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Recall
• A language L(M) accepted by a TM M is Recursively Enumerable:

L(M) = {w ∈ Σ∗ | q0 w ⊢∗ α qf β ⊬ for some qf ∈ F , α, β ∈ Γ∗}

where M = (Q, Σ, Γ, δ, q0, B, F ).
• Let’s learn another class of languages: decidable languages (DLs).
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• Is there a language that is NOT REL? Yes!
• Is there a language that is REL but NOT decidable? Yes!
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Enumerating Binary Words
• We can define a bijection f : {0, 1}∗ → N:

f (w) = (the number represented by 1w in binary)

• It means that the set of all binary words is countably infinite.
• And, we can enumerate them in wi for i ∈ N:

f (ϵ) = 1 (1 in binary) w1 = ϵ
f (0) = 2 (10 in binary) w2 = 0
f (1) = 3 (11 in binary) w3 = 1

f (00) = 4 (100 in binary) w4 = 00
f (01) = 5 (101 in binary) w5 = 01
f (10) = 6 (110 in binary) w6 = 10

...
...

• We will use wi to denote the i-th binary word.
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Encoding TMs as Binary Words

M = (Q, {0, 1}, Γ, δ, q1, B, F )

where
• Q = {q1, q2, · · · , qr }
• Γ = {X1, X2, · · · , Xs}
• Direction: L = D1 and R = D2

We can encode a transition δ(qi , Xj) = (qk , Xl , Dm) as a binary word:

0i10j10k10l10m

Then, we can encode a TM M as a binary word:

T111T211 · · · 11Tn1110f110f21 · · · 10ft

where Ti is the encoding of the i-th transition and F = {qf1 , qf2 , · · · , qft }.

COSE215 @ Korea University Lecture 25 – Undecidability June 8, 2026 6 / 25



Encoding TMs as Binary Words – Example

M = ({q1, q2, q3}, {0, 1}, {X1 = 0, X2 = 1, X3 = B}, δ, q1, B, {q3})

δ(q1, 0) = (q1, 1, R) (encoded as 01010100100)
δ(q1, 1) = (q1, 0, R) (encoded as 01001010100)
δ(q1, B) = (q2, B, L) (encoded as 01000100100010)
δ(q2, 0) = (q2, 0, L) (encoded as 00101001010)
δ(q2, 1) = (q2, 1, L) (encoded as 0010010010010)
δ(q2, B) = (q3, B, R) (encoded as 00100010001000100)

The encoding of M as a binary word is:

010101001001101001010100110100010010001011
001010010101100100100100101100100010001000100111
000
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Enumerating TMs

Definition
We define Mi to be a TM encoded as the i-th binary word wi .

• However, not all binary words are valid encodings of TMs.
• If wi is not a valid encoding of a TM, we define Mi to be the TM

that rejects all inputs.
• For example, M4 denotes a TM encoded as fourth binary word

w4 = 00. However, there is no TM encoded as 00. It means that M4
is the TM that rejects all inputs (i.e., L(M4) = ∅).
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Diagonal Language Ld

Definition
The diagonal language Ld = {wi | wi /∈ L(Mi)}

ϵ 0 1 00 01 10 · · ·
w1 w2 w3 w4 w5 w6 · · ·

ϵ M1 1 1 0 1 0 1 · · ·
0 M2 1 0 1 0 1 0 · · ·
1 M3 1 1 1 0 0 1 · · ·
00 M4 0 0 0 0 0 0 · · ·
01 M5 1 1 1 1 0 1 · · ·
10 M6 0 1 0 1 0 1 · · ·
...

...
...

...
...

...
... . . .

where 1 and 0 denote accept and reject, respectively. Then, Ld is the
language consisting of the words in the complement of the diagonal:

Ld = {w2, w4, w5, · · · }
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Ld is Not Recursively Enumerable

Theorem
Ld is NOT recursively enumerable.

Proof) No TM can recognize Ld . Why?

Assume that the i-th TM Mi recognizes Ld . Then, there are two cases for
wi but both lead to a contradiction.

• If wi ∈ Ld , then wi /∈ L(Mi) by definition of Ld .
• If wi /∈ Ld , then wi ∈ L(Mi) by definition of Ld .

COSE215 @ Korea University Lecture 25 – Undecidability June 8, 2026 10 / 25



Contents

1. Example of Non-REL
Enumerating Binary Words
Encoding TMs as Binary Words
Enumerating TMs
Diagonal Language Ld
Ld is Not Recursively Enumerable

2. Decidable Languages (DLs)
Definition
Closure Properties of DLs

3. Example of REL but Non-DL
The Universal Language Lu
Lu is Recursively Enumerable but Not Decidable

4. Decision Problems

COSE215 @ Korea University Lecture 25 – Undecidability June 8, 2026 11 / 25



Decidable Languages (DLs)

Definition (Decidable Language (DL))
A language L is decidable if there is a TM M such that 1) L(M) = L and
2) M halts on all inputs.

If L only satisfies 1), then L is recursively enumerable. In other words, a
language L is recursively enumerable by a TM M if and only if

1 If w ∈ L, then M halts on w and accepts w with a final state.
2 If w /∈ L, then there are two cases:

1 M halts on w and rejects w with a non-final state.
2 M does not halt on w .

However, a decidable language (DL) L satisfies 2) as well. In other
words, a language L is decidable by a TM M if and only if

1 If w ∈ L, then M halts on w and accepts w with a final state.
2 If w /∈ L, then M halts on w and rejects w with a non-final state.
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Closure Properties of DLs

Definition (Closure Properties)
The class of DLs is closed under an n-ary operator op if and only if
op(L1, · · · , Ln) is decidable for any DLs L1, · · · , Ln. We say that such
properties are closure properties of DLs.

The class of DLs is closed under the following operations:
• Union
• Concatenation
• Kleene Star
• Intersection
• Complement (Let’s focus on this property)
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Closure Properties of DLs – Complement

Theorem (Closure under Complement)
If L is a decidable language, then so is L.

Proof) For a given DL L, we can always construct a TM M:
1 If w ∈ L, then M halts on w and accepts w with a final state.
2 If w /∈ L, then M halts on w and rejects w with a non-final state.

Then, we can construct a TM M that simulates M and accepts w if M
rejects w and vice versa by flipping the final and non-final states.
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The Universal Language Lu

Definition
The language Lu is the set of all pairs (M, w) such that M accepts w :

Lu = {(M, w) | w ∈ L(M)}

where M is a TM and w is a binary word. In other words, Lu is the
language accepted by the universal Turing machine (UTM).
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Lu is Recursively Enumerable but Not Decidable

Theorem
Lu is recursively enumerable but NOT decidable.

Proof) We need to prove the following two statements:

1 Lu is recursively enumerable.

Let’s construct a TM Mu that accepts Lu.

2 Lu is not decidable.

Let’s prove by contradiction. Assume that Lu is decidable. Then, we
will show that it is possible to construct a TM Md that accepts Ld .
However, we already proved that Ld is not recursively enumerable.
This is a contradiction.
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Lu is Recursively Enumerable
It is enough to construct a (universal) TM Mu that accepts Lu:

Lu = {(M, w) | w ∈ L(M)}

Idea) We can construct Mu that simulates M on w with multiple tapes:

Finite 
Automaton

Input

Tape of 
<latexit sha1_base64="U12Mh/l+fY9arUZdybtd3pdPRIU=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PQixchAfOAZAmzk04yZnZ2mZkVwpIv8OJBEa9+kjf/xkmyB00saCiquunuCmLBtXHdbye3srq2vpHfLGxt7+zuFfcPGjpKFMM6i0SkWgHVKLjEuuFGYCtWSMNAYDMY3U795hMqzSP5YMYx+iEdSN7njBor1e67xZJbdmcgy8TLSAkyVLvFr04vYkmI0jBBtW57bmz8lCrDmcBJoZNojCkb0QG2LZU0RO2ns0Mn5MQqPdKPlC1pyEz9PZHSUOtxGNjOkJqhXvSm4n9eOzH9az/lMk4MSjZf1E8EMRGZfk16XCEzYmwJZYrbWwkbUkWZsdkUbAje4svLpHFW9i7LF7XzUuUmiyMPR3AMp+DBFVTgDqpQBwYIz/AKb86j8+K8Ox/z1pyTzRzCHzifP6hNjNs=</latexit>

