Ur1q/qh69BIvgqSTi17HoRW8V7Ac0oWy2m3bpZhN2J2IJ/RtePCji1T/jzX/jps1Bqw8GHu/NMDMvSATX6DhfVmlpeWV1rbxe2djc2t6p7u61dZwqylo0FrHqBkQzwSVrIUfBuoliJAoE6wTj69zvPDCleSzvcZIwPyJDyUNOCRrJ85A9YnYrkxSn/WrNqTsz2H+JW5AaFGj2q5/eIKZpxCRSQbTuuU6CfkYUcirYtOKlmiWEjsmQ9QyVJGLaz2Y3T+0jowzsMFamJNoz9edERiKtJ1FgOiOCI73o5eJ/Xi/F8NLPeP4Sk3S+KEyFjbGdB2APuGIUxcQQQhU3t9p0RBShaGKqmBDcxZf/kvZJ3T2vn92d1hpXRRxlOIBDOAYXLqABN9CEFlBI4Ale4NVKrWfrzXqft5asYmYffsH6+Aa4KJIl</latexit>

Input
<latexit sha1_base64="27aF9gcNyV8Ah3PdmkHdxk/9Dsc=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHaNryPBi0dI5JHAhswOvTAyO7uZmTUhhC/w4kFjvPpJ3vwbB9iDgpV0UqnqTndXkAiujet+O7m19Y3Nrfx2YWd3b/+geHjU1HGqGDZYLGLVDqhGwSU2DDcC24lCGgUCW8Hobua3nlBpHssHM07Qj+hA8pAzaqxUr/aKJbfszkFWiZeREmSo9Ypf3X7M0gilYYJq3fHcxPgTqgxnAqeFbqoxoWxEB9ixVNIItT+ZHzolZ1bpkzBWtqQhc/X3xIRGWo+jwHZG1Az1sjcT//M6qQlv/QmXSWpQssWiMBXExGT2NelzhcyIsSWUKW5vJWxIFWXGZlOwIXjLL6+S5kXZuy5f1S9LlWoWRx5O4BTOwYMbqMA91KABDBCe4RXenEfnxXl3PhatOSebOYY/cD5/AJehjNA=</latexit>

B
<latexit sha1_base64="VKC+VKwNJ8kEZBZ9SV0E1kC+uAI=">AAAB9HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PQizcjmAckS5idTJIhs7PrTG8wLPkOLx4U8erHePNvnCR70GhBQ1HVTXdXEEth0HW/nNzS8srqWn69sLG5tb1T3N2rmyjRjNdYJCPdDKjhUiheQ4GSN2PNaRhI3giG11O/MeLaiEjd4zjmfkj7SvQEo2glv438EdPbBOMEJ51iyS27M5C/xMtICTJUO8XPdjdiScgVMkmNaXlujH5KNQom+aTQTgyPKRvSPm9ZqmjIjZ/Ojp6QI6t0SS/SthSSmfpzIqWhMeMwsJ0hxYFZ9Kbif14rwd6lnwplX+KKzRf1EkkwItMESFdozlCOLaFMC3srYQOqKUObU8GG4C2+/JfUT8reefns7rRUucriyMMBHMIxeHABFbiBKtSAwQM8wQu8OiPn2Xlz3uetOSeb2YdfcD6+AaYfkrA=</latexit>

Output

• UTM was the most important invention in computer science
because it was the first time we can write a program (software)
instead of building a new machine (hardware) to solve a new
problem.
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• Alan Turing’s definition of computation – Turing Machines (TMs).
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<latexit sha1_base64="Qu9kddZnv8fe+plyif06Gm1ndVQ=">AAAB8HicbVDJSgNBEO2JW4xb1KOXwSB4CjPidgx68SJEyCbJEHo6NUmT7p6hu0YMQ77CiwdFvPo53vwbO8tBow8KHu9VUVUvTAQ36HlfTm5peWV1Lb9e2Njc2t4p7u41TJxqBnUWi1i3QmpAcAV15CiglWigMhTQDIfXE7/5ANrwWNVwlEAgaV/xiDOKVrrvIDxiVrsdd4slr+xN4f4l/pyUyBzVbvGz04tZKkEhE9SYtu8lGGRUI2cCxoVOaiChbEj70LZUUQkmyKYHj90jq/TcKNa2FLpT9edERqUxIxnaTklxYBa9ifif104xugwyrpIUQbHZoigVLsbu5Hu3xzUwFCNLKNPc3uqyAdWUoc2oYEPwF1/+SxonZf+8fHZ3WqpczePIkwNySI6JTy5IhdyQKqkTRiR5Ii/k1dHOs/PmvM9ac858Zp/8gvPxDRA6kJg=</latexit>

