e If you are not good at English, please write your answers in Korean.
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e Write answers in good handwriting.

If we cannot recognize your answers, you will not get any points.
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1. 115 pqints Design deterministic finite automata (DFA) using transition diagrams that accept the
following languages.

(a) L={we {a,b}* | Nao(w) =1 (mod 2)}.

Note that N,(w) is the number of a’s in w. (e.g., Na(baab) = 2 and N,(abaa) = 3.)

(b) L ={w € {0,1}* | w does not contain 101 as a substring}.

Note that substrings are continuous sequences of symbols in a word (e.g., 101 is a substring of 010100.)

(c) L C {0,1}* such that h(L) = n = 2 (mod 5)} where h : {0,1} — {a}* is a

{a" |
homomorphism defined as h(0) = aa and h(1) = aaaa.
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2. |25 points | Write regular expressions (REs) that represent the following languages.

(a) L = {w € {a,b}* | w has at most two a’s}.

R=

b* a?b* a?bx

(b) L is the reversal of the language defined by (ablcd*)*ef (i.e., L = L((ablcd*)*ef)F).

R=

fe(bald*c)®

(c) L={a"" |nxm=0 (mod 3)}.

R:

(aaa)*b*|a*(bbb)*

(d) L= L(Rgﬁ) where Rl(’kj) be the regular expression that accepts the paths from ¢; to ¢; whose
indices of the intermediate states are bounded by k in the following DFA in the left side:
(Hint: you can use the following regular expressions when k& = 2 in the right side.)

R =0101"(c[1) R} =1101%0

)=
W—o nl -y i 1
Ry =0 RY)=001001"(cl1) R} =el011001%0
R =2 R{)=1111"(cl1)  R{) =0111%0

1*0(el011001%0)*1

R =9
Ry =0
Ry =1
Rfl i =c

(e) L = h(L') where h : {0,1} — {a,b}* is a homomorphism defined as h(0) = ab and h(1) = a,
and L' C {0,1}* is the language of the following DFA:

(abla(aba*ab)*a)*
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3. Consider the following e-nondeterministic finite automaton (e-NFA) N

Ne - (Q - {QO7QI7(]2>(I37Q4}7Z - {07 1}757 QO7F = {Q1})

(a) Construct a DFA D using a transition table such that L(D) = L(N¢) via the subset

construction.

(Note that — indicates the initial state, and * indicates a final state.)

(b) Consider the following DFA D' = (P’ = {pa,p3,pa}, 2,9, p2, {psa}):

P="7P(Q) 0 1
* = |po = { 90, q1, 92 | po 21
P =1 q3, q4 M [ po D1

Fill in the table in the left side using the table-filling algorithm for the states of D and D’, and
define the equivalence classes (P U P’)/= in the right side using the result of the algorithm.

n
P2
b3
2!

X

X
X X

X | X|X
Po pP1 P2 P3

(PUP)=={

{

Po,

P4

{

P1,

p3

{

P2

}

(c) If D and D’ are equivalent, explain why; otherwise, provide a word w € {0,1}* as a
counterexample that produces different results from D and D’.

They are not equivalent because ¢ is accepted by D but not accepted by D’.




COSE215, 2025 Spring Midterm Exam, Page 4 of 6 April 23, 2025

4. Fill in the blanks in the proofs to show that L = {a/b¥ | 0 < 2j < 3k} is NOT regular.

1. Assume that any positive integer n is given. (i.e., n > 1)

2. Pick a word L > w = asnp2n

3. Jw| = 5n > n.

4. Assume that any split w = zyz satisfying (D) |y| > 0 and (2) |zy| < n is given.
5. Let i = 2 . We need to show that —(3) zy'z ¢ L:

Because of (2):

for some 0 < p,q < n such that p+ ¢ <n.

Because of (1),
0<yq

Then, zy’z = a3"+ip2",
But, 2(3n 4+ ¢q) = 6n+ 29 > 6n=3(2n) ("0 < q).
So, xy?z & L.

5. Consider a DFA D = (Q, %, 4, qo, F') and a word w € L(D). Let m be the length of w. If m > n,

we can split w = xyz for some ¢’ € Q satisfying the following conditions:
y#e N (q.2)=d =0(y) N &(d,2)eF

For what value of n does the above statement always hold? And, explain why.

The value of n is the number of states in @ (i.e., n = |Q)).

Then, because of the pigeonhole principle, there exists ¢, 7 < n such that p; = p; for some ¢ < j.
Then, we can split w into three substrings w = xyz such that

e x=uay-a,

* Y= Qi1 a4y,

© Z=Qj41 Q-
Because of the definition of §*, we have

s 6%(qo,x) = pi = pj = 0"(¢;,y),

o 0%(qi,2) € F.

So, we can conclude that w = xyz satisfies the above statement.

Let w =ay - - an, and p; = §*(qo, a1 - - - a;) for 0 < i < m where m is the length of w (i.e., |[w| =m > n).
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6. Design context-free grammars (CFGs) that represent the following languages.

(a) [ points| L ={0"1™ [0 < n < m}.

S — €| 0S1| 51

(b) L={w e {a,b}" | Na(w) = Np(w) + 1}.

Note that N,(w) and Ny(w) are the number of a’s and b’s in w, respectively.

S — ZS|aZ
Z —¢€|aZb|bZa|ZZ

7. Consider the following an ambiguous CFG G:

S — Al SbS A — alada
(a) Pick a word w € L(G) that has two different parse trees and draw two parse trees of w:

w = ababa
S S

/\ /\

S b S S b S
T \ \ T
S b S A A S b S
\ \ \ \ \ \
tree 1: A A a tree 2: a A A
| | | |
a a a a

(b) Convert G into an equivalent unambiguous CFG with right-associativity for b:

S — Al| AbS
A — a|ada




COSE215, 2025 Spring Midterm Exam, Page 6 of 6 April 23, 2025

8. A CFG @ is called right-linear if its all production rules are of the form A — = or A — zB
where A, B € V and x € ¥*.

(a) Prove that the language of any right-linear CFG G is regular by designing a general
algorithm that constructs an e-NFA equivalent to the given G.

Let V. ={A, Ag,..., Ay} be the set of nonterminals and A; be the start variable of G.
The core idea is to introduce a state g; for each nonterminal A; in G and a final state p.

Then, the initial state is ¢; and transitions are defined based on each production rule of G as follows:

o, . a a af
o For A; = ajas - ay, add transitions ¢; = ¢}, ¢| — b, ..., and ¢}, | == p
o g s a a al
o For A; = ajas---arAj, add transitions ¢; — ¢i, ¢} ~> ¢b, ..., and q},_; —> ¢;

where q}- is a new state for 1 < j < k for each production rule.

If k=0, then add a transition ¢; = p or ¢; — q; instead of the above transitions.

Then, the resulting e-NFA mimics the behavior of G and accepts the same language as G. O

(b) Construct an e-NFA equivalent to the following right-linear CFG using the algorithm you
designed in the previous question:
S — €| abX
X — a|baY
Y - S|ccX |dY

This is the last page.
I hope that your tests went well!