M

<latexit sha1_base64="U12Mh/l+fY9arUZdybtd3pdPRIU=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PQixchAfOAZAmzk04yZnZ2mZkVwpIv8OJBEa9+kjf/xkmyB00saCiquunuCmLBtXHdbye3srq2vpHfLGxt7+zuFfcPGjpKFMM6i0SkWgHVKLjEuuFGYCtWSMNAYDMY3U795hMqzSP5YMYx+iEdSN7njBor1e67xZJbdmcgy8TLSAkyVLvFr04vYkmI0jBBtW57bmz8lCrDmcBJoZNojCkb0QG2LZU0RO2ns0Mn5MQqPdKPlC1pyEz9PZHSUOtxGNjOkJqhXvSm4n9eOzH9az/lMk4MSjZf1E8EMRGZfk16XCEzYmwJZYrbWwkbUkWZsdkUbAje4svLpHFW9i7LF7XzUuUmiyMPR3AMp+DBFVTgDqpQBwYIz/AKb86j8+K8Ox/z1pyTzRzCHzifP6hNjNs=</latexit>

M <latexit sha1_base64="VihglsaGWVupHNt8GOAH0WQPGPE=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHaNryPRi0dI5JHAhswODYzMzm5mZjVkwxd48aAxXv0kb/6NA+xBwUo6qVR1p7sriAXXxnW/ndzK6tr6Rn6zsLW9s7tX3D9o6ChRDOssEpFqBVSj4BLrhhuBrVghDQOBzWB0O/Wbj6g0j+S9Gcfoh3QgeZ8zaqxUe+oWS27ZnYEsEy8jJchQ7Ra/Or2IJSFKwwTVuu25sfFTqgxnAieFTqIxpmxEB9i2VNIQtZ/ODp2QE6v0SD9StqQhM/X3REpDrcdhYDtDaoZ60ZuK/3ntxPSv/ZTLODEo2XxRPxHERGT6NelxhcyIsSWUKW5vJWxIFWXGZlOwIXiLLy+TxlnZuyxf1M5LlZssjjwcwTGcggdXUIE7qEIdGCA8wyu8OQ/Oi/PufMxbc042cwh/4Hz+AOf1jQU=</latexit>w

State of 
<latexit sha1_base64="U12Mh/l+fY9arUZdybtd3pdPRIU=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PQixchAfOAZAmzk04yZnZ2mZkVwpIv8OJBEa9+kjf/xkmyB00saCiquunuCmLBtXHdbye3srq2vpHfLGxt7+zuFfcPGjpKFMM6i0SkWgHVKLjEuuFGYCtWSMNAYDMY3U795hMqzSP5YMYx+iEdSN7njBor1e67xZJbdmcgy8TLSAkyVLvFr04vYkmI0jBBtW57bmz8lCrDmcBJoZNojCkb0QG2LZU0RO2ns0Mn5MQqPdKPlC1pyEz9PZHSUOtxGNjOkJqhXvSm4n9eOzH9az/lMk4MSjZf1E8EMRGZfk16XCEzYmwJZYrbWwkbUkWZsdkUbAje4svLpHFW9i7LF7XzUuUmiyMPR3AMp+DBFVTgDqpQBwYIz/AKb86j8+K8Ox/z1pyTzRzCHzifP6hNjNs=</latexit>

M

Scratch

<latexit sha1_base64="fVrpA4s7Cp103qP5cx0MSshl3Hk=">AAACAHicbVC7TsMwFHXKq5RXgIGBJaJCYqocxGusYGEsEn1IbVQ5rttadZzIvkFUURZ+hYUBhFj5DDb+BifNAC1Htu7ROffKvsePBNeA8bdVWlpeWV0rr1c2Nre2d+zdvZYOY0VZk4YiVB2faCa4ZE3gIFgnUowEvmBtf3KT+e0HpjQP5T1MI+YFZCT5kFMCRurbBz1gjwCQYIzd7Lh5Sft2FddwDmeRuAWpogKNvv3VG4Q0DpgEKojWXRdH4CVEAaeCpZVerFlE6ISMWNdQSQKmvSRfIHWOjTJwhqEyV4KTq78nEhJoPQ180xkQGOt5LxP/87oxDK+8hMsoBibp7KFhLBwInSwNZ8AVoyCmhhCquPmrQ8dEEQoms4oJwZ1feZG0TmvuRe387qxavy7iKKNDdIROkIsuUR3dogZqIopS9Ixe0Zv1ZL1Y79bHrLVkFTP76A+szx9CbZRB</latexit>

00010010101001 <latexit sha1_base64="OxNWMMW8gio5nPun+01zUjW0INo=">AAAB7XicbVDLSgNBEOyNrxhfUY9eFoPgKeyKr2PQi8cI5gHJEmZnJ8mY2ZllplcIS/7BiwdFvPo/3vwbJ8keNLGgoajqprsrTAQ36HnfTmFldW19o7hZ2tre2d0r7x80jUo1ZQ2qhNLtkBgmuGQN5ChYO9GMxKFgrXB0O/VbT0wbruQDjhMWxGQgeZ9TglZqdmmk0PTKFa/qzeAuEz8nFchR75W/upGiacwkUkGM6fhegkFGNHIq2KTUTQ1LCB2RAetYKknMTJDNrp24J1aJ3L7StiS6M/X3REZiY8ZxaDtjgkOz6E3F/7xOiv3rIOMySZFJOl/UT4WLyp2+7kZcM4pibAmhmttbXTokmlC0AZVsCP7iy8ukeVb1L6sX9+eV2k0eRxGO4BhOwYcrqMEd1KEBFB7hGV7hzVHOi/PufMxbC04+cwh/4Hz+ALGXjzk=</latexit>· · ·

<latexit sha1_base64="lZsNlMvZbOG4g55xekcZz68CEA8=">AAAB9HicbVDLTgJBEJzFF+IL9ehlIjHxRHaNryPRi0dM5JHAhswODUyYnV1neolkw3d48aAxXv0Yb/6NA+xBwUo6qVR1p7sriKUw6LrfTm5ldW19I79Z2Nre2d0r7h/UTZRoDjUeyUg3A2ZACgU1FCihGWtgYSChEQxvp35jBNqISD3gOAY/ZH0leoIztJLfRnhCxNS1mHSKJbfszkCXiZeREslQ7RS/2t2IJyEo5JIZ0/LcGP2UaRRcwqTQTgzEjA9ZH1qWKhaC8dPZ0RN6YpUu7UXalkI6U39PpCw0ZhwGtjNkODCL3lT8z2sl2Lv2U6HiBEHx+aJeIilGdJoA7QoNHOXYEsa1sLdSPmCacbQ5FWwI3uLLy6R+VvYuyxf356XKTRZHnhyRY3JKPHJFKuSOVEmNcPJInskreXNGzovz7nzMW3NONnNI/sD5/AFDGZHH</latexit>

0000
<latexit sha1_base64="PR/7AUSN3655GLT9ffcpWfQsYjo=">AAAB83icbVDLSgNBEJz1GeMr6tHLYBA8hV3xdQzx4jGCeUB2CbOTTjJkdnaZ6RXDkt/w4kERr/6MN//GSbIHTSxoKKq66e4KEykMuu63s7K6tr6xWdgqbu/s7u2XDg6bJk41hwaPZazbITMghYIGCpTQTjSwKJTQCke3U7/1CNqIWD3gOIEgYgMl+oIztJLvIzwhYuZOarVuqexW3BnoMvFyUiY56t3Sl9+LeRqBQi6ZMR3PTTDImEbBJUyKfmogYXzEBtCxVLEITJDNbp7QU6v0aD/WthTSmfp7ImORMeMotJ0Rw6FZ9Kbif14nxf5NkAmVpAiKzxf1U0kxptMAaE9o4CjHljCuhb2V8iHTjKONqWhD8BZfXibN84p3Vbm8vyhXa3kcBXJMTsgZ8cg1qZI7UicNwklCnskreXNS58V5dz7mrStOPnNE/sD5/AEIV5Gx</latexit>