TM
<latexit sha1_base64="27aF9gcNyV8Ah3PdmkHdxk/9Dsc=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHaNryPBi0dI5JHAhswOvTAyO7uZmTUhhC/w4kFjvPpJ3vwbB9iDgpV0UqnqTndXkAiujet+O7m19Y3Nrfx2YWd3b/+geHjU1HGqGDZYLGLVDqhGwSU2DDcC24lCGgUCW8Hobua3nlBpHssHM07Qj+hA8pAzaqxUr/aKJbfszkFWiZeREmSo9Ypf3X7M0gilYYJq3fHcxPgTqgxnAqeFbqoxoWxEB9ixVNIItT+ZHzolZ1bpkzBWtqQhc/X3xIRGWo+jwHZG1Az1sjcT//M6qQlv/QmXSWpQssWiMBXExGT2NelzhcyIsSWUKW5vJWxIFWXGZlOwIXjLL6+S5kXZuy5f1S9LlWoWRx5O4BTOwYMbqMA91KABDBCe4RXenEfnxXl3PhatOSebOYY/cD5/AJehjNA=</latexit>

B
<latexit sha1_base64="BJsKqaZDAi1vjRklVZd4pqoiZUA=">AAAB83icbVBNS8NAEJ3Ur1q/qh69BIvgqSTi17HoRW8V7Ac0oWy2m3bpZhN2J2IJ/RtePCji1T/jzX/jps1Bqw8GHu/NMDMvSATX6DhfVmlpeWV1rbxe2djc2t6p7u61dZwqylo0FrHqBkQzwSVrIUfBuoliJAoE6wTj69zvPDCleSzvcZIwPyJDyUNOCRrJ85A9YnYrkxSn/WrNqTsz2H+JW5AaFGj2q5/eIKZpxCRSQbTuuU6CfkYUcirYtOKlmiWEjsmQ9QyVJGLaz2Y3T+0jowzsMFamJNoz9edERiKtJ1FgOiOCI73o5eJ/Xi/F8NLPeP4Sk3S+KEyFjbGdB2APuGIUxcQQQhU3t9p0RBShaGKqmBDcxZf/kvZJ3T2vn92d1hpXRRxlOIBDOAYXLqABN9CEFlBI4Ale4NVKrWfrzXqft5asYmYffsH6+Aa4KJIl</latexit>

Input
<latexit sha1_base64="27aF9gcNyV8Ah3PdmkHdxk/9Dsc=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHaNryPBi0dI5JHAhswOvTAyO7uZmTUhhC/w4kFjvPpJ3vwbB9iDgpV0UqnqTndXkAiujet+O7m19Y3Nrfx2YWd3b/+geHjU1HGqGDZYLGLVDqhGwSU2DDcC24lCGgUCW8Hobua3nlBpHssHM07Qj+hA8pAzaqxUr/aKJbfszkFWiZeREmSo9Ypf3X7M0gilYYJq3fHcxPgTqgxnAqeFbqoxoWxEB9ixVNIItT+ZHzolZ1bpkzBWtqQhc/X3xIRGWo+jwHZG1Az1sjcT//M6qQlv/QmXSWpQssWiMBXExGT2NelzhcyIsSWUKW5vJWxIFWXGZlOwIXjLL6+S5kXZuy5f1S9LlWoWRx5O4BTOwYMbqMA91KABDBCe4RXenEfnxXl3PhatOSebOYY/cD5/AJehjNA=</latexit>

B
<latexit sha1_base64="VKC+VKwNJ8kEZBZ9SV0E1kC+uAI=">AAAB9HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PQizcjmAckS5idTJIhs7PrTG8wLPkOLx4U8erHePNvnCR70GhBQ1HVTXdXEEth0HW/nNzS8srqWn69sLG5tb1T3N2rmyjRjNdYJCPdDKjhUiheQ4GSN2PNaRhI3giG11O/MeLaiEjd4zjmfkj7SvQEo2glv438EdPbBOMEJ51iyS27M5C/xMtICTJUO8XPdjdiScgVMkmNaXlujH5KNQom+aTQTgyPKRvSPm9ZqmjIjZ/Ojp6QI6t0SS/SthSSmfpzIqWhMeMwsJ0hxYFZ9Kbif14rwd6lnwplX+KKzRf1EkkwItMESFdozlCOLaFMC3srYQOqKUObU8GG4C2+/JfUT8reefns7rRUucriyMMBHMIxeHABFbiBKtSAwQM8wQu8OiPn2Xlz3uetOSeb2YdfcD6+AaYfkrA=</latexit>

Output

• UTM was the most important invention in computer science
because it was the first time we can write a program (software)
instead of building a new machine (hardware) to solve a new
problem.
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Universal Turing Machine (UTM)
• Alan Turing’s definition of computation – Turing Machines (TMs).
• Inspired by Gödel Numbering, he defined an encoding of TMs that

can be enumerated by natural numbers.
• Then, he defined a Universal Turing Machine (UTM) that can

simulate any TM with any input:
Tape

Finite 
Automaton

<latexit sha1_base64="OxNWMMW8gio5nPun+01zUjW0INo=">AAAB7XicbVDLSgNBEOyNrxhfUY9eFoPgKeyKr2PQi8cI5gHJEmZnJ8mY2ZllplcIS/7BiwdFvPo/3vwbJ8keNLGgoajqprsrTAQ36HnfTmFldW19o7hZ2tre2d0r7x80jUo1ZQ2qhNLtkBgmuGQN5ChYO9GMxKFgrXB0O/VbT0wbruQDjhMWxGQgeZ9TglZqdmmk0PTKFa/qzeAuEz8nFchR75W/upGiacwkUkGM6fhegkFGNHIq2KTUTQ1LCB2RAetYKknMTJDNrp24J1aJ3L7StiS6M/X3REZiY8ZxaDtjgkOz6E3F/7xOiv3rIOMySZFJOl/UT4WLyp2+7kZcM4pibAmhmttbXTokmlC0AZVsCP7iy8ukeVb1L6sX9+eV2k0eRxGO4BhOwYcrqMEd1KEBFB7hGV7hzVHOi/PufMxbC04+cwh/4Hz+ALGXjzk=</latexit>· · ·<latexit sha1_base64="OxNWMMW8gio5nPun+01zUjW0INo=">AAAB7XicbVDLSgNBEOyNrxhfUY9eFoPgKeyKr2PQi8cI5gHJEmZnJ8mY2ZllplcIS/7BiwdFvPo/3vwbJ8keNLGgoajqprsrTAQ36HnfTmFldW19o7hZ2tre2d0r7x80jUo1ZQ2qhNLtkBgmuGQN5ChYO9GMxKFgrXB0O/VbT0wbruQDjhMWxGQgeZ9TglZqdmmk0PTKFa/qzeAuEz8nFchR75W/upGiacwkUkGM6fhegkFGNHIq2KTUTQ1LCB2RAetYKknMTJDNrp24J1aJ3L7StiS6M/X3REZiY8ZxaDtjgkOz6E3F/7xOiv3rIOMySZFJOl/UT4WLyp2+7kZcM4pibAmhmttbXTokmlC0AZVsCP7iy8ukeVb1L6sX9+eV2k0eRxGO4BhOwYcrqMEd1KEBFB7hGV7hzVHOi/PufMxbC04+cwh/4Hz+ALGXjzk=</latexit>· · ·
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B
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Output

• UTM was the most important invention in computer science
because it was the first time we can write a program (software)
instead of building a new machine (hardware) to solve a new
problem.
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Disproof using Turing Machine
• Assume a TM A solves the Decision Problem.

• We can build a TM H that solves the Halting Problem by using A:

∀ TM M. ∀w ∈ a∗. H(M, w) =
{

halt if A(“M halts on w”)
loop otherwise

• Consider the following enumeration of TMs:

H(Mi , wi) w1 w2 w3 · · ·
M1 halt loop halt · · ·
M2 halt halt loop · · ·
M3 loop halt halt · · ·
...

...
...

... . . .