0BB<latexit sha1_base64="OxNWMMW8gio5nPun+01zUjW0INo=">AAAB7XicbVDLSgNBEOyNrxhfUY9eFoPgKeyKr2PQi8cI5gHJEmZnJ8mY2ZllplcIS/7BiwdFvPo/3vwbJ8keNLGgoajqprsrTAQ36HnfTmFldW19o7hZ2tre2d0r7x80jUo1ZQ2qhNLtkBgmuGQN5ChYO9GMxKFgrXB0O/VbT0wbruQDjhMWxGQgeZ9TglZqdmmk0PTKFa/qzeAuEz8nFchR75W/upGiacwkUkGM6fhegkFGNHIq2KTUTQ1LCB2RAetYKknMTJDNrp24J1aJ3L7StiS6M/X3REZiY8ZxaDtjgkOz6E3F/7xOiv3rIOMySZFJOl/UT4WLyp2+7kZcM4pibAmhmttbXTokmlC0AZVsCP7iy8ukeVb1L6sX9+eV2k0eRxGO4BhOwYcrqMEd1KEBFB7hGV7hzVHOi/PufMxbC04+cwh/4Hz+ALGXjzk=</latexit>· · · <latexit sha1_base64="OxNWMMW8gio5nPun+01zUjW0INo=">AAAB7XicbVDLSgNBEOyNrxhfUY9eFoPgKeyKr2PQi8cI5gHJEmZnJ8mY2ZllplcIS/7BiwdFvPo/3vwbJ8keNLGgoajqprsrTAQ36HnfTmFldW19o7hZ2tre2d0r7x80jUo1ZQ2qhNLtkBgmuGQN5ChYO9GMxKFgrXB0O/VbT0wbruQDjhMWxGQgeZ9TglZqdmmk0PTKFa/qzeAuEz8nFchR75W/upGiacwkUkGM6fhegkFGNHIq2KTUTQ1LCB2RAetYKknMTJDNrp24J1aJ3L7StiS6M/X3REZiY8ZxaDtjgkOz6E3F/7xOiv3rIOMySZFJOl/UT4WLyp2+7kZcM4pibAmhmttbXTokmlC0AZVsCP7iy8ukeVb1L6sX9+eV2k0eRxGO4BhOwYcrqMEd1KEBFB7hGV7hzVHOi/PufMxbC04+cwh/4Hz+ALGXjzk=</latexit>· · ·
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Lu is Recursively Enumerable

Finite 
Automaton

Input

Tape of 
<latexit sha1_base64="U12Mh/l+fY9arUZdybtd3pdPRIU=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PQixchAfOAZAmzk04yZnZ2mZkVwpIv8OJBEa9+kjf/xkmyB00saCiquunuCmLBtXHdbye3srq2vpHfLGxt7+zuFfcPGjpKFMM6i0SkWgHVKLjEuuFGYCtWSMNAYDMY3U795hMqzSP5YMYx+iEdSN7njBor1e67xZJbdmcgy8TLSAkyVLvFr04vYkmI0jBBtW57bmz8lCrDmcBJoZNojCkb0QG2LZU0RO2ns0Mn5MQqPdKPlC1pyEz9PZHSUOtxGNjOkJqhXvSm4n9eOzH9az/lMk4MSjZf1E8EMRGZfk16XCEzYmwJZYrbWwkbUkWZsdkUbAje4svLpHFW9i7LF7XzUuUmiyMPR3AMp+DBFVTgDqpQBwYIz/AKb86j8+K8Ox/z1pyTzRzCHzifP6hNjNs=</latexit>

M

<latexit sha1_base64="U12Mh/l+fY9arUZdybtd3pdPRIU=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PQixchAfOAZAmzk04yZnZ2mZkVwpIv8OJBEa9+kjf/xkmyB00saCiquunuCmLBtXHdbye3srq2vpHfLGxt7+zuFfcPGjpKFMM6i0SkWgHVKLjEuuFGYCtWSMNAYDMY3U795hMqzSP5YMYx+iEdSN7njBor1e67xZJbdmcgy8TLSAkyVLvFr04vYkmI0jBBtW57bmz8lCrDmcBJoZNojCkb0QG2LZU0RO2ns0Mn5MQqPdKPlC1pyEz9PZHSUOtxGNjOkJqhXvSm4n9eOzH9az/lMk4MSjZf1E8EMRGZfk16XCEzYmwJZYrbWwkbUkWZsdkUbAje4svLpHFW9i7LF7XzUuUmiyMPR3AMp+DBFVTgDqpQBwYIz/AKb86j8+K8Ox/z1pyTzRzCHzifP6hNjNs=</latexit>

M <latexit sha1_base64="VihglsaGWVupHNt8GOAH0WQPGPE=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHaNryPRi0dI5JHAhswODYzMzm5mZjVkwxd48aAxXv0kb/6NA+xBwUo6qVR1p7sriAXXxnW/ndzK6tr6Rn6zsLW9s7tX3D9o6ChRDOssEpFqBVSj4BLrhhuBrVghDQOBzWB0O/Wbj6g0j+S9Gcfoh3QgeZ8zaqxUe+oWS27ZnYEsEy8jJchQ7Ra/Or2IJSFKwwTVuu25sfFTqgxnAieFTqIxpmxEB9i2VNIQtZ/ODp2QE6v0SD9StqQhM/X3REpDrcdhYDtDaoZ60ZuK/3ntxPSv/ZTLODEo2XxRPxHERGT6NelxhcyIsSWUKW5vJWxIFWXGZlOwIXiLLy+TxlnZuyxf1M5LlZssjjwcwTGcggdXUIE7qEIdGCA8wyu8OQ/Oi/PufMxbc042cwh/4Hz+AOf1jQU=</latexit>w

State of 
<latexit sha1_base64="U12Mh/l+fY9arUZdybtd3pdPRIU=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PQixchAfOAZAmzk04yZnZ2mZkVwpIv8OJBEa9+kjf/xkmyB00saCiquunuCmLBtXHdbye3srq2vpHfLGxt7+zuFfcPGjpKFMM6i0SkWgHVKLjEuuFGYCtWSMNAYDMY3U795hMqzSP5YMYx+iEdSN7njBor1e67xZJbdmcgy8TLSAkyVLvFr04vYkmI0jBBtW57bmz8lCrDmcBJoZNojCkb0QG2LZU0RO2ns0Mn5MQqPdKPlC1pyEz9PZHSUOtxGNjOkJqhXvSm4n9eOzH9az/lMk4MSjZf1E8EMRGZfk16XCEzYmwJZYrbWwkbUkWZsdkUbAje4svLpHFW9i7LF7XzUuUmiyMPR3AMp+DBFVTgDqpQBwYIz/AKb86j8+K8Ox/z1pyTzRzCHzifP6hNjNs=</latexit>

M

Scratch

<latexit sha1_base64="fVrpA4s7Cp103qP5cx0MSshl3Hk=">AAACAHicbVC7TsMwFHXKq5RXgIGBJaJCYqocxGusYGEsEn1IbVQ5rttadZzIvkFUURZ+hYUBhFj5DDb+BifNAC1Htu7ROffKvsePBNeA8bdVWlpeWV0rr1c2Nre2d+zdvZYOY0VZk4YiVB2faCa4ZE3gIFgnUowEvmBtf3KT+e0HpjQP5T1MI+YFZCT5kFMCRurbBz1gjwCQYIzd7Lh5Sft2FddwDmeRuAWpogKNvv3VG4Q0DpgEKojWXRdH4CVEAaeCpZVerFlE6ISMWNdQSQKmvSRfIHWOjTJwhqEyV4KTq78nEhJoPQ180xkQGOt5LxP/87oxDK+8hMsoBibp7KFhLBwInSwNZ8AVoyCmhhCquPmrQ8dEEQoms4oJwZ1feZG0TmvuRe387qxavy7iKKNDdIROkIsuUR3dogZqIopS9Ixe0Zv1ZL1Y79bHrLVkFTP76A+szx9CbZRB</latexit>

00010010101001 <latexit sha1_base64="OxNWMMW8gio5nPun+01zUjW0INo=">AAAB7XicbVDLSgNBEOyNrxhfUY9eFoPgKeyKr2PQi8cI5gHJEmZnJ8mY2ZllplcIS/7BiwdFvPo/3vwbJ8keNLGgoajqprsrTAQ36HnfTmFldW19o7hZ2tre2d0r7x80jUo1ZQ2qhNLtkBgmuGQN5ChYO9GMxKFgrXB0O/VbT0wbruQDjhMWxGQgeZ9TglZqdmmk0PTKFa/qzeAuEz8nFchR75W/upGiacwkUkGM6fhegkFGNHIq2KTUTQ1LCB2RAetYKknMTJDNrp24J1aJ3L7StiS6M/X3REZiY8ZxaDtjgkOz6E3F/7xOiv3rIOMySZFJOl/UT4WLyp2+7kZcM4pibAmhmttbXTokmlC0AZVsCP7iy8ukeVb1L6sX9+eV2k0eRxGO4BhOwYcrqMEd1KEBFB7hGV7hzVHOi/PufMxbC04+cwh/4Hz+ALGXjzk=</latexit>· · ·

<latexit sha1_base64="lZsNlMvZbOG4g55xekcZz68CEA8=">AAAB9HicbVDLTgJBEJzFF+IL9ehlIjHxRHaNryPRi0dM5JHAhswODUyYnV1neolkw3d48aAxXv0Yb/6NA+xBwUo6qVR1p7sriKUw6LrfTm5ldW19I79Z2Nre2d0r7h/UTZRoDjUeyUg3A2ZACgU1FCihGWtgYSChEQxvp35jBNqISD3gOAY/ZH0leoIztJLfRnhCxNS1mHSKJbfszkCXiZeREslQ7RS/2t2IJyEo5JIZ0/LcGP2UaRRcwqTQTgzEjA9ZH1qWKhaC8dPZ0RN6YpUu7UXalkI6U39PpCw0ZhwGtjNkODCL3lT8z2sl2Lv2U6HiBEHx+aJeIilGdJoA7QoNHOXYEsa1sLdSPmCacbQ5FWwI3uLLy6R+VvYuyxf356XKTRZHnhyRY3JKPHJFKuSOVEmNcPJInskreXNGzovz7nzMW3NONnNI/sD5/AFDGZHH</latexit>

0000
<latexit sha1_base64="PR/7AUSN3655GLT9ffcpWfQsYjo=">AAAB83icbVDLSgNBEJz1GeMr6tHLYBA8hV3xdQzx4jGCeUB2CbOTTjJkdnaZ6RXDkt/w4kERr/6MN//GSbIHTSxoKKq66e4KEykMuu63s7K6tr6xWdgqbu/s7u2XDg6bJk41hwaPZazbITMghYIGCpTQTjSwKJTQCke3U7/1CNqIWD3gOIEgYgMl+oIztJLvIzwhYuZOarVuqexW3BnoMvFyUiY56t3Sl9+LeRqBQi6ZMR3PTTDImEbBJUyKfmogYXzEBtCxVLEITJDNbp7QU6v0aD/WthTSmfp7ImORMeMotJ0Rw6FZ9Kbif14nxf5NkAmVpAiKzxf1U0kxptMAaE9o4CjHljCuhb2V8iHTjKONqWhD8BZfXibN84p3Vbm8vyhXa3kcBXJMTsgZ8cg1qZI7UicNwklCnskreXNS58V5dz7mrStOPnNE/sD5/AEIV5Gx</latexit>

0BB<latexit sha1_base64="OxNWMMW8gio5nPun+01zUjW0INo=">AAAB7XicbVDLSgNBEOyNrxhfUY9eFoPgKeyKr2PQi8cI5gHJEmZnJ8mY2ZllplcIS/7BiwdFvPo/3vwbJ8keNLGgoajqprsrTAQ36HnfTmFldW19o7hZ2tre2d0r7x80jUo1ZQ2qhNLtkBgmuGQN5ChYO9GMxKFgrXB0O/VbT0wbruQDjhMWxGQgeZ9TglZqdmmk0PTKFa/qzeAuEz8nFchR75W/upGiacwkUkGM6fhegkFGNHIq2KTUTQ1LCB2RAetYKknMTJDNrp24J1aJ3L7StiS6M/X3REZiY8ZxaDtjgkOz6E3F/7xOiv3rIOMySZFJOl/UT4WLyp2+7kZcM4pibAmhmttbXTokmlC0AZVsCP7iy8ukeVb1L6sX9+eV2k0eRxGO4BhOwYcrqMEd1KEBFB7hGV7hzVHOi/PufMxbC04+cwh/4Hz+ALGXjzk=</latexit>· · · <latexit sha1_base64="OxNWMMW8gio5nPun+01zUjW0INo=">AAAB7XicbVDLSgNBEOyNrxhfUY9eFoPgKeyKr2PQi8cI5gHJEmZnJ8mY2ZllplcIS/7BiwdFvPo/3vwbJ8keNLGgoajqprsrTAQ36HnfTmFldW19o7hZ2tre2d0r7x80jUo1ZQ2qhNLtkBgmuGQN5ChYO9GMxKFgrXB0O/VbT0wbruQDjhMWxGQgeZ9TglZqdmmk0PTKFa/qzeAuEz8nFchR75W/upGiacwkUkGM6fhegkFGNHIq2KTUTQ1LCB2RAetYKknMTJDNrp24J1aJ3L7StiS6M/X3REZiY8ZxaDtjgkOz6E3F/7xOiv3rIOMySZFJOl/UT4WLyp2+7kZcM4pibAmhmttbXTokmlC0AZVsCP7iy8ukeVb1L6sX9+eV2k0eRxGO4BhOwYcrqMEd1KEBFB7hGV7hzVHOi/PufMxbC04+cwh/4Hz+ALGXjzk=</latexit>· · ·

• The 1st tape (Input) stores 1) the encoding of M and 2) the input
word w in binary.

• The 2nd tape (Tape of M) stores the simulated tape of M in
binary. Each tape symbol Xi is encoded as 0i , and separated by 1.

• The 3rd tape (State of M) stores the simulated state of M in
binary. The current state qi is encoded as 0i .

• The 4th tape (Scratch) is used for the simulation.
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Lu is Recursively Enumerable

Finite 
Automaton

Input

Tape of 
<latexit sha1_base64="U12Mh/l+fY9arUZdybtd3pdPRIU=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PQixchAfOAZAmzk04yZnZ2mZkVwpIv8OJBEa9+kjf/xkmyB00saCiquunuCmLBtXHdbye3srq2vpHfLGxt7+zuFfcPGjpKFMM6i0SkWgHVKLjEuuFGYCtWSMNAYDMY3U795hMqzSP5YMYx+iEdSN7njBor1e67xZJbdmcgy8TLSAkyVLvFr04vYkmI0jBBtW57bmz8lCrDmcBJoZNojCkb0QG2LZU0RO2ns0Mn5MQqPdKPlC1pyEz9PZHSUOtxGNjOkJqhXvSm4n9eOzH9az/lMk4MSjZf1E8EMRGZfk16XCEzYmwJZYrbWwkbUkWZsdkUbAje4svLpHFW9i7LF7XzUuUmiyMPR3AMp+DBFVTgDqpQBwYIz/AKb86j8+K8Ox/z1pyTzRzCHzifP6hNjNs=</latexit>

M

<latexit sha1_base64="U12Mh/l+fY9arUZdybtd3pdPRIU=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PQixchAfOAZAmzk04yZnZ2mZkVwpIv8OJBEa9+kjf/xkmyB00saCiquunuCmLBtXHdbye3srq2vpHfLGxt7+zuFfcPGjpKFMM6i0SkWgHVKLjEuuFGYCtWSMNAYDMY3U795hMqzSP5YMYx+iEdSN7njBor1e67xZJbdmcgy8TLSAkyVLvFr04vYkmI0jBBtW57bmz8lCrDmcBJoZNojCkb0QG2LZU0RO2ns0Mn5MQqPdKPlC1pyEz9PZHSUOtxGNjOkJqhXvSm4n9eOzH9az/lMk4MSjZf1E8EMRGZfk16XCEzYmwJZYrbWwkbUkWZsdkUbAje4svLpHFW9i7LF7XzUuUmiyMPR3AMp+DBFVTgDqpQBwYIz/AKb86j8+K8Ox/z1pyTzRzCHzifP6hNjNs=</latexit>