• Consider the TM F s.t. ∀i . F(wi) =
{

loop if H(Mi , wi) = halt
halt otherwise

• Then, F is not in the enumeration (i.e., F ̸= Mi for all i). It
contradicts the enumerability of TMs. So, A does not exist.
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Lambda Calculus
• Alonzo Church’s definition of computation is

the Lambda Calculus (LC):

Λ ∋ E ::= x (Variable)
| λx . E (Abstraction)
| E E (Application)

• Computations are done by β-reduction:

(λx . E ) E ′ → E [x 7→ E ′]

• For example,
(λx . (λy . x y)) z → λy . z y

• Every computable function can be represented by a lambda term.
• If there is no more possible β-reduction, the term is in normal form.
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Lambda Calculus – Church Encoding
• However, there is no data structures or control flows in LC.

• Surprisingly, we can encode them – Church Encoding:

Boolean Values and Operations
true = λx . λy . x
false = λx . λy . y
and = λb1. λb2. b1 b2 false

or = λb1. λb2. b1 true b2

Natural Numbers and Operations
0 = λf . λx . x
1 = λf . λx . f x
2 = λf . λx . f (f x)
3 = λf . λx . f (f (f x))

plus = λn1. λn2. λf . λx . n1 f (n2 f x)
times = λn1. λn2. λf . λx . n1 (n2 f ) x

exp = λn1. λn2. n2 n1

Control Flows
if = λb. λe1. λe2. b e1 e2
Y = λf . (λx . f (x x)) (λx . f (x x))

Pairs
pair = λx . λy . λf . f x y
fst = λp. p (λx . λy . x)

snd = λp. p (λx . λy . y)

Lists
nil = λc. λn. n

cons = λh. λt. λc. λn. c h (t c n)
head = λl . l (λh. λt. h)
isnil = λl . l (λh. λt. false) true
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Lambda Calculus – Church Encoding
0 = λf . λx . x
1 = λf . λx . f x
2 = λf . λx . f (f x)
3 = λf . λx . f (f (f x))

plus = λn1. λn2. λf . λx . n1 f (n2 f x)
times = λn1. λn2. λf . λx . n1 (n2 f ) x

exp = λn1. λn2. n2 n1

For example, we can compute 1 + 1 as follows:

plus 1 1 = (λn1. λn2. λf . λx . n1 f (n2 f x)) 1 1

→ λf . λx . 1 f (1 f x)

= λf . λx . (λf . λx . f x) f ((λf . λx . f x) f x)

→ λf . λx . (λf . λx . f x) f (f x)

→ λf . λx . f (f x)

= 2

The normal form (computational result) of (plus 1 1) is 2.
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Disproof using Lambda Calculus
• Church proved that there is no computable function that can

decide whether two lambda terms are equivalent or not:

∄ eq? ∈ Λ. ∀ E1, E2 ∈ Λ. (eq? E1 E2)→
{

true if E1 ≡ E2

false otherwise

where E1 ≡ E2 means E1 and E2 are equivalent, i.e., they have the
same normal form (computational result).

• For example, (plus 1 1) and (plus 0 2) are equivalent in LC because
they have the same normal form 2.

• It means that there is no computable function that can decide
whether a lambda term has a given normal form or not.
• We skip the proof here.
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B

Tape Head

(Turing Machine)

≡
Λ ∋ E ::= x (Variable)

| λx . E (Abstraction)
| E E (Application)

(Lambda Calculus)

• LC has the same computational power as TMs. (Turing Complete)

• Church-Turing Thesis:
Any real-world computation can be translated into an equivalent
computation involving a Turing machine or can be done using
lambda calculus.
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Church-Turing Thesis
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Tape Head

(Turing Machine)

≡
Λ ∋ E ::= x (Variable)

| λx . E (Abstraction)
| E E (Application)

(Lambda Calculus)

• LC has the same computational power as TMs. (Turing Complete)
• Church-Turing Thesis:

Any real-world computation can be translated into an equivalent
computation involving a Turing machine or can be done using
lambda calculus.
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Summary

1. Gödel’s Incompleteness Theorem
Example: Continuum Hypothesis
Gödel Numbering

2. Entscheidungsproblem – Decision Problem
Disproof using Turing Machine
Disproof using Lambda Calculus

3. Church-Turing Thesis
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Next Lecture
• Undecidability

Jihyeok Park
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