M <latexit sha1_base64="VihglsaGWVupHNt8GOAH0WQPGPE=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHaNryPRi0dI5JHAhswODYzMzm5mZjVkwxd48aAxXv0kb/6NA+xBwUo6qVR1p7sriAXXxnW/ndzK6tr6Rn6zsLW9s7tX3D9o6ChRDOssEpFqBVSj4BLrhhuBrVghDQOBzWB0O/Wbj6g0j+S9Gcfoh3QgeZ8zaqxUe+oWS27ZnYEsEy8jJchQ7Ra/Or2IJSFKwwTVuu25sfFTqgxnAieFTqIxpmxEB9i2VNIQtZ/ODp2QE6v0SD9StqQhM/X3REpDrcdhYDtDaoZ60ZuK/3ntxPSv/ZTLODEo2XxRPxHERGT6NelxhcyIsSWUKW5vJWxIFWXGZlOwIXiLLy+TxlnZuyxf1M5LlZssjjwcwTGcggdXUIE7qEIdGCA8wyu8OQ/Oi/PufMxbc042cwh/4Hz+AOf1jQU=</latexit>w

State of 
<latexit sha1_base64="U12Mh/l+fY9arUZdybtd3pdPRIU=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PQixchAfOAZAmzk04yZnZ2mZkVwpIv8OJBEa9+kjf/xkmyB00saCiquunuCmLBtXHdbye3srq2vpHfLGxt7+zuFfcPGjpKFMM6i0SkWgHVKLjEuuFGYCtWSMNAYDMY3U795hMqzSP5YMYx+iEdSN7njBor1e67xZJbdmcgy8TLSAkyVLvFr04vYkmI0jBBtW57bmz8lCrDmcBJoZNojCkb0QG2LZU0RO2ns0Mn5MQqPdKPlC1pyEz9PZHSUOtxGNjOkJqhXvSm4n9eOzH9az/lMk4MSjZf1E8EMRGZfk16XCEzYmwJZYrbWwkbUkWZsdkUbAje4svLpHFW9i7LF7XzUuUmiyMPR3AMp+DBFVTgDqpQBwYIz/AKb86j8+K8Ox/z1pyTzRzCHzifP6hNjNs=</latexit>

M

Scratch

<latexit sha1_base64="fVrpA4s7Cp103qP5cx0MSshl3Hk=">AAACAHicbVC7TsMwFHXKq5RXgIGBJaJCYqocxGusYGEsEn1IbVQ5rttadZzIvkFUURZ+hYUBhFj5DDb+BifNAC1Htu7ROffKvsePBNeA8bdVWlpeWV0rr1c2Nre2d+zdvZYOY0VZk4YiVB2faCa4ZE3gIFgnUowEvmBtf3KT+e0HpjQP5T1MI+YFZCT5kFMCRurbBz1gjwCQYIzd7Lh5Sft2FddwDmeRuAWpogKNvv3VG4Q0DpgEKojWXRdH4CVEAaeCpZVerFlE6ISMWNdQSQKmvSRfIHWOjTJwhqEyV4KTq78nEhJoPQ180xkQGOt5LxP/87oxDK+8hMsoBibp7KFhLBwInSwNZ8AVoyCmhhCquPmrQ8dEEQoms4oJwZ1feZG0TmvuRe387qxavy7iKKNDdIROkIsuUR3dogZqIopS9Ixe0Zv1ZL1Y79bHrLVkFTP76A+szx9CbZRB</latexit>

00010010101001 <latexit sha1_base64="OxNWMMW8gio5nPun+01zUjW0INo=">AAAB7XicbVDLSgNBEOyNrxhfUY9eFoPgKeyKr2PQi8cI5gHJEmZnJ8mY2ZllplcIS/7BiwdFvPo/3vwbJ8keNLGgoajqprsrTAQ36HnfTmFldW19o7hZ2tre2d0r7x80jUo1ZQ2qhNLtkBgmuGQN5ChYO9GMxKFgrXB0O/VbT0wbruQDjhMWxGQgeZ9TglZqdmmk0PTKFa/qzeAuEz8nFchR75W/upGiacwkUkGM6fhegkFGNHIq2KTUTQ1LCB2RAetYKknMTJDNrp24J1aJ3L7StiS6M/X3REZiY8ZxaDtjgkOz6E3F/7xOiv3rIOMySZFJOl/UT4WLyp2+7kZcM4pibAmhmttbXTokmlC0AZVsCP7iy8ukeVb1L6sX9+eV2k0eRxGO4BhOwYcrqMEd1KEBFB7hGV7hzVHOi/PufMxbC04+cwh/4Hz+ALGXjzk=</latexit>· · ·

<latexit sha1_base64="lZsNlMvZbOG4g55xekcZz68CEA8=">AAAB9HicbVDLTgJBEJzFF+IL9ehlIjHxRHaNryPRi0dM5JHAhswODUyYnV1neolkw3d48aAxXv0Yb/6NA+xBwUo6qVR1p7sriKUw6LrfTm5ldW19I79Z2Nre2d0r7h/UTZRoDjUeyUg3A2ZACgU1FCihGWtgYSChEQxvp35jBNqISD3gOAY/ZH0leoIztJLfRnhCxNS1mHSKJbfszkCXiZeREslQ7RS/2t2IJyEo5JIZ0/LcGP2UaRRcwqTQTgzEjA9ZH1qWKhaC8dPZ0RN6YpUu7UXalkI6U39PpCw0ZhwGtjNkODCL3lT8z2sl2Lv2U6HiBEHx+aJeIilGdJoA7QoNHOXYEsa1sLdSPmCacbQ5FWwI3uLLy6R+VvYuyxf356XKTRZHnhyRY3JKPHJFKuSOVEmNcPJInskreXNGzovz7nzMW3NONnNI/sD5/AFDGZHH</latexit>

0000
<latexit sha1_base64="PR/7AUSN3655GLT9ffcpWfQsYjo=">AAAB83icbVDLSgNBEJz1GeMr6tHLYBA8hV3xdQzx4jGCeUB2CbOTTjJkdnaZ6RXDkt/w4kERr/6MN//GSbIHTSxoKKq66e4KEykMuu63s7K6tr6xWdgqbu/s7u2XDg6bJk41hwaPZazbITMghYIGCpTQTjSwKJTQCke3U7/1CNqIWD3gOIEgYgMl+oIztJLvIzwhYuZOarVuqexW3BnoMvFyUiY56t3Sl9+LeRqBQi6ZMR3PTTDImEbBJUyKfmogYXzEBtCxVLEITJDNbp7QU6v0aD/WthTSmfp7ImORMeMotJ0Rw6FZ9Kbif14nxf5NkAmVpAiKzxf1U0kxptMAaE9o4CjHljCuhb2V8iHTjKONqWhD8BZfXibN84p3Vbm8vyhXa3kcBXJMTsgZ8cg1qZI7UicNwklCnskreXNS58V5dz7mrStOPnNE/sD5/AEIV5Gx</latexit>

0BB<latexit sha1_base64="OxNWMMW8gio5nPun+01zUjW0INo=">AAAB7XicbVDLSgNBEOyNrxhfUY9eFoPgKeyKr2PQi8cI5gHJEmZnJ8mY2ZllplcIS/7BiwdFvPo/3vwbJ8keNLGgoajqprsrTAQ36HnfTmFldW19o7hZ2tre2d0r7x80jUo1ZQ2qhNLtkBgmuGQN5ChYO9GMxKFgrXB0O/VbT0wbruQDjhMWxGQgeZ9TglZqdmmk0PTKFa/qzeAuEz8nFchR75W/upGiacwkUkGM6fhegkFGNHIq2KTUTQ1LCB2RAetYKknMTJDNrp24J1aJ3L7StiS6M/X3REZiY8ZxaDtjgkOz6E3F/7xOiv3rIOMySZFJOl/UT4WLyp2+7kZcM4pibAmhmttbXTokmlC0AZVsCP7iy8ukeVb1L6sX9+eV2k0eRxGO4BhOwYcrqMEd1KEBFB7hGV7hzVHOi/PufMxbC04+cwh/4Hz+ALGXjzk=</latexit>· · · <latexit sha1_base64="OxNWMMW8gio5nPun+01zUjW0INo=">AAAB7XicbVDLSgNBEOyNrxhfUY9eFoPgKeyKr2PQi8cI5gHJEmZnJ8mY2ZllplcIS/7BiwdFvPo/3vwbJ8keNLGgoajqprsrTAQ36HnfTmFldW19o7hZ2tre2d0r7x80jUo1ZQ2qhNLtkBgmuGQN5ChYO9GMxKFgrXB0O/VbT0wbruQDjhMWxGQgeZ9TglZqdmmk0PTKFa/qzeAuEz8nFchR75W/upGiacwkUkGM6fhegkFGNHIq2KTUTQ1LCB2RAetYKknMTJDNrp24J1aJ3L7StiS6M/X3REZiY8ZxaDtjgkOz6E3F/7xOiv3rIOMySZFJOl/UT4WLyp2+7kZcM4pibAmhmttbXTokmlC0AZVsCP7iy8ukeVb1L6sX9+eV2k0eRxGO4BhOwYcrqMEd1KEBFB7hGV7hzVHOi/PufMxbC04+cwh/4Hz+ALGXjzk=</latexit>· · ·

To simulate a move of M, Mu searches the corresponding transition in the
1st tape and updates the 2nd and 3rd tapes accordingly. For example,

δ(qi , Xj) = (qk , Xl , Dm) encoded as 0i10j10k10l10m in the 1st tape
Then, Mu updates the 2nd and 3rd tapes as follows:

• The 2nd tape: Replace 0j with 0l , and Move the head according to m
(m = 1 for left and m = 2 for right).

• The 3rd tape: Replace 0i with 0k .
COSE215 @ Korea University Lecture 25 – Undecidability June 8, 2026 20 / 25



Lu is Not Decidable
• Let’s prove by contradiction. Assume that Lu is decidable.
• Then, the complement Lu of Lu is also decidable because DLs are

closed under complement.
• Consider another TM Mcopy that copies the input word w to (w , w).
• Now, we can construct a TM Md that accepts the diagonal language

Ld using Mcopy and Lu as follows (i.e., L(Md) = Ld):

Word

<latexit sha1_base64="G4NrL4+FchmdNAyoq1HYtt9oFXI=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHYNUY9ELx4hkUcCGzI79MLI7OxmZlZDCF/gxYPGePWTvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR7cxvPaLSPJb3ZpygH9GB5CFn1Fip/tQrltyyOwdZJV5GSpCh1it+dfsxSyOUhgmqdcdzE+NPqDKcCZwWuqnGhLIRHWDHUkkj1P5kfuiUnFmlT8JY2ZKGzNXfExMaaT2OAtsZUTPUy95M/M/rpCa89idcJqlByRaLwlQQE5PZ16TPFTIjxpZQpri9lbAhVZQZm03BhuAtv7xKmhdl77JcqVdK1ZssjjycwCmcgwdXUIU7qEEDGCA8wyu8OQ/Oi/PufCxac042cwx/4Hz+AOejjQQ=</latexit>w
TM

TM

Accept

Reject

Accept

Reject
TM

<latexit sha1_base64="5F7nENVxsd470XZh0EgDwS4q4AI=">AAAB+HicbVDLSsNAFJ3UV62PRl26GSyCq5KIr2XRjRuhgn1AG8JkOmmHTjJh5kaMoV/ixoUibv0Ud/6N0zYLrR64cDjnXu69J0gE1+A4X1ZpaXllda28XtnY3Nqu2ju7bS1TRVmLSiFVNyCaCR6zFnAQrJsoRqJAsE4wvpr6nXumNJfxHWQJ8yIyjHnIKQEj+Xb1xu8DewAd5lQm2cS3a07dmQH/JW5BaqhA07c/+wNJ04jFQAXRuuc6CXg5UcCpYJNKP9UsIXRMhqxnaEwipr18dvgEHxplgEOpTMWAZ+rPiZxEWmdRYDojAiO96E3F/7xeCuGFl/M4SYHFdL4oTAUGiacp4AFXjILIDCFUcXMrpiOiCAWTVcWE4C6+/Je0j+vuWf309qTWuCziKKN9dICOkIvOUQNdoyZqIYpS9IRe0Kv1aD1bb9b7vLVkFTN76Besj296VZOk</latexit>

Mcopy

<latexit sha1_base64="qGu5Iuwlm+GNP3CByoSpLi9GRFw=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoMQQcKu+DoGvXiMYB6QLGF2MpuMmZ1ZZmYNYck/ePGgiFf/x5t/4yTZg0YLGoqqbrq7gpgzbVz3y8ktLa+sruXXCxubW9s7xd29hpaJIrROJJeqFWBNORO0bpjhtBUriqOA02YwvJn6zUeqNJPi3oxj6ke4L1jICDZWapRHJ2h03C2W3Io7A/pLvIyUIEOtW/zs9CRJIioM4VjrtufGxk+xMoxwOil0Ek1jTIa4T9uWChxR7aezayfoyCo9FEplSxg0U39OpDjSehwFtjPCZqAXvan4n9dOTHjlp0zEiaGCzBeFCUdGounrqMcUJYaPLcFEMXsrIgOsMDE2oIINwVt8+S9pnFa8i8r53Vmpep3FkYcDOIQyeHAJVbiFGtSBwAM8wQu8OtJ5dt6c93lrzslm9uEXnI9vRtmOSw==</latexit>

(w, w)

<latexit sha1_base64="nVw0kSk1NxPAMMhOYMQ9NnnAZkA=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PQixchonlAsoTZ2d5kyOzsMjMrhJBP8OJBEa9+kTf/xkmyB40WNBRV3XR3Bang2rjul1NYWl5ZXSuulzY2t7Z3yrt7TZ1kimGDJSJR7YBqFFxiw3AjsJ0qpHEgsBUMr6d+6xGV5ol8MKMU/Zj2JY84o8ZK97e9sFeuuFV3BvKXeDmpQI56r/zZDROWxSgNE1Trjuemxh9TZTgTOCl1M40pZUPax46lksao/fHs1Ak5skpIokTZkobM1J8TYxprPYoD2xlTM9CL3lT8z+tkJrr0x1ymmUHJ5ouiTBCTkOnfJOQKmREjSyhT3N5K2IAqyoxNp2RD8BZf/kuaJ1XvvHp2d1qpXeVxFOEADuEYPLiAGtxAHRrAoA9P8AKvjnCenTfnfd5acPKZffgF5+MbGrqNsg==</latexit>

Md

<latexit sha1_base64="iIEZsf44hQB/PErGHkR47ab57k8=">AAAB9XicbVDLSgMxFL1TX7W+qi7dBIvgqsyIr2XRjRuhgn1AO5ZMmmlDM8mQZJQy9D/cuFDErf/izr8x085CWw8EDufcw705QcyZNq777RSWlldW14rrpY3Nre2d8u5eU8tEEdogkkvVDrCmnAnaMMxw2o4VxVHAaSsYXWd+65EqzaS4N+OY+hEeCBYygo2VHrrSmlk2ve0lk1654lbdKdAi8XJSgRz1Xvmr25ckiagwhGOtO54bGz/FyjDC6aTUTTSNMRnhAe1YKnBEtZ9Or56gI6v0USiVfcKgqfo7keJI63EU2MkIm6Ge9zLxP6+TmPDST5mIE0MFmS0KE46MRFkFqM8UJYaPLcFEMXsrIkOsMDG2qJItwZv/8iJpnlS98+rZ3WmldpXXUYQDOIRj8OACanADdWgAAQXP8ApvzpPz4rw7H7PRgpNn9uEPnM8fFwqS6Q==</latexit>

Mu

• However, we already proved that Ld is not recursively enumerable.
This is a contradiction. Thus, Lu is NOT decidable.
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Decision Problems

Definition (Decision Problem)
A decision problem π is a computational problem whose answer is either
yes or no for a given input.

We say that a decision problem π is decidable (solvable) by a TM M if
M halts on all inputs and L(M) = {w | π(w) = yes}.

If not, π is an undecidable problem. There are many examples:
• Halting Problem – Does a given TM halt on a given input?
• Equivalence of CFGs – Are two CFGs equivalent?
• Ambiguity of CFGs – Is a CFG ambiguous?
• . . .

If you are interested in more undecidable problems, please refer to:

https://en.wikipedia.org/wiki/List_of_undecidable_problems
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Summary
• The diagonal language Ld :

Ld = {wi | wi /∈ L(Mi)}

where wi is the i-th binary word and Mi is the i-th TM.
• The universal language Lu accepted by the universal TM (UTM):

Lu = {(M, w) | w ∈ L(M)}

where M is a TM and w is a binary word.
<latexit sha1_base64="n92EN7qKro3HBPjOFkdf9pTRcuY=">AAAB/3icbVDLSgMxFM3UV62vUcGNm2ARqosyI0VdFt24rGgf0BlKJs20oUlmSDJCGWfhr7hxoYhbf8Odf2PazkJbDwQO59zLPTlBzKjSjvNtFZaWV1bXiuuljc2t7R17d6+lokRi0sQRi2QnQIowKkhTU81IJ5YE8YCRdjC6nvjtByIVjcS9HsfE52ggaEgx0kbq2QceR3qIEUsbWSX17uiAo9PspGeXnaozBVwkbk7KIEejZ395/QgnnAiNGVKq6zqx9lMkNcWMZCUvUSRGeIQGpGuoQJwoP53mz+CxUfowjKR5QsOp+nsjRVypMQ/M5CStmvcm4n9eN9HhpZ9SESeaCDw7FCYM6ghOyoB9KgnWbGwIwpKarBAPkURYm8pKpgR3/suLpHVWdc+rtdtauX6V11EEh+AIVIALLkAd3IAGaAIMHsEzeAVv1pP1Yr1bH7PRgpXv7IM/sD5/AI22lc4=</latexit>P(⌃⇤)

<latexit sha1_base64="LFa8jYcTvzg0O7qcXqsJoqJBD1M=">AAAB8XicbVBNS8NAEN3Ur1q/qh69BIvgqSTi17EoggcPVewHtqFstpN26WYTdidiCf0XXjwo4tV/481/47bNQVsfDDzem2Fmnh8LrtFxvq3cwuLS8kp+tbC2vrG5VdzeqesoUQxqLBKRavpUg+ASashRQDNWQENfQMMfXI79xiMozSN5j8MYvJD2JA84o2ikhzbCE6Z3VzejTrHklJ0J7HniZqREMlQ7xa92N2JJCBKZoFq3XCdGL6UKORMwKrQTDTFlA9qDlqGShqC9dHLxyD4wStcOImVKoj1Rf0+kNNR6GPqmM6TY17PeWPzPayUYnHspl3GCINl0UZAIGyN7/L7d5QoYiqEhlClubrVZnyrK0IRUMCG4sy/Pk/pR2T0tn9welyoXWRx5skf2ySFxyRmpkGtSJTXCiCTP5JW8Wdp6sd6tj2lrzspmdskfWJ8/nKmQ5A==</latexit>

REL

(Recursively Enumerable

Language) 

<latexit sha1_base64="LFa8jYcTvzg0O7qcXqsJoqJBD1M=">AAAB8XicbVBNS8NAEN3Ur1q/qh69BIvgqSTi17EoggcPVewHtqFstpN26WYTdidiCf0XXjwo4tV/481/47bNQVsfDDzem2Fmnh8LrtFxvq3cwuLS8kp+tbC2vrG5VdzeqesoUQxqLBKRavpUg+ASashRQDNWQENfQMMfXI79xiMozSN5j8MYvJD2JA84o2ikhzbCE6Z3VzejTrHklJ0J7HniZqREMlQ7xa92N2JJCBKZoFq3XCdGL6UKORMwKrQTDTFlA9qDlqGShqC9dHLxyD4wStcOImVKoj1Rf0+kNNR6GPqmM6TY17PeWPzPayUYnHspl3GCINl0UZAIGyN7/L7d5QoYiqEhlClubrVZnyrK0IRUMCG4sy/Pk/pR2T0tn9welyoXWRx5skf2ySFxyRmpkGtSJTXCiCTP5JW8Wdp6sd6tj2lrzspmdskfWJ8/nKmQ5A==</latexit>

REL
(Decidable

Language)

<latexit sha1_base64="fPcCkSB4cYOXQiQKsFHtetlOZUk=">AAAB8HicbVDJSgNBEK2JW4xb1KOXxiB4CjPidgzqwYOHCGaRZAg9nZ6kSU/P0F0jhiFf4cWDIl79HG/+jZ3loNEHBY/3qqiqFyRSGHTdLye3sLi0vJJfLaytb2xuFbd36iZONeM1FstYNwNquBSK11Cg5M1EcxoFkjeCweXYbzxwbUSs7nCYcD+iPSVCwSha6b6N/BGzq5tRp1hyy+4E5C/xZqQEM1Q7xc92N2ZpxBUySY1peW6CfkY1Cib5qNBODU8oG9Aeb1mqaMSNn00OHpEDq3RJGGtbCslE/TmR0ciYYRTYzohi38x7Y/E/r5VieO5nQiUpcsWmi8JUEozJ+HvSFZozlENLKNPC3kpYn2rK0GZUsCF48y//JfWjsndaPrk9LlUuZnHkYQ/24RA8OIMKXEMVasAggid4gVdHO8/Om/M+bc05s5ld+AXn4xv2RpCH</latexit>

DL <latexit sha1_base64="fPcCkSB4cYOXQiQKsFHtetlOZUk=">AAAB8HicbVDJSgNBEK2JW4xb1KOXxiB4CjPidgzqwYOHCGaRZAg9nZ6kSU/P0F0jhiFf4cWDIl79HG/+jZ3loNEHBY/3qqiqFyRSGHTdLye3sLi0vJJfLaytb2xuFbd36iZONeM1FstYNwNquBSK11Cg5M1EcxoFkjeCweXYbzxwbUSs7nCYcD+iPSVCwSha6b6N/BGzq5tRp1hyy+4E5C/xZqQEM1Q7xc92N2ZpxBUySY1peW6CfkY1Cib5qNBODU8oG9Aeb1mqaMSNn00OHpEDq3RJGGtbCslE/TmR0ciYYRTYzohi38x7Y/E/r5VieO5nQiUpcsWmi8JUEozJ+HvSFZozlENLKNPC3kpYn2rK0GZUsCF48y//JfWjsndaPrk9LlUuZnHkYQ/24RA8OIMKXEMVasAggid4gVdHO8/Om/M+bc05s5ld+AXn4xv2RpCH</latexit>

DL
<latexit sha1_base64="SBFzntk1dr+WaqMGrfHfvaEUUgk=">AAAB8XicbVBNS8NAEN3Ur1q/qh69BIvgqSTi17FYEA8eKtgPbEPZbCft0s0m7E7EEvovvHhQxKv/xpv/xm2bg7Y+GHi8N8PMPD8WXKPjfFu5peWV1bX8emFjc2t7p7i719BRohjUWSQi1fKpBsEl1JGjgFasgIa+gKY/rE785iMozSN5j6MYvJD2JQ84o2ikhw7CE6bV69txt1hyys4U9iJxM1IiGWrd4lenF7EkBIlMUK3brhOjl1KFnAkYFzqJhpiyIe1D21BJQ9BeOr14bB8ZpWcHkTIl0Z6qvydSGmo9Cn3TGVIc6HlvIv7ntRMMLr2UyzhBkGy2KEiEjZE9ed/ucQUMxcgQyhQ3t9psQBVlaEIqmBDc+ZcXSeOk7J6Xz+5OS5WrLI48OSCH5Ji45IJUyA2pkTphRJJn8kreLG29WO/Wx6w1Z2Uz++QPrM8fh0aQ1g==</latexit>

CFL
<latexit sha1_base64="/zCSF5YzKE75PzK8Z+pFFvsDV74=">AAACAnicbVDLSgNBEJz1GeNr1ZN4GQyCp7ArQT0GvXiMYB6QxDA76SRDZmeXmV4xLMGLv+LFgyJe/Qpv/o2Th6CJBQPVVd30dAWxFAY978tZWFxaXlnNrGXXNza3tt2d3YqJEs2hzCMZ6VrADEihoIwCJdRiDSwMJFSD/uXIr96BNiJSNziIoRmyrhIdwRlaqeXuNxDuETFlw1tFf4rAFi035+W9Meg88ackR6YotdzPRjviSQgKuWTG1H0vxmbKNAouYZhtJAZixvusC3VLFQvBNNPxCUN6ZJU27UTaPoV0rP6eSFlozCAMbGfIsGdmvZH4n1dPsHPeTIWKEwTFJ4s6iaQY0VEetC00cJQDSxjXwv6V8h7TjKNNLWtD8GdPnieVk7x/mi9cF3LFi2kcGXJADskx8ckZKZIrUiJlwskDeSIv5NV5dJ6dN+d90rrgTGf2yB84H9+H45gr</latexit>

anbn

<latexit sha1_base64="DqURJCMkXScSKnb/0zqRWKjBpOg=">AAACDXicbZDLSsNAFIYn9VbrLerSzWAVXJVEvC2LblxWsBdoY5lMJ+3QySTMnIgl9AXc+CpuXCji1r0738ZpG6G2/jDw8Z9zOHN+PxZcg+N8W7mFxaXllfxqYW19Y3PL3t6p6ShRlFVpJCLV8IlmgktWBQ6CNWLFSOgLVvf7V6N6/Z4pzSN5C4OYeSHpSh5wSsBYbfugBewBAFIyvJO/7E8xNdy2i07JGQvPg5tBEWWqtO2vVieiScgkUEG0brpODF5KFHAq2LDQSjSLCe2TLmsalCRk2kvH1wzxoXE6OIiUeRLw2J2eSEmo9SD0TWdIoKdnayPzv1ozgeDCS7mME2CSThYFicAQ4VE0uMMVoyAGBghV3PwV0x5RhIIJsGBCcGdPnofacck9K53enBTLl1kcebSH9tERctE5KqNrVEFVRNEjekav6M16sl6sd+tj0pqzspld9EfW5w9gtp2q</latexit>

anbncn

<latexit sha1_base64="rWkSpwGmPWpJeSdXaasYZxhOAyw=">AAAB7nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PQi8cIxgSSJcxOepMhsw9meoUQ8hFePCji1e/x5t84SfagiQUNRVU33V1BqqQh1/12Ciura+sbxc3S1vbO7l55/+DRJJkW2BCJSnQr4AaVjLFBkhS2Uo08ChQ2g+Ht1G8+oTYyiR9olKIf8X4sQyk4WanZMVlgkLrlilt1Z2DLxMtJBXLUu+WvTi8RWYQxCcWNaXtuSv6Ya5JC4aTUyQymXAx5H9uWxjxC449n507YiVV6LEy0rZjYTP09MeaRMaMosJ0Rp4FZ9Kbif147o/DaH8s4zQhjMV8UZopRwqa/s57UKEiNLOFCS3srEwOuuSCbUMmG4C2+vEwez6reZfXi/rxSu8njKMIRHMMpeHAFNbiDOjRAwBCe4RXenNR5cd6dj3lrwclnDuEPnM8fkM6PvA==</latexit>⇢
(Context-Free


Language)

<latexit sha1_base64="SBFzntk1dr+WaqMGrfHfvaEUUgk=">AAAB8XicbVBNS8NAEN3Ur1q/qh69BIvgqSTi17FYEA8eKtgPbEPZbCft0s0m7E7EEvovvHhQxKv/xpv/xm2bg7Y+GHi8N8PMPD8WXKPjfFu5peWV1bX8emFjc2t7p7i719BRohjUWSQi1fKpBsEl1JGjgFasgIa+gKY/rE785iMozSN5j6MYvJD2JQ84o2ikhw7CE6bV69txt1hyys4U9iJxM1IiGWrd4lenF7EkBIlMUK3brhOjl1KFnAkYFzqJhpiyIe1D21BJQ9BeOr14bB8ZpWcHkTIl0Z6qvydSGmo9Cn3TGVIc6HlvIv7ntRMMLr2UyzhBkGy2KEiEjZE9ed/ucQUMxcgQyhQ3t9psQBVlaEIqmBDc+ZcXSeOk7J6Xz+5OS5WrLI48OSCH5Ji45IJUyA2pkTphRJJn8kreLG29WO/Wx6w1Z2Uz++QPrM8fh0aQ1g==</latexit>

CFL
<latexit sha1_base64="rWkSpwGmPWpJeSdXaasYZxhOAyw=">AAAB7nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PQi8cIxgSSJcxOepMhsw9meoUQ8hFePCji1e/x5t84SfagiQUNRVU33V1BqqQh1/12Ciura+sbxc3S1vbO7l55/+DRJJkW2BCJSnQr4AaVjLFBkhS2Uo08ChQ2g+Ht1G8+oTYyiR9olKIf8X4sQyk4WanZMVlgkLrlilt1Z2DLxMtJBXLUu+WvTi8RWYQxCcWNaXtuSv6Ya5JC4aTUyQymXAx5H9uWxjxC449n507YiVV6LEy0rZjYTP09MeaRMaMosJ0Rp4FZ9Kbif147o/DaH8s4zQhjMV8UZopRwqa/s57UKEiNLOFCS3srEwOuuSCbUMmG4C2+vEwez6reZfXi/rxSu8njKMIRHMMpeHAFNbiDOjRAwBCe4RXenNR5cd6dj3lrwclnDuEPnM8fkM6PvA==</latexit>⇢

<latexit sha1_base64="XaTr6dcyl+iH6j+ICP58rghIEQo=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PQiwcPEc0DkiXMTmaTIbOzy0yvEJZ8ghcPinj1i7z5N06SPWi0oKGo6qa7K0ikMOi6X05haXllda24XtrY3NreKe/uNU2casYbLJaxbgfUcCkUb6BAyduJ5jQKJG8Fo+up33rk2ohYPeA44X5EB0qEglG00v1tL+2VK27VnYH8JV5OKpCj3it/dvsxSyOukElqTMdzE/QzqlEwySelbmp4QtmIDnjHUkUjbvxsduqEHFmlT8JY21JIZurPiYxGxoyjwHZGFIdm0ZuK/3mdFMNLPxMqSZErNl8UppJgTKZ/k77QnKEcW0KZFvZWwoZUU4Y2nZINwVt8+S9pnlS98+rZ3WmldpXHUYQDOIRj8OACanADdWgAgwE8wQu8OtJ5dt6c93lrwcln9uEXnI9vMviNwg==</latexit>

Lu

<latexit sha1_base64="3MmnLCxm8Z7dX5urYpYwt7DEw/U=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PQiwcPEc0DkiXMzvYmQ2Znl5lZIYR8ghcPinj1i7z5N06SPWi0oKGo6qa7K0gF18Z1v5zC0vLK6lpxvbSxubW9U97da+okUwwbLBGJagdUo+ASG4Ybge1UIY0Dga1geD31W4+oNE/kgxml6Me0L3nEGTVWur/thb1yxa26M5C/xMtJBXLUe+XPbpiwLEZpmKBadzw3Nf6YKsOZwEmpm2lMKRvSPnYslTRG7Y9np07IkVVCEiXKljRkpv6cGNNY61Ec2M6YmoFe9Kbif14nM9GlP+YyzQxKNl8UZYKYhEz/JiFXyIwYWUKZ4vZWwgZUUWZsOiUbgrf48l/SPKl659Wzu9NK7SqPowgHcAjH4MEF1OAG6tAABn14ghd4dYTz7Lw57/PWgpPP7MMvOB/fGTSNsQ==</latexit>

Ld
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